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Preface

This online book contains detailed solutions to all of the problems at the end of each chapter
of the textbook Quantum Mechanics. A Physical Approach, by A. M. Cetto and L. de la Pena
(Cambridge University Press, 2025).

The present volume is more than a compendium of solutions; it is a teaching and learning
handbook. All along its preparation, we have kept in mind that the educational value of solving
an exercise often outweighs the value of the solution itself. Solving exercises helps students
acquire practical skills, but also, more importantly, consolidate and improve their understanding
of a topic or problem. For this reason, the discussions are thorough. In some cases, alternative
or complementary solutions are presented that focus more on the physics involved than on the
method to be followed. These features make the book an effective teaching aid to be used
alongside the corresponding textbook.

Like the textbook on which it is based, this volume is intended for university-level students,
both undergraduate and graduate, who wish to acquire a solid understanding of the principles
and methods of quantum mechanics. It is therefore useful for students of physics and related
disciplines, as well as students of engineering and other scientific or technical fields.

In preparing this volume, we found the book entitled Problemas y Ejercicios de Mecdnica
Cudntica, by Luis de la Pena and Mirna Villavicencio (Mexico, FCE-UNAM, 2003) to be ex-
tremely valuable. In addition to detailed discussions of many of the problems in this volume, that
book contains a long list of additional problems, some solved and others suggested as homework
for students.

Over the course of our many years teaching this subject, two of us (AC and LP) have
benefited from comments and suggestions from our colleagues, students, and teaching assistants.
Special thanks go to our young colleague, José Francisco Pérez Barragan, who was, as always,
ready to proofread much of this book’s material.

Although we have tried to minimize both technical and typographical errors, it is very likely
that the careful reader will still find some. We therefore invite you to send us your observations
and comments, which we will gladly take into account for a future edition.

Mexico City, 2025

Ana Maria Cetto

Luis de la Pena

Cristo Sanchez Nicolés
Eduardo Varela Ortuiio
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CHAPTER 2

Matter and Field

P2.1 Obtain the limit expressions of the Planck distribution for small and large
frequencies, at a fixed temperature. What is the form of the function f(w/T") that
appears in Wien’s law, p(w) = w? f(oJ / T), for high frequencies, and why is it not
possible to determine it classically? Discuss your results.

Solution. Planck’s formula for the spectral energy density of the field is
Fus? 1
plw) = 23 ohw/kT _ 1’

(2.1)

where w = 27v represents the angular frequency. Using the series expansion of the
exponential function,

x - x"

er = ZO — (2.2)

we get
1 fhw\"
AT =3 () 2.3
¢ ; n! \kT (23)
In the limit w/T — 0, only the lowest-order term contributes to the sum,
hw

KT 1~ — 2.4

€ T (2.4)
Hence,

o’ KT w?

p(w) ~ e R kT, (2.5)

which is exactly the Rayleigh—Jeans result. Comparing with Wien’s law, p(w) =
w? f(w/T), we find for small frequencies (or high T))

flw/T) = -

T2 w
At high frequencies (or low T), e™/*T > 1, so the Planck distribution takes the
Wien form

(2.6)

o
plw) =~ —2a° PR (2.7)
and thus "
flw/T) = — e w/kT (2.8)

w23
4



2. MATTER AND FIELD 5

Because this exponential cutoff depends essentially on h, it cannot be derived

from classical principles alone; without quantization one obtains the ultraviolet

catastrophe. In fact, Wien first proposed his heuristic distribution in 1896.
Finally, for any temperature one recovers

h
flw/T) = 123 ehw/le 1 (2.9)

It is clear that the two expressions obtained above are merely the limiting values
of this function as w/T — 0 or co. We also note here that dependence on Planck’s
constant explains why this function cannot be determined by purely classical meth-
ods. Indeed, we have taken the opposite approach to Planck: we obtained the
two asymptotic values, for 7' — oo (the classical high-temperature limit, applica-
ble only at low frequencies to avoid the ultraviolet catastrophe and given by the
Rayleigh—Jeans distribution) and for high frequencies (free from the catastrophe,
but applicable only at low temperatures and given by the Wien distribution). In
contrast, Planck heuristically interpolated between these two distributions to con-
struct a new one, in the hope that it would correspond to reality, as it did.

P2.2 Show that Planck’s law predicts that the spectral density of blackbody ra-
diation has a maximum for each temperature, which occurs at the wavelength

B 2mwch 1
™ 4.965 kT

Calculate v, and explain why v, # ¢/A,,. This formula—known as Wien’s dis-
placement law— shows that as the temperature of the blackbody rises, the maxi-
mum intensity of the radiation shifts toward shorter wavelengths.

Solution. We rewrite the blackbody spectral radiance in the form pr(v)dv, where
the subscript 7" indicates that we are considering a constant temperature. It is
convenient to first express this radiance in terms of wavelength, for which we
must determine pr(A). According the general theory of variable changes, we have
f(z)dz = f(z(y))|J|dy, where J = (0,y) is the Jacobian of the transformation.
From v = ¢/ A, it follows that

(2.10)

&
dy = —15dA (2.11)

The minus sign indicates that an increase in frequency corresponds to a decrease
in wavelength, as these variables are inversely proportional. The expression for
the blackbody spectral radiance in terms of wavelength is therefore

c 8mhce 1
pT(/\) = ﬁpT(c/)\) = N> ehe/MkpT _ (2]‘2)

To find the maximum of this function, we must determine the value \,, that
satisfies the condition
dpr())

dA

=0, (2.13)

Am
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or equivalently,
— BAnkpT (ehc/’\’"kBT -1)+ heehe/AmkET — () (2.14)
which can be rewritten as
e+ %x —1=0, (2.15)

where = he/ A, kgT. This transcendental equation can be solved by successive
approximations, yielding

v~ 5(1—e?) =4965... (2.16)
Thus,
2rhe 1
= . 2.17
4.965 kT (2.17)
In terms of the constant
he
b= ——— =28978 x 10°m - K 2.18
1.965k5 xR, (2.18)

Wien’s displacement law takes the form

AT = b. (2.19)

This law states that as the temperature of a blackbody increases, the peak
of its energy distribution shifts towards shorter wavelengths. This is observed
as a change in the body’s color, which explains the name given to this result.
Thus, the theory allows us to determine h in terms of the experimental value of
Wien’s constant b, which was the method used by Planck for the experimental
determination of his constant. It is clear that b cannot be determined by classical
methods.

The Jacobian factor (different from unity) in the transition from p(w) to p(A)
causes the equation determining the frequency at which the peak occurs to differ
from e™* 4 %x — 1 = 0. Consequently, the relation v, = ¢/\,, does not hold. This
is confirmed by calculating the frequency v, for which the derivative of p(v) given
by pr(v)dv vanishes, leading to the equation

1
e’ + 3% 1=0, == hv,/ksT. (2.20)

Wien’s displacement law is widely used to investigate the temperature of hot
bodies (with spectra similar to a blackbody), since it only requires knowing the
wavelength at which the radiation intensity is maximal. For example, assuming the
solar spectrum corresponds to that of a blackbody, the fact that the Sun’s radiated
energy peaks at Ay, ~ 5 x 10 A implies that the solar surface temperature is

1
T=29x10"%x = X 1072 x 10" ~ 5800 K. (2.21)
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Another interesting application arises when considering the cosmic microwave
background radiation, whose spectrum corresponds to a Planckian with a temper-
ature of T' = 2.7 K. At this temperature, the peak of the radiated energy density
occurs at the wavelength \,, = 0.107 cm, i.e., in the microwave band. This fact
facilitated the detection of this radiation using microwave detectors.

P2.3 Construct a graph of the average energy of the Planck oscillators versus
frequency and use it to show that Planck’s postulate F,, = nhw introduces a
cutoff in frequency space. Find this cutoff frequency. This result shows that the
postulate prevents arbitrarily high frequency modes from being excited at a given
temperature, in agreement with experimental observations.

Solution. It is convenient to start from the following observation. Let z be a

random variable that can take on the values x1,x,,...,x, with the associated
probabilities pq, po, ..., p, and
n
St 22
i=1
such that z; < 29 < -+ < x,,. The mean value T of x then lies between the

smallest and largest values the variable can take,
1 < T < Ty (2.23)

Now consider the energy of the Planck oscillators as a random variable that can
take the values

E.(w) =nhw, n=1,2,3,..., (2.24)
with probabilities
1
Pn= e~ En/(kT), (2.25)
The partition function Z(T') is the normalization factor ensuring > 7 p, = 1.
Since Fy < Ey < -+, from the above inequality we know that the average energy
_ fuw
Ew) = Soten —1 (2.26)
must satisfy
E(w) > E;. (2.27)
Figure 2.1]illustrates the quantities F;(w), Ey(w), . . ., and E(w) as a function

of frequency, as well as the frequency w., defined as the intersection of the curves
E)(w) and E(w). For w > w, one would have £ < Ej, which contradicts the
previous inequality. Hence at temperature T oscillators with w > w. cannot be
excited. Furthermore, since F; = hw represents the minimum possible energy of
the Planck oscillators, and this cannot be exceeded by the average energy, the
maximum frequency of excited oscillators does not exceed

We = @ (2.28)
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E3:3ﬁw E2:2hw

FIGURE 2.1. Average energy of Planck oscillators as a function of frequency, at
a given temperature.

In short, w,. is a cutoff frequency for the oscillators. B
The cutoff frequency is determined by the condition E(w.) = Ei(w.); using the
expression for E, this becomes

hew.

= (2.29)

from which it follows that w. grows linearly with the absolute temperature T,

kpT
We = BT In 2. (2.30)

P2.4 Calculate the energy of a quantum of visible light of wavelength 6000A.
Calculate the number of quanta of this wavelength that are emitted per second by
a 10-watt light source.

Solution. The energy of a light quantum is given by

E=hy= % (2.31)

Substituting the values hc = 1.988 x 1072 J m and A\ = 6 x 10~7 m, we obtain
E=3313x10""J =2.07eV. (2.32)

A 10 watt lamp radiates 10 J per second (assuming all energy is converted into
radiation of the same wavelength, which here represents an average wavelength).
The number of quanta per second is then

N power 10J-s7t

= 2.33
energy per quantum  3.313 x 1019 J’ (2:33)
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that is,
N =3.018 x 10757 1. (2.34)

For light in this spectral region, the human eye’s detection threshold is on the
order of one hundred quanta per second, which according to the above calculation
corresponds to a power of about 3.3 x 10717 W.

