
module AddSeq
extends Integers, Sequences, TLC

constant DigitSeq

recursive Val( )
Val(seq)

∆
= if seq = 〈〉 then 0 else seq [1] + 10 ∗Val(Tail(seq))

Digits
∆
= 0 . . 9

Fix (seq)
∆
= if seq = 〈〉 then 〈0〉 else seq

recursive SAdd( , , )
SAdd(s1, s2, c)

∆
=

if s1 ◦ s2 = 〈〉
then if c = 1 then 〈1〉 else 〈〉
else let dig

∆
= Fix (s1)[1] + Fix (s2)[1] + c

in 〈dig%10〉 ◦ SAdd(Tail(Fix (s1)), Tail(Fix (s2)), dig ÷ 10)

s1⊕ s2
∆
= SAdd(s1, s2, 0)

variables pc, u, v , sum, carry

vars
∆
= 〈u, v , sum, carry , pc〉

Init
∆
= Global variables

∧ u ∈ DigitSeq
∧ v ∈ DigitSeq
∧ sum = 〈〉
∧ carry = 0
∧ pc = “a”

The ÷ operator in this definition is defined so that m÷n is the smallest integer d such that d ∗n
is less than or equal to m , for any integers m and n with n > 0.

Next
∆
= ∧ pc = “a”
∧ if (u 6= 〈〉) ∨ (v 6= 〈〉 ∨ carry 6= 0)

then ∧ let digit
∆
= Fix (u)[1] + Fix (v)[1] + carryin

∧ sum ′ = Append(sum, digit%10)
∧ carry ′ = (digit ÷ 10)

∧ u ′ = Tail(Fix (u))
∧ v ′ = Tail(Fix (v))
∧ pc′ = “a”

else ∧ carry ′ = 0
∧ pc′ = “done”
∧ unchanged 〈u, v , sum〉

AddSeq
∆
= Init ∧2[Next ]vars

This is the correct version of the inductive invariant that checks that the final value of sum is

u ⊕ v for the initial values of u and v .
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Inv
∆
= ∧ u ∈ Seq(Digits)
∧ v ∈ Seq(Digits)
∧ sum ∈ Seq(Digits)
∧ carry ∈ {0, 1}
∧ pc ∈ {“a”, “done”}
∧ (pc = “Done”)⇒ (u = 〈〉) ∧ (v = 〈〉) ∧ (carry = 0)
∧ (pc = “Done”)⇒ (u = 〈〉) ∧ (v = 〈〉) ∧ (carry = 0)

The following asserts that AddSeq implements AddSpec under a suitable refinement mapping.

endBar
∆
= sum 6= 〈〉

xBar
∆
= if endBar then 0 else Val(u)

yBar
∆
= if endBar then 0 else Val(v)

zBar
∆
= Val(sum) + (10Len(sum)) ∗ (carry +Val(u) +Val(v))

A
∆
= instance Add with x ← xBar , y ← yBar , end ← endBar , z ← zBar
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