P2.5 Taking the Sun as a blackbody at 5700 K, find the fraction of its mass that
it emits as electromagnetic radiation per year.
Solution.The Stefan—Boltzmann law for the total power radiated per unit area
from a blackbody surface is

M =oT*. (2.35)
Assuming the Sun behaves as a perfect blackbody of temperature T'= 5700 K, we
calculate the energy it radiates in one year with: his radius R, = 6.96 x 108 m the
Stefan-Boltzmann constant o = 5.6704 x 10~ W m2K™*, and the duration of a
sidereal year 7 = 365.25d = 3.1558 x 107 s, as

Ey = ATM = 47R27 oT* ~ 1.15 x 10°* J. (2.36)

Given the solar mass M, = 1.989 x 10*Y kg and using E = mc? with ¢ = 2.998 x
108m s7!, we calculate the energy equivalent of the total mass of the Sun

Eo = Myc® = 1.787 x 10" J. (2.37)
Therefore the fraction of its total mass emitted as radiation per year is

E,  115x10*J
E,  1.787 x 1047 ]

Thus the Sun converts roughly 6 x 10714 of its mass into electromagnetic radiation
each year.

~6.4x 107 (2.38)

P2.6 Ultraviolet light of wavelength 3500A is incident on a potassium surface. The
maximum energy of the emitted photoelectrons is observed to be 1.6 ¢V. Calculate
the work function of potassium, neglecting thermal corrections.

Solution. In a simplified version of the photoelectric effect, a photon is completely
absorbed by an electron on the metal surface, so that when the electron is emitted,
its kinetic energy is given by

K =hv—W, (2.39)

where W is the work needed to remove the electron from the metal, i.e., the work
required to overcome both the attractive forces of the surface atoms as well as the
kinetic energy losses of the electron due to collisions with the plate’s atoms during
its journey to the surface.

When the electron receives all the energy absorbed by the atom and collision
losses are negligible, the photoelectron emerges with the maximum kinetic energy
Kax = hv— Wy, where Wy is the work function of the metal, that is the minimum
energy required for a photoelectron to reach the metal surface and escape from
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the forces that normally bind it to the metal. Thus, we can determine the work
function as

Wo = hv — Ky (2.40)
For light of wavelength A = 3500 A = 3.5 x 10~ 7 m, the frequency is
v=c/\=8571 x 10"s~". (2.41)

and for the work function of potassium we get

Wy = 6.626 x 107** x 8.571 x 10" J — 1.6 x 1.602 x 107*?J (2.42)
=3.116 x 107" J = 1.945eV. (2.43)
This result implies that the threshold (or cutoff) wavelength for potassium is
h .
Ao = WC = 6.379 x 10" m = 637.9nm = 6379A. (2.44)
0

P2.7 A 100 MeV photon collides with an electron at rest and is scattered at 45°
from the direction of incidence. Calculate the energy of each particle after the
collision and determine the final direction of the electron.

Solution. Before the collision, the photon energy is Fy = 100 MeV, and the
electron is at rest with energy m.c?. After the collision, the photon is scattered at
an angle § = 45° (shown schematically in Fig. with energy F;, and momentum
p1- The electron gains kinetic energy K and momentum p, being scattered at an
angle .

From momentum conservation along the z- and y-axes:,

Po = p1cosf + pcosp, (2.45)
0 =p;sinf — psin p, (2.46)

we get
p* = p — 2pop1 cos B + pi. (2.47)

Assuming that the electron is weakly bound, total energy conservation gives
Ey +me.c® = By + K +m.c?, (2.48)
Ey=FE + K. (2.49)
Using E = pc for photons, we can write Fy = poc, Ey = pic, and K = ¢(pg — p1)-

The total energy of the electron after collision, £ = K + m.c?, is expressed in
terms of its momentum, E? = m?¢* + p?c?. Combining these expressions we get

K? +2m, 2K +m2c* = m2c* 4 p*c?, (2.50)
which gives

K2
P’ =— +2m.K, (2.51)
C
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b, 2

FI1GURE 2.2. Compton scattering of a photon by an electron.

whence using Eq. (2.47) we get

K2
? + 2/rne[( = pg - 2p0p1 cosf + p%? (252)
or uing K = c(py — py),
2mec(po — p1) = 2p1po(1 — cos6). (2.53)
This leads to
1 1 1
—— — = (1 — cosb), (2.54)

pi Do mec
which expressed in terms of de Broglie wavelength corresponds to the Compton
wavelength shift

AN =X — Ao = A(1 — cosh), (2.55)
where "
Ao = =243 x 1072 m = 0.0243 A (2.56)
meC

is Compton’s wavelength.
Given Ey = 100 MeV = 1.602 x 1071 J,

E
po = —2 =5.344 x 107 kg - m/s (2.57)
&
me = 9.109 x 103 kg and 6 = 45°, we get using Eq. (2.54),
p1 = 9.164 x 107** kg - m/s, (2.58)
By =cp, =2.747 x 107 ] = 1.715MeV, (2.59)

which barely exceeds 1% of Ejy; in other words, the photon transfers more than
98% of its energy to the electron during this collision.
The kinetic energy gained by the electron is

K=FEy—FE, =1575x 107" J = 98.29MeV, (2.60)



2. MATTER AND FIELD 12

and the corresponding momentum is

K 2m.c21"?  1.575 x 101!

=— |1 < = (141.04x 107312 2.61
p= [ ] SR o 0 2o
p=>528x10"*kg-m/s. (2.62)

From conservation of momentum in y we get
sin p = Pl in 0, (2.63)

p
so that )
S1n

R =0.70°. 2.64
Y~ 100 (2.64)

P2.8 Assuming that the relevant classical laws apply, calculate the power emitted
by an electron moving in a circular Bohr orbit characterized by the quantum
number n.

Solution. In classical physics, an external source would need to continuously
compensate for the energy lost through radiation in order for an electron to describe
a circular orbit. According to electromagnetic theory, accelerated charges radiate
energy in the form of electromagnetic waves. Specifically, in the non-relativistic
limit, the power radiated by an accelerating electric charge is given by the Larmor
formula from electrodynamics,

2 e%a?

P=—-———. 2.
3 4megcd (2.65)

Temporarily disregarding the stability of Bohr orbits, let us calculate the power
radiated by an electron moving in a Bohr circular orbit using classical methods.
This orbit is characterized by the quantum number n. Consider an atom consisting
of a nucleus with charge Ze and mass M, and a single electron with charge —e and
mass m. Since the electron’s mass is very small compared to that of the nucleus, we
can consider the latter as fixed in space. The stable orbits in Bohr’s theory can be
determined by equating the centrifugal inertial force and the Coulomb attraction
exerted on the electron by the nucleus,
1 Ze?2  mw?

= . 2.66
4rreg 12 r ( )

For a circular orbit, the electron’s angular momentum is L. = mur, and by applying
Bohr’s second postulate (or the Wilson-Sommerfeld rule to J, = L) we obtain

mur = nh. (2.67)
Substituting into Eq. (2.66)) yields
4meoh?
L (2.68)

n
mZe?
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The angular momentum quantization condition restricts possible circular orbits to
those with radii that satisfy this equation. Using the angular momentum relation,
the electron’s velocity becomes

Ze? 1
= - 2.69
! dmeghn ( )
while the acceleration, a = v?/r, is given by
Z3e% 1
ay = 2 ° (2.70)

(47eq)3hA nt”
Substituting this expression into the Larmor formula gives the final result,

2 ZG 14,.,2 1
p=:2°" (2.71)
3 (4meg) "3 h® nb
For example, for an electron in the first allowed orbit of a hydrogen atom (Z = 1,
n=1) we get

P=29x10"eV/s =29 x 10* MeV /5. (2.72)

This energy loss rate is extremely high. For reference, recall that the electron’s rest
mass equals just over 0.5 MeV. Even worse, this is only the initial rate, since radi-
ation would cause the orbit radius to decrease, thereby increasing P and making
the electron lose energy increasingly faster and spiral into the nucleus. Without
Bohr’s stability postulate, which states that an electron in an allowed orbit does
not radiate, an H atom would collapse in about 1071 seconds. Obviously, this
does not happen.

P2.9 Deuterium is an isotope of hydrogen whose nucleus consists of a tightly
bound proton and neutron, with atomic weight 2 (the masses of the proton and
neutron are nearly equal). Determine: a) the Rydberg constant for deuterium
in terms of that for hydrogen; b) the ratio of the wavelengths of the deuterium
spectrum to those of the corresponding hydrogen transitions.
Solution. The Rydberg constant R for a hydrogen-like atom is proportional to
the reduced mass p of the electron—nucleus system,

4

e meM

ith = — 2.73

2ch® " e M (2.73)
where M is the nuclear mass and m,. the electron mass. The reduced masses of
hydrogen (pp) and deuterium (up) are

meM, me(2M,,)

_ _ Me(2Mp) 2.74
MUH me+Mp7 HD m6+2Mp7 ( )

R=p

where M, is the proton mass (the neutron mass is essentially the same, so the
deuterium nuclear mass is taken as 2M,,).
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With r = m./M, ~ 1/1836.15, the ratio between Rydberg constants is then given
by

Ro pp  2/Q2+7)  2(1+7) _ 2(1+0.000544)

-0 — = ~ ~ 1.00027 2.75
Ry pn  1/(1+7) 2+ 2 + 0.000544 ’ (2.75)
that is,
Rp ~ 1.00027 Ry (2.76)
We have that
2mhe v
En = 7R7 E= ]’Ll/, V= X, (277)
whence
>\D EH RH
— = — = — ~0.99973. 2.78
)\H ED RD ( )

Thus the deuterium Rydberg constant is larger than that of hydrogen by about
0.027%, and all of its spectral lines are shorter in wavelength by the same fraction.

P2.10 Use the Wilson-Sommerfeld quantization rule to determine the emission
spectrum of a particle moving in the potential

r\k
Vir) =W (5> : (2.79)
with & > 1, assuming that it is possible to restrict oneself to the study of circular
orbits. Draw a representative graph of this potential, and compare your results
with those of [1], Exercise E2.2.

Solution. The general form of V' (r) is illustrated in Figure 2.3 (for £ = 10). The
Hamiltonian in polar coordinates for a particle subject to this potential is

P2 D Ty
H=p=1r v(—) , 2.80
2m + 2mr? TV a ( )
with
pr=mr, py=mr’p=L = const (2.81)
and
, OH 1 Vo 71\ k-1
T:——:——k;—(—) . 2.82
b or  mr3 a \a ( )

We will consider only circular orbits, so we take » = 0, p, = 0, and p, = 0. This
restriction is not entirely justified, since in the corresponding classical bound prob-
lem elliptical orbits are also possible for arbitrary k. With this selection, the prob-
lem therefore acquires an essentially academic character. We apply the Wilson-
Sommerfeld quantization rules and substitute them into the previous Hamiltonian,
which gives
(ngh)?

B —
2mr?

+V (g)k (2.83)
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From the equation with p, = 0 it follows that

mVo
=i = g = KR 25
and thus the radius of the allowed orbits is given by
(mEa\T (2.85
Tn = TV . N=Ng. .85)

We have written n = n, since there is no risk of confusion, as only one quantum
number appears in this problem. The energy level quantization rule now becomes

E, =V, (%")k (g + 1) (2.86)

or, explicitly

k nih? \ #
E,==-+1)|V , k>0. 2.87
(3+2) % (i) )
From this result and Bohr’s rule, the emission spectrum is given by
k
En - En’ k ‘/0 h2 F+2 2k 2k _
nn/ — — 71 — | & 1) — ( Rz — /% 2). 2.88
“ h <2+ )h(kmvoa?) e (2.88)
For k> 1, the previous expressions simplify considerably,
n2h? h 5
= — )= — . 2.
" omar T a2 (n* = n") (2:89)

The student is invited to demonstrate that these results are similar to those
for a rigid rotor with moment of inertia I = ma?. This means that the potential
V = Vy(r/a)® with k > 1 can be taken as a reasonable approximation to the
constraint that maintains the rotor’s rigidity. This is suggested by the behavior
shown in Fig. 2.3 when considering the case k — co. From the equation for r, we

see that
r L? 1/k

which converges to 1 as k — oo. This confirms that for k£ > 1, we can take a as
the system’s radius when L # 0.

P2.11 Calculate the de Broglie wavelength of a point particle moving at speed
¢/100, in the following cases:

a) an electron (m, = 9.1 x 107 g),
b) a proton (m, = 1836.1m,),

c) a pebble (m = 10g),

d) the Earth (M7 = 6 x 10?7 g).
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100

T

10

50 +

| 1 7

0.5 1.0 1.5

FIGURE 2.3. General form of the potential V' (r); the case k = 10 is illustrated.

Compare your results with the wavelength of yellow light and with the radius of
the first Bohr orbit (a = 0.529 x 107% cm).
Solution. The de Broglie wavelength is given by
A= h = i, (2.91)
p  muv
where the second equality holds in the non-relativistic regime. Substituting v =
¢/100, we get (with mass in kg and wavelength in m),

100h 221 x 10740

mc m

A= (2.92)

Using A\, = 580 A = 6 x 107" m as a representative value for the wavelength of
yellow light, we obtain

m A A Ay Aa
(a) 91x10% kg 243x1070m 418 x 10~ 4.59
(b)  1836.1m.  132x107®m 228x 1077  2.50 x 103
(c) 102kg  221x107%m 3.81 x 10732 4.18 x 1028

(d) 6 x 10** kg 3.68x107% m 6.35 x 107  6.96 x 107°°

Note that the wavelengths of visible light are much greater than the de Broglie
wavelengths of the studied objects, even for an electron moving at a speed of ¢/100
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or higher. For more massive objects, the de Broglie wavelength is negligible even
when compared to nuclear scales (of the order of 107> m = 1fm); thus, no wave-
like behavior associated with their motion can be observed. The same applies to
small bodies as long as they are macroscopic. For instance, for a smoke particle
with a diameter of one micron (i.e., 1 yum) and a mass of about 10~ kg moving at a

low speed of 1mm/s, A ~ 6 x 107° A, which is about the size of an atomic nucleus.
However, for particles with very small mass, such as electrons or nucleons, and
speeds that are a fraction of the speed of light, the de Broglie wavelength can be
comparable to interatomic distances. This makes them useful for determining crys-
tal structures by diffraction, as observed when such particles pass through crystals.

P2.12 Find the expression for the orbital speed of the electron of a hydrogen
atom that is in its lowest energy state using the Bohr model. Since this state is
stationary, it can be described by an ensemble of H atoms in their ground state. Use
this observation to determine the wavelength associated with the corresponding
orbital velocity, and compare it with the circumference of the orbit. Discuss the
result.

Solution. The electron is bound by the electrostatic attraction between the proton
and electron, which provides the necessary centripetal force,

1 e me?

= . (2.93)

4rrey 12 r

With the quantization condition for the angular momentum
L=nh=mor (n=1,2.3,..) (2.94)
we get for the velocity in the ground state (n = 1),

62

= i 2.95
v 4megh ( )
The de Broglie wavelength A is thus given by
h h 8m2h?
A== =TT (2.96)

P oMy Mmee?
On the other hand, the circumference of the orbit is given by C' = 27r, with r
obtained by combining Eqs. (2.94) and (2.95)),

Arh2e
r =

mee?

Therefore, for the ground state n = 1, A = 2xr = C, that is, the de Broglie wave-
length associated with the orbital velocity is equal to the circumference of the orbit.

P2.13 In traditional optics, an optical instrument cannot resolve details of an
object smaller than the wavelength used for observation. For example, a virus
200 A in diameter cannot be studied with an instrument that uses visible light in
the region of thousands of A. An electron microscope, however, makes it possible.



2. MATTER AND FIELD 18

Determine the acceleration potential required to produce a beam of electrons with
a de Broglie wavelength 102 — 10? times smaller than the dimensions of the virus.
Solution. We are asked to find the acceleration potential V' required so that the
beam of electrons has a de Broglie wavelength in the range

d d
A=— to — 2.97
02 7 108 (297)
with d = 107® m. This gives
A=2x10""m to 2x107"m (2.98)

For an electron accelerated through a potential V', its kinetic energy is K = eV.
2
Using the non-relativistic relation K = 2""76, we have p = v/2m.eV, and thus

h h?

A= —e— = V= 2.99
V2m.eV 2mee? ( )
For the two limiting values A\ we get
for A =2 x 107%m,
(6.626 x 10-34)?
V= ~ 377V 2.100
2-9.109 x 10731 - 1.602 x 101 - (2 x 10710)2 ( )
and for A =2 x 107" m,
6.626 x 10734)2
(9626 % 10 ) ~ 3770 V. (2.101)

V=
2-9.109 x 10731 - 1.602 x 1019 - (2 x 10112

Therefore, in order to resolve details that are 10> — 10® times smaller than the
virus, the required acceleration potential for the electrons must be approximately

between 40V and 4 kV.

P2.14 Determine the wavelength of a beam of neutrons which undergoes first-
order diffraction by a crystal. The beam is incident at an angle of 40° with respect
to the set of planes of the crystal lattice, whose spacing is 2.85A. What is the
kinetic energy of the incident neutrons?

Solution. First-order diffraction of neutrons by a crystal lattice is governed by
Bragg’s Law,

2d sinf = n, (2.102)
with n = 1. This gives, with 6 = 40° and d = 2.85A,
A~ 3.66A. (2.103)

The kinetic energy of the neutron is given by K = %, so that with A = %, we get

2

= 55 ™ 6.09x10%eV, (2.104)
m
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which is approximately 2,000 times smaller than that of electrons with the same
wavelength.

P2.15 A technique for monochromatizing a beam of slow neutrons consists of
directing the entire beam toward a crystal of known structure and positioning the
collector to receive the monochromatic beam of diffracted neutrons. Suppose that
a crystal is used whose distance between successive layers is 1.2 A. Considering
only Bragg diffraction of order 1, at what angle with respect to the initial direction
of the beam should the collector be oriented to select the neutrons with A = 0.8 A?
Solution. Bragg’s first-order condition for constructive interference is v. With
d=12A, A=08A, we get

A 0.8 1 , .

20 " 2(12) ~ 3 0 = arcsin(3) ~ 19.5°. (2.105)
The diffracted (reflected) beam leaves the crystal symmetrically, so the angle be-
tween the incident beam and the diffracted beam is

20 ~ 39°. (2.106)

Hence the collector should be oriented about 39° with respect to the original
neutron-beam direction to select the neutrons of wavelength 0.8 A.

sinf =

P2.16 Compare the zero-point energy of a radiation field mode of wavelength
GOOOA, with the average thermal energy of the same field mode at room tempera-
ture.

Solution. The zero-point energy is given by

1
For a field mode of wavelength 6000A, using w = 27v and v = ¢/, we get
Ey ~ 1.03eV. (2.108)
The average thermal energy of a field mode of frequency w is given by
hew

where £ is the Boltzmann constant and T is the temperature. At room temperature
(300 K) we get

fuw 2.07
— ~——— =796 2.110
kKT~ 0.026 ( )
2.07 _

E~ 679-6——16\[ ~2xe eV, (2.111)

Compared with the average thermal energy contribution at room temperature

for a mode with a wavelength of 6000A,the zero-point energy is significant.Thus,
thermal effects do not appreciably excite this mode, and the zero-point energy
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dominates.

P2.17 An electron in an antenna is subject to oscillations at a frequency v =
10*® Hz. Calculate the mean amplitude Az of the oscillations at zero temperature
and at room temperature.

Solution. From Planck’s complete (thermal + zero-point) law for the mean energy
per mode

hw
_ 1
(E(T)) = th + /KT 1 (2.112)
and using the virial theorem for the harmonic oscillator potential, (E(T)) = 2(V),

whence

2 2
(V) = = <(2Ax) >, (2.113)
we get
E(T
(Az)?) = —m(w2)’ (2.114)
so that
E(T)
Az(T) = . 2.11
o) = 2L (2.115)
Setting 7' = 0 in Eq. [2.112] gives F(0) = %hw Then
Az(0) = /" (2.116)
V omw’ '

or using v = 10% Hz inw = 27v and m = m,,
Az(0) ~ 9.60 x 107" 'm = 0.96 A. (2.117)
At T = 300K, we have

hw
T~ 1.60 % 102> 1, (2.118)
so the thermal term in Eq. [2.112is exponentially suppressed and E(T) ~ %hw

Thus, at such high frequency, the mean amplitude of the oscillations is entirely
determined by the zero-point motion at both 7'= 0 and room temperature.



CHAPTER 3
Quantum Mechanics in the Heisenberg (Matrix) Picture

P3.1 Demonstrate directly the following properties of the commutator:
[, 0] = — [v, 4],
[w+0,8] = [u,0] + [v,0],
[aw, © [ 0] + [u, 0] w,

vl =
] =
vl =
[, [0, @] + [0, [©, u]] + [, [u, 0]] =

The latter is the so-called Jacobi identity. Rewrite the last two results using the

differential property of the commutator discussed in [1], Exercise E3.1.

Solution. For property (3.1 we apply directly the formula for the commutator,

[u,V] = uU — vu = —vu +uv = —(Vu — uv) = — [u, v .
For the second property we write
[+ 7,0 = (u+0)o —0(u+0)
= U + VW0 — Wu — WU
= (uw — Wu) + (VW — Wo)
= [u, @] + [v,%] .
The same procedure applies to the third property,
[uo, D] = uwv — vuw
= UWU — UDW + UVW — VuwW
=u (W00 — W) + (uv — Vu)
=uw,v] + [u, V] w.
To prove the Jacobi identity, we expand the commutators
[u, [0,0]] = u (vw — @WU) — (VW — WO) u
= UVW — uWv — VWU + Wow,
[0, [0, u]] =0 (Wu — uw) — (Wu — uw) v
= VWU — Vulw — WU + uwo,
@, [u,V]] =@ (uv — vu) — (uo — Vu) W
= UL — WU — U0W + Vuw,

21

(3.5)
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and add them up, to obtain

A~

[w, [U,®]] + [0, [0, u]] + [@, [u, v]] = 0.

P3.2 Show that if [F,G] = 0, then
[P, G™ =0,  [f(F,G), g(F,G)] =0 (3.20)

for functions f, g that can be expanded in power series.

Solution. The requested results should be intuitive, since operators that com-
mute can be treated as ordinary functions when operating with their relations.
To provide a more formal demonstration, we begin with the premise that if two
operators, 4 and v satisfy the relation

[[a, 0], @] =0, (3.21)
then it follows that
[a™, 0] = na" " a, 0], (3.22)

which is proved by an extension of the method used to solve the previous problem.
It is clear that if [F', G] = 0, we can write

(™G] = mF™ Y F,G] =0, [G™ F]=mG™ G, F]=0. (3.23)
UsingAthe third property from the previous problem and taking @ = G’m_l, o=F "
w = G, we can write

[F"Gm] =Gt [F"G] + [F”,ém—l} G = [F",ém—l} G (3.24)
- [F",Gm*ﬂ G2=...= [F” G] Gm=1 = (3.25)
which is one of the requested results.

Now consider two functions f (F’ , é) and g(p , @), which can be expanded into
power series of F' and G as

FE,G) =) camF"G™, g(F,G) = dpnF"G™. (3.26)

There is no ordering problem in this case because the operators commute. These
expansions allow us to write

6. 9(F,0) = 33 ot [FPGm B G — /G ] —,
o (3.27)
due once again to the fact that the operators involved and their powers commute.
This concludes the solution.
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P3.3 Show that if F , G are two commuting operators, then
[ﬁ—l,é] - [ﬁ @—1} - [ﬁ—l,@—l] —0. (3.28)

Solution. We start from the definition of the commutator,
[ﬁ—l, @} — PG - GF? (3.29)

and multiply both terms by F to the left and to the right, taking into account
that F' and G commute,

( FG - GF- ) [F G] (3.30)
The remaining two equalities are proved analogously.

P3.4 Show that for two arbitrary operators F, é, eFGE = FeGF.
Solution. The exponential function of an operator is defined via its power series

as
i~ L oan
A = <A> . (3.31)
!
n=0
Using this definition, we can write
O | | PN
P =Y —(FG"F = F+ FGF + o FGFGE + o FGFGFGE + -
n!
n=0
(3.32)
. U NN B
=F {1 + GF + GFGF + GFGFGF + - (3.33)
s 1 aa o ap
=Py —(GF)" = el (3.34)
n=0
which is the desired result.
P3.5 Show that
[D, sin Ax] = —i\ cos Az, (3.35)
[D, cos Az| = iAsin Az, (3.36)
and therefore,
s Ah
ApAsin \x > > |(cos Ax)|, (3.37)

A
ADPA cos \x > 5 |(sin Azx) .| (3.38)
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Examine the limit A — 0 of this last equation.
Solution. For the first two equations the proof follows the same steps. We use
the property of operators

. da
[@G(fv)} = —ihd—g, (3.39)
substituting and taking h =1
[ﬁ, é(x)] — [p,sin \z] = —i) cos A (3.40)
Similarly,
{ﬁ, @(m)] — [p, cos Az] = iAsin A, (3.41)
To prove the remaining equations we use the property
-~ 11 A~
AFAG 2 5 ’<c>( , (3.42)
where
[F,G] — iC, (3.43)
This gives
11 ~
ApAsin(iz) > ]<0>( , (3.44)
where C' = hA cos Az, so that
ApAsin(Az) > %)\ |{(cos Az )|. (3.45)
Similarly,
~ hX .
ApA cos(Ax) > 5 |(sin Az )|. (3.46)
In the limit A\ — 0, the inequality becomes trivial because
cos Az — 1 (constant) (3.47)
and the commutator vanishes,
[p, cos Az| — [p, 1] = 0. (3.48)

P3.6 Let A be an operator satisfying the equation A2+ 20A+1 = 0, with a a real
constant. What values of a make the operator A Hermitian?

Solution. If A is Hermitian, it has a real spectrum and AT = A. Let [¢)) be an
eigenvector of A with eigenvalue A,

Al = ). (3.49)

Then acting on |¢)) with the operator equation, we get

(A2+2a21+1) W) = (A2 +2aA+1) ) = 0= X2+ 2aA+1=0.  (3.50)
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Solving the quadratic equation we get
A=—a*tVa*-1. (3.51)

Since A is Hermitian, all of its eigenvalues must be real. Therefore, the discrimi-
nant must be nonnegative,

a>—1>0=la| >1, (3.52)

and A can be Hermitian if and only if |a| > 1.

P3.7 Let B be a Hermitian operator satisfying the equation B3 = 4B. Which are
its eigenvalues?

Solution. Given that B is Hermitian, its eigenvalues A are real. If |A) is an
eigenvector associated with the eigenvalue A, then

BIX\) = A|A). (3.53)
Applying B? to |\) and using the given relation B = 4B, we get
B3|A) = A3|A) = 4B|)\) = 4A|\), (3.54)
which implies \* = 4\, that is, A(\> — 4) = 0. The solutions are
A=0, M=4 = \=0,+2 (3.55)
P3.8 Show that
~ 1 17, 271
{A, T] S [A, B} y (3.56)
B B B
Solution. We start by expanding the commutator
~ 1 ~ 1 1 -
B B B
Now factor out B~ at both sides using the identity BBl =1,
1 Aoa ] A 1 Ao aay ]
== (—BAT + A) S (—BA + AB> = (3.58)
B B B B
— 12 (3.59)
B B ‘

which is the desired result.

P3.9 Consider a classical dynamical system with initial conditions or other relevant
parameters distributed in such a way that it is convenient to make a statistical
description of it. Defining averages as usual, show that for two arbitrary real
dynamical variables, the inequality

(AA*(AB)* > (AB - AB)° (3.60)
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holds.
Solution. The quantity AB — A B is the covariance of A and B, denoted as
Cov(A, B). The inequality we want to prove is analogous to the classical Cauchy-
Schwarz inequality in statistics.
For any pair of random variables A and B, the Cauchy-Schwarz inequality
reads
(AB)* < A2 B2 (3.61)
However, we need a version centered on the fluctuations, that is, on AA = A — A

and AB = B — B. We define

A=A—A 6B=B-B. (3.62)
so that 64 =0, 6B = 0. The covariance can be written as
Cov(A, B) = 0AdB, (3.63)
and the variances are
(AA)* = (5A)?, (AB)* =(6B)? (3.64)
Applying the Cauchy-Schwarz inequality to the centered variables A and 0B
(6ASB)?* < (6A)2 (6B)2 (3.65)
and intorducing the definitions
(Cov(A, B))? < (AA)?(AB)?, (3.66)
we get
(AA?(AB)? > (AB—4B)”. (3.67)

P3.10 Using Egs. (3.60) and (3.61) of Ref. [1] for the harmonic oscillator in
an eigenstate n, calculate the square of H and show that the dispersion of H is
zero. What is the physical meaning of this result?

Solution. For the 1D harmonic oscillator,

' ]32 1 242

and the nonvanishing nearest-neighbor matrix elements of z and p in the energy
basis {|n)} are (with xy real without loss of generality),

Tnn-1 = V1 210, Tnnt1 = VN + 1290, (3.69)
Prn1 = i mw/n 1, Prns1 = —imwyvn + 1xy. (3.70)

i) Off-diagonal elements of H. Since # and p only connect n with n+ 1, H
can connect n with n and n 4+ 2. For example,

1 1

2
Hn,n+2 = %pn,n—l—lpn—i—l,n—&—? + §mw Tnn+1Tntlnt2- (371)
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Using (E50) @70)

1 1 .
oy PrntiPriinte = 5 (—imw)?y/(n + 1)(n + 2) 3 (3.72)
1
= —§mw2\/(n +1)(n +2) 23, (3.73)
1 1
émw2 Tt 1Tnt1nte = §mw2 V(n41)(n+2)2%,. (3.74)

Hence H,, 12 = 0. The same calculation shows that H,, ,_» = 0. Therefore H
is diagonal in the {|n)} basis.

ii) Diagonal elements of H. Using (3.69)(3.70)),

1 1 2
Hnn = 5 (pn,n+1pn+1,n + pn,nflpnfl,n) + smw (xn,n+1$n+1,n + xn,nflmnfl,n>>
2m 2
(3.75)
= mw?(2n + 1) 23,. (3.76)
From the commutator [Z,p] = ih calculated in the ground state, with p;p =
1MW, we get
h
2
= 3.77
| 10] 9w’ ( )
which gives
Hpp =lw (n+3) = E,, (3.78)
as expected. ) R
iii) Square of H and dispersion. Because H is diagonal
(n|H?|n) = Z H,Hy, = H?, = E2. (3.79)

Therefore the variance of the energy in the eigenstate |n) is
(AH)? = (n|H?n) — (n|H|n)? = E*> — E? = 0. (3.80)

This result indicates that, in an energy eigenstate, the energy is sharp, meaning
there is no dispersion. This state is stationary, and time evolution only contributes
a global phase.

P3.11 Calculate the commutator of two Pauli matrices, [d;,0;], with i # j =
1,2, 3, and express the result in terms of Pauli matrices.
Solution. The Pauli matrices gy, g9, and o3 are

. 01 . 0 — . 1 0
O'1—<1 0), 0’2—(2. O), O'3—<O _1) (381)

The product g,05 gives

an=(10) (0 3)=(0 %) 3
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and the product gy0; gives

IR 0 —2\ /0 1 —1 0
Therefore,
A A A oa v 0 -1 0 21 0
[0'1,0'2] — 0109 — 0901 = (0 —Z) - < 0 ’l) (O _22> . (384)

Therefore,
(01,02 = 2i03. (3.85)
The remaining commutators are solved similarly and their results are analogous,
(09, 03] = 2i0y, (3.86)
(03,01 = 2i0,. (3.87)

These results can be expressed in the compact form
[OA'i, OZ] = Qieijkdky (388)

where ¢;5;, is the Levi-Civita antisymmetric tensor.
P3.12 Use the Pauli matrices to calculate (a - &)” (lc) , where a is a unit vector

. . b\ . .
with Cartesian components a1, as, ag and (c> is an arbitrary state vector. Com-

ment on the outcome.
Solution. With a = (ay, a9, a3) the unit vector and & = (61,09, 03) the Pauli

matrices (3.81), we have

a-o= a1&1+a2&2+a363 (389)
0 1 0 —2 1 0
= aq <1 0) + ao <Z 0 > + as (0 _1> . (390)

a-6= ( @ & w2) . (3.91)

a; + iCZQ —as

This gives

Now consider the square of this operator,

2 2 2
(a-6) _< 0 at + a3 + a3

)@ rdadn-r e

since a is a unit vector. Therefore,

(a- &) @ _ @ . (3.93)

Applying the square of the operator a - & to any state vector yields the original
vector. This tells us that the operator is involutive up to a sign, meaning its square
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is the identity, and its eigenvalues are +1.
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CHAPTER 4

Quantum Mechanics in the Schrédinger (Wave) Picture. Dirac’s

Notation

P4.1 Consider two functions ¢/, and 1, each corresponding to a Gaussian distri-
bution of particles,

W = Age”@a)?/40? Wy = Age”(#02)*/40% az > aj.

a) Determine the normalization coefficients A; and A,. Calculate T and 22 when
the particle density is p; = [¢1|*>. What is the meaning of the parameters a and o
that appear in the normal distributions?

b) Two new functions are constructed, ¢, and ¢_ defined as ¥y = AL (1) + 1s).
Determine the normalization constants A, and A_. Construct and plot the particle
densities py = 14|, p— = [¢»_|*. Discuss the two limiting cases ¢ — oo, 0 — 0.
Solution. a) The normalization condition for the probability amplitude is

1= / ¥ (x) Y(x) dx. (4.1)
Applying this condition to 91, and setting y = = — a;, yields
1= |42 / e—(a=m)2 /202 g0 |42 / e=V127% gy (4.2)

The required integral is listed in any table of integrals. For reference purposes,
a more general formula is provided below. Using the definition of the gamma
function and a simple change of variable, we have

00 1
/ efayzyndy — %a*(nJrl)/Ql" (n + ) , n> _17 (43)
0

2

The cases n = 0, 1,2 of this expression are especially important, and you should
be familiar with them. The following properties of the gamma function are of
interest:

I'(n+1)=n!, n=0,1,2... (4.4)
I'(n+1) =nl'(n), ro) =1, (4.5)

30
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In our case, n = 0, a = 1/202. Taking A real and positive gives

1
\V2mo '

Since the result is independent of the displacement a;, the same value is obtained
for Ay, hence A; = A; = A. With the above expressions the particle density in
state 1 is given by

A = (4.7)

1
2ro

The following incidental observation is helpful. With the help of the formula
it is easy to verify that the mean value of z, obtained by averaging over the above
distribution, is

pi(x) = Pl = A2 (e 2T = )20, (4.8)

EE/me@Mx:m, (4.9)

so that .
_ —(2-%)2 /202
p1(x) \/%e . (4.10)
This is the standard form of a one-dimensional normal (Gaussian) distribution.
Note that this distribution is characterized by two parameters, representing the
mean value T and the width (or dispersion) o.
b) We now construct the new functions

by = A (b £ 1) = ALA [e*@*“l)z/‘wz + e*<f*“2>2/4"2] . (4.11)
The normalization condition is
1 = |AL|2A? / b [e—<x—a1>2/402 + e_<x_a2)2/402r da. (4.12)
This gives
1=|A.[2A° {Qm/% + ¢~ (@1 +a3)/40” / h e_[$2_(“1+"’2)””}/2”2dx] . (4.13)

Completing the square,

2
+ 1 1
? — (a; + az)z = (x _ o 5 a2) — (a1 +ap)® = y* — Z(al +as)?,  (4.14)

4
we get with the help of 4.3 and

1= ‘Ai‘2A2 |:20'\/ 2m + 267(‘1?“1%)/40'2e(a1+a2)2/80-2 /oo

—00

e v/ 2"2dy] . (4.15)

which simplifies to
= 2|AL[? [1 + e—<“1—“2>2/802} . (4.16)
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o =0.05

FIGURE 4.1. A comparison of several normal distributions with different vari-
ance values.

Solving gives

1 2 2 _1/2
Ay = — [1ie—<“1—a2> /8”} , 417
= (a17)

and thus

_ f<a17a2>2/802} - [ —(2-a1)? /40> *(I*a2)2/402] 2
pr = = [1 te e te L (418)
The two limiting cases, ¢ — 0 and x # a, deserve special consideration. To
analyze them we will study some properties of the normal or Gaussian distribution
corresponding to each of the above wave functions ¢, 1, and described by either
equation [4.8| or Since it is irrelevant, in what follows we will omit the index
1 or 2 with which these distributions were distinguished.

a) In the limit ¢ — 0, for = # a we get

p(x) =0, x#a. (4.19)

However, at the point = a the exponent cancels out, the exponential is equal to
unity, and

) = lim
p(z) = lim 5

These two results can be combined into one with the help of the Dirac ¢ dis-
tribution,

=00, T=a. (4.20)

lim e~ (#=9%/20% — §5(2 — q). (4.21)

1
p(I) = \/% 550
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It can be verified that the integral properties of both members are equivalent.
This result indicates that the function d can be seen as the limit of a Gaussian
distribution with a shrinking width. The normalization simultaneously increases
the height until it finally becomes infinite at a single point and zero elsewhere.
Figure clearly shows this behavior.

b) In the limit 0 — oo the exponent cancels out for all x, so the distribution
reduces to

p(z) = lim = const. (4.22)

o—00 2m0
Therefore, it is a uniform distribution. Since it extends over the entire real line,
the normalization constant becomes zero. However, it is sufficient to consider the
distribution uniform within the finite interval (—L, L) and zero outside of it, so
that the normalization constant becomes finite (equal to 1/2L). One can then
take the limit L — oo and see that a uniform distribution is the limit of a normal

distribution whose width grows indefinitely. Figure illustrates these properties.
The limiting behavior of the densities py is easily derived from the previous
results and does not require further discussion.

P4.2 Consider a system with spherical symmetry, described by the probability
amplitude ¥(r) = N exp(—r/a), where r is the radial coordinate, with r = [0, c0).
Determine the value of the factor NV so that ¥ is normalized to unity and find the
mean value of r and of r2 for this distribution. Relate the results to the parameters
of the distribution.

Solution. For ¥(r) to be normalized to unity, the following condition must hold

/Oo U (r)|?dV =1, (4.23)

where dV is the volume element in spherical coordinates. For a spherically sym-
metric system, dV = 4rwr?dr. Thus,

/ INe™/%2 . dxridr = 1, (4.24)
0
or simplifying,
Am|N? / rle /gy =1, (4.25)
0
With F( ) | 3 3
0 3 2! 2a a
2 —2r/ad — — = — = — 4.26
/0 re T (2/&)3 (2/@)3 8 4 ) ( )
we get

3
47| N|? - az =1 = rdNP=1. (4.27)

The normalization factor is therefore

1
N =

mad

(4.28)
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The expectation value of r is given by

(r) = / P U(r)2dV = dx|NJ? / Pelodr. (4.20)
0 0
With ) )
<, I'(4) 6a®  3a
3 2r/ad — - = __ 4.30
/0 N Y LA TR (4.30)
we get
1 3a*  3a
— 4 — ) = === 4.31
(r) T <7ra3) 8 2 (4.:31)
The expectation value of r? is:
(r?) = / P20 (r) 2dV = dr| NP / rreody, (4.32)
0 0
With
* o, ') 24a®  3a®
4 2r/ad — — - 4.
/0 T T TR T 32 T (4.33)
we get
1 3a®
2\ 9.2
(r¥y = 4w <$) = 3a”. (4.34)

The parameter a represents the characteristic exponential decay scale of the
distribution. the average displacement is proportional to a, (r) = 37“ The disper-
sion of the distribution scales with a?, (r?) = 3a?, and the variance of r is

Ar? = (1) — (r)? = 34% — (3?“)2 _ 37“2 (4.35)

P4.3 A given function ¢(z) is defined on the interval (—m,7) in the form of a
Fourier series

Y(z) = \;42()7 + ; (% cosnx + % sin nx) : (4.36)

Using the orthogonality properties of the sine and cosine functions, obtain the
coefficients Ay, A,, and B,, for this ¢ (x).

Solution. We will assume that the series defined in [£.36] converges uniformly on
the interval —7 < x < m; if this occurs, the series converges uniformly for all x.
We multiply by cos ma, with m a positive integer, to obtain

Xr)cosmr = cosmx —= COS NI COSMx —=SIN NI COS™MI | .
V2m — N3 VLS
(4.37)
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This series is still convergent and can be integrated term by term, giving

™ AO ™ o An ™
(x)cosmrdr = — cos mx dx + Z — cosnz cosma dr (4.38)
—7 V2 J n—1 ﬁ -7

o B T
+ Z — / sin nx cos ma dz. (4.39)
n=1 ﬁ -

Using the orthogonality properties of sine and cosine functions,

/ sinnxcosmrdr =0, VYn,m>0 (4.40)
/ cos nx cos mx dx :/ sin nx sin ma dx = T, (4.41)

we obtain
s e A
dr = T 6pm = A/, 4.42
/Wz/)(:c) cos mz dz ; ﬁw VT (4.42)
which leads to the well-known expression for the Fourier cosine coefficients,
1 s
A, = NG /_7r (x) cosnx dx. (4.43)

The expression for the coefficients B,, is obtained analogously, by multiplying series
by sinmaz and integrating,

™ ) AO /\7( ) oo An /7r )
z)sinmx dr = — sinmax dx + E — cosnrsinmzdr (4.44
/_W w( ) V2 J n=1 \/7_T —T ( )

o0 Bn ™
+ Z N / sin nx sinmax dx. (4.45)
n=1 -

Using the orthogonality properties, this expression reduces to

s e B
Y(x) sinmax de = Z 6 = B/, (4.46)
/_7'— n=1 ﬁ

or
1

™
-

Finally, the coefficient A4y is determined by integrating the series [4.36] directly,

/_iw(m)dx: _::\/_d +Z\/_/ cosnxdx—i—z\/_/ sinnx dx, (4.48)

so that

B, = Y (z) sinnz dx. (4.47)

Ay Y(z) du. (4.49)

I
5~
I
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This result shows that the coefficient Ay is proportional to the mean value of 1(x)
in the interval (—m, 7). When ¢ (z) is an even function in (—m, ), the coefficients
B,, vanish and a cosine series is obtained. For odd functions, only the A, coeffi-
cients vanish, and the series consists of sines.

P4.4 Determine the Fourier integral transform of the following functions:
a, |z| <d/2

a) The square function F(x) :{0 therwi
, otherwise.

ae™* x| < d/2

b) The wave packet F(x) :{O thorw
, otherwise.

¢) The Lorentzian distribution F(z) = £ 52

T 62422

d) The Gaussian distribution F'(x) \/ﬁe—ﬁﬂﬂ

Solution. The Fourier transform F(k) of a function F(z) is defined in the stan-
dard form

F(k e*r B (x) d. (4.50)

=7l

We apply this definition to the previous cases as follows:

a) F(k) = = d(/jz T dy = A (e (e™d/2 — e=kd/2) "which reduces to
~ 2a
F(k) = \/i— sin — kd (4.51)
Tk
b) F(k) = = fdé% —07 dy = VeI [eik=a)d/2 _ o=ilk=a)d/2] | o1 equivalently
~ 2 a 1
F(k)=1/— in—(k —q)d. 4.52
0=y s S (4.52)
¢) F(k) = —(5f - 521”2 dx. We separate even and odd parts of the integrand to
obtain
> eike > coskx * sinkx > coskx
O ge= [ g S g o SET 4
/ 0% + 22 o 02+ 22 v _0052+x2x 0 2+ 2"

Using tables of integrals we obtain
~ 1
F(k) = ——e 9% Re § > 0. (4.53)

We can easily evaluate the integral by transforming the variable x — 2z in the
complex plane and closing the integration contour with a circular arc of infinite
radius in the upper half-plane (z > 0) if k¥ > 0, or in the lower half-plane (z < 0)
if £ <0.
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For k > 0, the only pole enclosed by the integration contour C' is at z = 19,
with residue

eikz e—ké
— 10 = — 4.54
G ! LZM 215’ (4:54)
so that
4.55
27r7r/ (52—1-:1:2 dv = 27r7r/52—|—22 ( )
0= —27rz' — = e’k‘s, Re § > 0. 4.56
Von T 216 27 (4.56)
The procedure is analogous for the case k < 0, and leads to the same result
~ 1
F(k) = ——e 9, 4.57
() == (4.57)
d) ﬁ(k) _ ﬁ ffooo pike o—a? 202 1. 27}A —A%k2/2 f (z—iA%k)? /202 7. gives
~ 1
F(k) = ——eF22, (4.58)

V2r

Note that the Fourier transform of a Gaussian distribution with width A (as given
in part (d)) is another Gaussian distribution, with width A, so that

oo} = 1. (4.59)

P4.5 Consider a function f(z) that can be integrated twice, and f (k) its Fourier
transform. Express the Fourier transform of % and of x f(z) in terms of f(k).

d,
Solution. To compute the Fourier transform of — we define the Fourier transform

. T
f(k) of a function f(x i

F{f(x)} = f(k e f () (4.60)

m/

f{%} \/ﬁ/ m (4.61)

We apply integration by parts. Let

Then

_df
T da

1Details of the definition of the Fourier transform may vary from author to
author. Common changes occur in the sign of the exponential and in the numerical

factor, which here has been chosen (as is very usual) as (27)~'/2, but which may
take other values, such as 1 or (2)~!. The inverse transform carries the coefficient
(2m)~Y2, (2m)71, or 1, respectively.

ek dy dz, (4.62)



4. QUANTUM MECHANICS IN THE SCHRODINGER (WAVE) PICTURE. DIRAC’S NOTATION 38

du = ik e’ du, v=f(x). (4.63)
Then
et dr =e f(x)‘ - ik e™ f(x) dx (4.64)
—o0 €z - —o0
= —z'k;/ e* f(x) da. (4.65)

Assuming that f(z)e*® — 0 as z — +o0, the boundary term vanishes. Thus
df o1 / R oz
F— ¢ =—th-—— e f(x)dr = —ik f(k), 4.66

and F {4} = —ik f(k).

To compute the Fourier transform of z f(z), we note that

rf(x)e*® = _id%: (f(z)e™). (4.67)

The Fourier transform becomes

Flaf(a)) = \/LQ_W /_Z of(x) iy — —id% b%_ﬂ /_Z (@) e“”dx] _ z%j;/;))

and F{zf(z)} = —id%f(k).

P4.6 Solving an eigenvalue equation flw = A1) means determining the eigenfunc-
tions ¢ that satisfy it and fulfill certain requirements, and finding the correspond-
ing eigenvalues A. Solve the following eigenvalue problems.

a) L = id/dx, with the requirement that () = ¢(x+a), i.e. that ¢ is periodic
with period a.

b) L= d/dz, under the constraint that v is finite. What happens if we also
claim that ¥ (z) = ¢ (x + s)?

¢) L is such that Loy (z) = ¢(—x).

d) Examine the orthogonality of the eigenfunctions in the three cases above.
Solution. a) The general solution to the differential equation

Lyt =1, or i3
dz

is ¢(r) = Ae~"* with A an arbitrary constant. If we restrict ourselves to periodic
solutions with period a, ¥(z) = ¥ (x + a), we obtain

Ae—i)\a: _ Ae—z‘A(ac-i—a)7 (470)

= 1. This leads to the set of eigenvalues and eigenfunctions

A (4.69)

which requires that e*®

2 ,
A= TN (@) = Apemi2male p e, (4.71)
a
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These eigenfunctions are orthogonal in the interval [—a/2, a/2] for different values
of n, as can be verified from the orthogonality properties of the sine and cosine
functions. Explicitly,

a/2 a/2 I
() (x)dr = AL A / e gy = Al A adp, . (4.72)
—a/2 —a/2
If we further choose ,
A, = ¢ « real, (4.73)

Va'
the set becomes normalized to unity for x € [—a/2,a/2].
b) The general solution of the differential equation

Lib=v, or (@) = () (4.74)

is ¢(z) = Ae’®, where A is an arbitrary constant. This function is unbounded,
since ¥ (x) — oo when |z| — oco. Therefore, to impose the condition that (z)
remains finite, we must restrict the domain of the variable z, excluding those values
for which the function becomes infinite.
If we additionally require that the eigenfunctions be periodic with period s, we
must have
A = AMats), (4.75)

which implies (for A # 0) that e* = 1. For real ), the only allowed solution is
A = 0, corresponding to the eigenfunction ¢(z) = A = const. If we allow A to be
imaginary, the problem reduces to the previous case, and thus requires no further
analysis. Since there is only one eigenfunction for real A, there are no orthogonality
properties to examine in this case.

c) For L, an operator such that

Lap(x) = y(~a), (4.76)
the corresponding eigenvalue equation is
Letp(x) = Xp(x) = ¢(—a). (4.77)
Applying the operator L. again yields
Nip(x) = (). (4.78)

This means that the eigenvalues of L. can only be A = +1, and the corresponding
eigenfunctions satisfy

Ys(x) = Ps(—x) for A\ =1, (4.79)
Vo (r) = =1 (—1) for A = —1. (4.80)

In other words, the eigenfunctions of L. are the set of even functions for the
eigenvalue +1 and odd functions for the eigenvalue —1.
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d) If we now introduce a new pair of functions without definite parity through
the linear combinations

¢+ - _2(¢s + %)a w— - E(st - ¢a)7 (481)
we find that
- 1
P+ = E(Qﬂs - 2ﬂa) = ¢—a (482)
[A/cwf - i@bs + 7wba> = er? (483)

V2

that is, the operator L, exchanges the functions ¢, and ¢ _. Clearly, the func-

tions 14 are not eigenfunctions of Le. However, 1), and v, are orthogonal to each
other on the interval (—oo, 00), as are 1, and ¢_. This gives us two equivalent
orthonormal bases.

P4.7 An electron is enclosed in a 1D box with perfectly rigid walls, centered at
the origin; the system is in a stationary state. Calculate the mean value of x and
of 2% as a function of energy.

Solution. For a one-dimensional infinite square well of width a, centered at the
origin, the potential V(x) is given by

V() = {O’ IR (4.84)
oo, otherwise

Inside the well, the time-independent Schrédinger equation reads

R o)
2m  dx?

= Ey(x), (4.85)

which simplifies into

*p(x) _ 2mE
e + k“(x) =0, with k= ra (4.86)
The general solution of this differential equation is
Y(z) = Asin(kx) + B cos(kx). (4.87)

The wave function must vanish at the infinite walls of the well,

v(-3) =0 v(5) =0 (4.88)
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Applying the boundary condition at * = 4%, using the identities sin(—6) =

29
—sin(#) and cos(—6) = cos(f), we get:

—Asin <@> + B cos (@) =0, (4.89)
2 2
Asin <%> + Bcos (%) = 0. (4.90)

Adding and subtracting these two equations, we get:

B cos (%) =0, Asin (%) = 0. (4.91)

This means that either B = 0 with sin (%) =0, or A =0 with cos (%) =0.
B =0= 9(z) = Asin(kz), with

k k 2
sin (22) =02 s k=" 5 —1,23,... (4.92)
2 2 a
A=0= ¢(x) = Bcos(kx), with
ka ka 1 2n+ )7
COS(2> O=>2 (n+2)7rz>k ” , n=20,1,2 (4.93)

Combining the two cases, the normalized eigenfunctions are

2
\/jsin<@>, n=2,4,6,...
a a (4.94)

wn(ﬂ - 2 nmwx
— CoS (—) , n=13,5,...
a a
V2mE

Using k = ¥="= the quantized energy levels are

h
h2k2 2h2
B, = T2 n=1,2,3,... (4.95)

om  2ma?

Note that the cosine solutions correspond to odd eigenfunctions (antisymmetric),
and the sine ones to even eigenfunctions (symmetric), due to the symmetric place-
ment of the well.

The mean value of the position of the particles inside the well in state n is then

92 a/2
T= —/  sin’ (nlm> dx (4.96)

a —a/2 a

=0 (4.97)
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for the even eigenfuctions, and

2 a/2
T = —/  cos® (TI> dx (4.98)
a a/2 a
2 [ x? ax 2mnx a? 2mnx o2
=—|—+— =0 4.99
a(4+47rns < a > 87r2n2cos( a )) p (4.99)
for the odd eigenfuctions. Therefore,
=0 (4.100)
for all states, as a result of the symmetry of the problem. Furthermore,
2 a/2
T = —/ x cos” (Ex> dx (4.101)
a 701/2 a
_2 @’ (7°n® + (37*n* — 6) sin(mn) + 67n cos(mn)) (4.102)
a \ 24m3n3 ’ '
a’ 6
=—(1- =1 4.1
12 < 7'('277,2) Y n 7375’ ( 03)
for the odd eigenfunctions, and
2 a
T = —/ 2% sin? (n—ﬂx> dx, (4.104)
a J a
_2 o’ (7°n® + (6 — 37°n?) sin(7n) — 6mn cos(mn)) (4.105)
a \ 24m3n3 ’
a? 6
=—(1- =2,4,6, ... 4.1
12 ( 7_[_2n2) ) n Y ) 67 ( 06)
for the even eigenfunctions. Substituting n? = QTZ;‘TQFE", we get
2 2
9 a h
= — — : 4.107
@) =% g, (4.107)
The variance of x is
2
2 —  —5 oG 6
or=(—x)?2=22-17 =1 (1_7T2n2) : (4.108)

As n approaches infinity, the variance approaches a?/12, which coincides with the
value for uniformly distributed particles inside the box.

Based on previous results, we can obtain information about the momentum
dispersion. Since the potential is zero throughout the interior, each eigenstate has

p? =2mE,, (4.109)
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and since symmetry considerations lead to p = 0, it follows that

2 5 o5 T,
o= =p)P=p—p =p=—n. (4.110)
Note that the product af,az is independent of the parameter a, so it is the same
for all boxes of the same type,
252
o o TN , 6
020, = 1 (n - F) (4.111)

It is interesting to compare the previous results with those corresponding to
the classical problem. In the latter case, the distribution of particles inside the
box is considered uniform and the magnitude of the momentum remains constant
between elastic collisions. Thus, we have

. 1 a/2 2

22 = —/ w2y = %2 (4.112)
aJ_a/2
p? =2mkE. (4.113)

Since = = 0, it follows that

2
ﬁ.
We see that 02 < o2 (classical) for all finite n states (this is because the dispersion

is reduced by vanishing the wavefunctions at the walls). Only when n — oo do

the classical and quantum values coincide. On the other hand, the same relation,
02 = 2mkFE, holds for the classical case, only with arbitrary F.

2

o; (classical) =

(4.114)

P4.8 A 1D potential well of width a and infinite depth contains one electron; at
a given moment, the electron probability density is triangular and symmetric, as

in Fig. A2

FIGURE 4.2. Initial electron probability density inside the well.

a) Determine the normalization constant and the maximum particle density.
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b) Express the wave function in terms of the energy eigenfunctions for the
infinite well. Would you expect this state to be stationary? Why (not)?
Solution. a) The density is given by the expression

if 0 <a<a/2
p(x) = o Ho=sws /2 (4.115)
bla—z), ifa/2<z<a,

where the constant b is determined from the normalization condition

/a dx_lba2_1:>b_i (4.116)
0 por =7 = a2 '
The maximum particle density occurs at © = a/2 and is 2/a, which is twice what
would correspond to a uniform distribution.

Since /p does not match any of the eigenfunctions of the stationary Schrodinger
equation for the infinite square well, this is not a stationary state. In other words,
taking the given distribution as the initial state, the corresponding wave function
varies with time and can be expressed as a superposition of the eigenfunctions of
the infinite well, with time-dependent coefficients. Solving the problem requires
knowledge of methods that are introduced in connection with the time-dependent
Schrodinger equation. For interested readers, we detail the solution as follows.

b) The wave function of the problem for an arbitrary time ¢ can be expressed
as a linear combination of the eigenfunctions of the infinite well, since they form
a complete basis. This allows us to write

U(z,t) = i Cnpn(x)e Prth, (4.117)

n=1

where ¢, () are the eigenfunctions for the infinite well, given by

on(x) = \/gsin (?) : (4.118)

and FE, the corresponding energy eigenvalues

272
m°he

E, = n?. (4.119)

2ma?

The constants ¢, are determined from the initial wave function ¢ (x,0), as shown
below.

At t = 0 the probability density is represented by Fig. 4.2, Taking ¢(z,0) as a
real function (which only affects an irrelevant global phase of the wave function),
we can write

2 a
U(x,0) = {gm z (4.120)
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Substituting t = 0 in Eq. (4.117)) we have

Z Cnipn( (4.121)

n=1

Since the eigenfunctions are orthonormal and real, we get

Cp = /Oa on()(2,0) d (4.122)

( ) [/ Vsin (%) do +//2m5m(n”) dx], (4.123)

= 23/2 [/01/2 Vausin(mnu) du + /1/2 V1 — usin(mnu) du] . (4.124)

In the last line, we introduced the dimensionless variable v = z/a. In the second
integral, we make the change of variables w = 1 — u and take into account that

sin(mn — mnw) = (—1)" sin Tnw, (4.125)

thus obtaining

=232(1 / Vusin mnu du. (4.126)

Therefore, the coefficients ¢, vanish for even n. For odd n, we introduce the new
variable s = nmu and integrate by parts, to find that

1/2 4 1 9 \3/2 pmn/2
Cp = 4\/5/ Vusinmhu du = —— cos (ﬁmr) + (—) / COSSdS
0 0

nm ™m NG
(4.127)
3/2
(2)"vae (/) (1.128)
where
1 z? COSS k Akl
C(z) = 7/ f FZ Qk 4k+1) (4.129)

is the Fresnel cosine integral. To obtain the last equality, we considered that
%mr = 0 for odd n. Substituting into the wave function expression we obtain

\/72 n3/22 > Sin (WZ$> e (4.130)
NS ¢ (/i)

YT O (@) et/ (4.131)

v
n=1



4. QUANTUM MECHANICS IN THE SCHRODINGER (WAVE) PICTURE. DIRAC’S NOTATION 46

where the sum runs only over the odd values n =1,3,5,...

P4.9 Consider an electron in a square potential well of infinite depth and width
a.

a) Calculate the expectation (average) values of p and p* when the electrons
are in an energy eigenstate n.

b) Calculate the matrix elements p,,, and (p?)um.

Discuss the meaning of your results.
Solution. a) The normalized eigenfunctions for the infinite square well with per-
fectly rigid walls at x = 0 and = = a are given by

Un(x) = \/gsin (?) : (4.132)

The expectation value of an operator O in a normalized state tn(x) is defined by

(0) = / V() Oty () da. (4.133)
0
. L d : :
In the case of the momentum operator p = —zhd—, the expectation value is
x

. o[ d

(9) = —ih | n(w)—thn () da. (4.134)
0 X

Computing the derivative %Tﬂn(ﬁ) = \/gM cos (”%””) and substituting into the
integral we get

(p) = —ihQZ—; Oasin <?> cos (?) dr = —%:‘ sin?(7n). (4.135)
Therefore,
(5) = (4.136)
To compute the expectation value of p? we write
P’ = (—zh%)Z = —thd—; (4.137)

and substituting in [£.133] to get

a a /o a a 4 . .
(4.138)
Therefore,
h? 2,2
() =~ (4.139)

a?
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b) The matrix element of an operator O in the basis of eigenfunctions i, (z) is
defined as

O = / 0 (2) O o () d, (4.140)
0

so the matrix elements of the momentum operator are given by

Pam = /0 ") (-m%) () da. (4.141)

Therefore,
2 a
Prm = —th m;r / sin <@) cos (mmc) dx (4.142)
a? J a a
_ _ih2m7r ~a (msin(wn) sin(7m) + n cos(wn) cos(rm) — n) (4.143)
a? (m? —n?)
2 -1
_ _iplm n(cos(wn);:os(zm) ) (4.144)
a m? —n
With cos(mn) = (—1)" for n integer,
2nm (—1)"tm — 1
P = —in 2 l . (4.145)

a m2 — n?

(=pntm—1 . . . 2 . .
— s s 0if n +m is even and ——"— if n +m is

odd, except when n = m, which results in 0/0. To calculate the limit we apply
L’Hopital’s rule

The above expression

nm(cos(mn) cos(mm) — 1) n(cos(mn) cos(mm) — mcos(mn) sin(mtm) — 1)

lim = lim

m—n m2 — n?2 m—n 2m
(4.146)
n(l—1)
=——7"=0 4.147
o (4.147)
Therefore,
0 if n+m is even
p {—%ﬁ (nQ"_";ﬂ) if n+m isodd ( )
Writing the matrix explicitly,
2 4
wnl3 ¥ 5 C
. { 6 12
p=——|9 5 D =7 | (4.149)
40 2 0o ..

To compute the matrix elements of p* we write

P [ vito) (—hj—) () d. (4.150)
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Explicitly, this reads

OR2min? @
P = #/ sin (mrx) sin (mﬂq;) dx (4.151)
a 0 a a
_ 2R*mPm®  ansin(rm) cos(mn) — mcos(mm) sin(mn) (4.152)
I 7r m? — n? ’ '
which is 0 for any n # m. For n = m we again apply L’Hépital’s rule
. nsin(mm) cos(mn) — mcos(mm) sin(7n)
771113% R (4.153)
_ iy ™ cos(mm) cos(mn) + msin(mwm) sin(mn) — cos(mm) sin(wn) (4.154)
m—n 2m
™m T
= — = _. 4.155
2n 2 ( )
Therefore,
0 if n#m  Rh*n?r?
LRI = ——0pm 4.156
DPrm {h Z;r if n=m a2 ( )
Writing the matrix explicitly,
1 00
ez (0 4 0
2

P4.10 Three eigenfunctions 1, 1, and 13 of some operator are linearly inde-
pendent and degenerate, but not necessarily orthogonal. Construct three linear,
orthogonal and normalized combinations from them. Are the new functions eigen-
functions? Are they degenerate?

Solution. The Gram-Schmidt orthogonalization method allows constructing,
from a set of non-orthogonal and linearly independent functions, a set of orthog-
onal functions over an arbitrary interval with respect to an arbitrary weight or
density factor. In other words, this process is equivalent to a matrix transforma-
tion that relates an orthogonal basis with a non-orthogonal set of vectors. As an
illustration, we apply this method to the present problem.

Let:

e {¢(z)} be the linearly independent, non-orthogonal, and not necessarily
normalized system,

e {u,(x)} be the linearly independent, orthogonal, but not normalized sys-
tem,

e {¢n(x)} be the linearly independent, orthogonal, and normalized system.
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F1GURE 4.3. Construction of an orthonormal basis from a set of arbitrary vec-
tors using the Gram-Schmidt method, for n = 3.

The idea of the procedure is illustrated in Fig. [£.3] for the case of three vectors.
We start with n = 1, set

and obtain after normalization

uy () Y1(r)

1(7) = = . 4159
N T o T T W TS .
For n = 2 we take
ug(z) = o) + agpi(x). (4.160)
The following condition must be satisfied since uy(x) must be orthogonal to ¢ (z),
/ o1 (z)us(x)dx =0, (4.161)
which leads to
| i@uaado +ax [ oi@er(a)dn =0 (4.162
This means that we must take
ay = —/ o1 (x)a(x)da. (4.163)
The normalized vector is
() . (4.164)

P2(7) = ——=
\/ffoo uy(z)us(x) de

We use the same procedure for n = 3, taking
us(x) = Y3(x) + ag1¢1(x) + asepa() (4.165)
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and applying the orthogonality condition between us(x) and ¢;(x),

/ ()6 () do = / " (@) () da-tady / " 1) () dea, / " 83(0)n () de = 0.
(4.166)

Since ¢y (x) is normalized and ¢o(x) and ¢;(x) are orthogonal,

A / (@) 6% (4.167)

Similarly, the orthogonality condition between uz(x) and ¢q(z) leads to

| @i = [ v@ene e, [ s dea, [ o do=o

(4.168)

which leads to .
asp = —/ Y3 (x)ps(x) du. (4.169)

The normalized vector is -
us(@) (4.170)

Pa(2) = —— .
VI ws(@us(@) do

The previous results can be expressed in terms of the original functions if desired,
though we will not do so here as it does not provide new insights.

Now suppose that the original functions 1, (z) are degenerate eigenfunctions
of an operator i, such that

Lipy(2) = Atbn (). (4.171)

It follows that any linear combination of the ¥, (z) is an eigenfunction of L with
the same eigenvalue. With ¢, = )", anxtk(z) and Ay, = A, we have

Lon =1L anmths =Y amdithe = XD ansthy = Ao, (4.172)
k k k

Since the functions 11, 1, and 13 are degenerate by hypothesis, both the u,(x)

and ¢, (z) functions will be degenerate eigenfunctions of L. These are merely lin-
ear transformations from one basis to an equivalent one.

P4.11 An important problem in quantum mechanics is that of a particle sub-
jected to a linear restoring force, e.g. the harmonic oscillator. The 1D stationary
Schrodinger equation for this system is

h2

1
5 o+ 5]{::62 ¢ = Eo, (4.173)

where k is the oscillator constant. Solutions of the following types are proposed:
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a) ¢ = Aj exp(az?®) + As exp(—ax?), with real and positive a,
b) ¢ = (B + Byx) exp(—bz?), with real and positive b.

Find the values that the constants A;, B;, a and b must have for these functions
to be physically acceptable and normalized to unity. Determine the corresponding
energy F in each case, expressed in terms of the system parameters.

Solution. a) We start from the trial function

pla) = A e™ + Aye™™™,  a>0. (4.174)

For a wave function to be physically acceptable it must be square—integrable,
[72 () |? do < oo. The term e*” diverges super-exponentially as |z| — co; the
only way to keep the integral finite is to set its coefficient to zero. Hence,

A =0, = o(x) = Ag P

is the only physically admissible form of the ansatz. From the normalization

condition
1= / lo(z)|? de = Ag/ e—200% g0 A2, /21 (4.175)
—00 —00 a

Ay = (2—a)1/4. (4.176)

we get

™

Taking derivatives of ¢,

¢ = —2axy, ¢ = (4a’2”® — 2a)yp, (4.177)
and substituting in the stationary Schrédinger equation,
o, 1 h? 1
-0 “kato = ——(4a’2® — 2 —kzlp=F 4.178
5 ¢+ ght’p = —o - (4a°0” = 2a)p + Sha'p = By (4.178)

gives (after canceling the common factor ¢)

2 2.2 1 2
(— ia +§k;) 2+ g (4.179)

m m

Grouping together the coefficients of equal powers of x we get from the coefficient
of 22

2r%a® 1 vmk
— k=0 = = — 4.180
m 2 “=on (4.180)
and from the constant terms
h? h? 1 k 1
g = B="0— o/t = hw, (4.181)
m m 2 m 2

where w = 4/ £.
m
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From Egs. (4.176) and (4.180)) we obtain the normalized ground-state wave

function for the quantum harmonic oscillator

mw 1/4
wol(z) = (E) exp(—2% z7%) . (4.182)
The energy is given by Eq. (4.181]), namely the zero-point energy E = %hw
b) Starting with
o(z) = (By + Box) e b>0 (4.183)
we calculate the derivatives
¢'(z) = (By — 2bx(By + Box)) e (4.184)
' (x) = [4[)%2 — Qb] o(z) — 4bBywe (4.185)
and substitute into the Schrodinger equation,
h? 2 1
- (48222 — 2b)p — dbByw "] + Ska®p = Eo. (4.186)
m

Using the explicit form ¢(z) = (B1 + ng) e " and canceling the common factor

—bx? . 1 ial . .
(& gives a polynomia equatlon m z,

2
- [4b° By 2 4 40 By 2* — 6bBy x — 2bB, | + b [By3* + By 3*] = E(Byx+ By).

2m 2
(4.187)
By grouping together equal powers of x, we obtain

222 222 2 2
BQ(E— hb)x3+Bl (E— hb)x2+32(3hb—E)x+Bl(@—E):0,
2 m 2 m m m

(4.188)
that is,
koo2n2 koo2n2
(5-20) =0 m(5-20) -0 (1.189
3h%b h2b
B ( - E) —0, B (— - E) = 0. (4.190)
m m

These four algebraic conditions determine the admissible values of By, By, b and
the corresponding energy E. There are two mutually exclusive possibilities.

Case I —— = 0. This eliminates the prefactor in (4.189) without forcing
m
B or By to vanish. Solving for b gives
k
=" =y (4.191)

2h’ m
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If By # 0, from (4.190]) we get
E = ghw, (4.192)

and By = 0. This produces the odd (first excited) state, p(z) = Byz e ",
If By # 0, we get from (4.190))

1

E=hw, (4.193)
and By = 0. The result is the even (ground) state, p(z) = By e %"
k 2h2b?
Case II: 5~ # 0. Now Egs. (4.189) enforce By = By = 0, resulting in

only the trivial (non-physical) solution.
We now determine the respective normalization constants. For the ground state
wol(z) = Bie "’ the integral obtained from the normalization condition gives

o\ 1/4
B = (—) . (4.194)
T
For the first excited state ¢1(z) = Byze | we normalize by imposing
/ lo1(2)]Pdr =1 = B%/ 22e 2 dr = 1. (4.195)

This integral can be calculated using [£.3] and evaluates to

/ 22e 2 g = VT (4.196)

o Ap3/2°
so that )
1/2
s VT (4P
B2. T = 1 = By,= ( NG . (4.197)

Thus, the normalized eigenfunctions are

mw> /4 e o
e— X

E 2 901(1') = ( Th3 B (4198)

eola) = (

1/4
4m3w3> / mw .2
xTre

P4.12 Using the Schrodinger equation, show that a wave function with more
nodes has higher energy, and vice versa. Consider two wave functions v, 19, that
intersect at a point P.
Solution. To prove that wave functions with more nodes have higher energy,
consider two wavefunctions 1, and 5 that are solutions of the 1D Schrédinger
equation,

B d(x)

C2m da?

+ V(z)p(x) = Ep(z), (4.199)
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where 1y has n; nodes and energy FE;, and 15 has ny nodes and energy F,, with
Ng > Nj.
Assume that ¥, and v intersect at a point P,

Ui(P) = ¢2(P)~ (4'200)
Define the function
o(x) = o) — r (), (4.201)
such that at P,
¢(P) = ho(P) — ¢ (P) = 0. (4.202)
Differentiating ¢(x), we get
¢'(x) = ¥5(z) — ¥ (). (4.203)

At P, if ¢ and 9y are tangent (i.e., ¥} (P) = ¢4(P)), then ¢/(P) = 0, indicating
a critical point for ¢(z) at P.
The Schrodinger equation for ¢, and i, at P is

2
— S (P + V(P (P) = Fua(P) (4.200
and 2
— U(P) + V(PY(P) = Exta(P) (4.205)
Subtracting these equations and using 11 (P) = 12(P), we get
h2
= 5, (W2(P) = 9i(P)) = (By — Ex)ii (P). (4.206)
If ¢ (P) # 0, ,
_ W e(P)
By = Bi= =5y (4.207)

Since 1)y has more nodes than 11, its second derivative v} is more negative (or less
positive) than v} at P. Therefore,

¢"(P) = l(P)—¢!(P) <0 = E,—FE >0 (4.208)

P4.13 Find an expression for the expectation value (p?), in terms of the velocities
v, u introduced in [1], Section 4.4. Discuss your result.
Solution. We begin by writing the expression (in 1D, for simplicity)

v —iu= - [Z (iaw* N l%) _; (iwk 42 aw)} , (4.209)

2m v* 0xr Y Ox Yv* Ox E%
and simplify the terms inside the brackets,

m(v —iu) = g {@ <—%g—i)} = —ih%g—ﬁ. (4.210)
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This expression multiplied by 1 is precisely the action of the momentum operator

on 1,

0
P = —@haﬂ = m(v — iu)p, (4.211)
x
which suggests introducing the complex variable 7
p—m=m(v—iu) (4.212)

as a means to calculate the quantum average of a function of the operator p by
averaging over a complex variable (a c-number). The second moment (p?) would
thus be reproduced according to the usual rule for calculating the second moments
of a complex variable (see, e.g., [2], Sect. 8.1). A direct calculation yields

(72) = m? (v + u?) = (7). (4.213)
The need to resort to a complex variable to reproduce the quantum expectation

values is linked to the fact that, as we have seen, p extracts from the (complex)
wave function information regarding two velocities, namely v and w.

P4.14 Given two operators A, B, express the matrix element C,,, of the product
C' = AB in terms of the matrix elements of A and B. Now express the matrix
element D,,,, of the product D = BA. How are the elements of matrices C' and D
related?

Solution. The matrix element C,,,, is given by

Crm = /go*mé’gonda:. (4.214)
Substituting,
Con = /(pfnéapndm = /(pfn(flé)gpndm. (4.215)
Expanding and reorganizing we have the matrix elements of A and B:
A, = /ap;‘nflgonda: (4.216)
and
/ ©* Bondz. (4.217)
Let us write the matrix representation of A and B in an orthonormal basis {|m)},
Apn = (m|A|n),  Bpn = (m|Bn). (4.218)
The matrix element of C' = AB is
Conn = (m|C|n) = (m|AB|n) (4.219)

We insert a complete set of states 3, |k)(k| = I between A and B, to get

Con = > _(m] Alk)(k|Bln) = ZAka,m (4.220)
k
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An analogous procedure leads to

D=BA=Y" BupAmn. (4.221)
k

In general, C' # D because matrix (or operator) multiplication is not commutative.
The difference between C' and D is given by the commutator

C—D=AB—-BA=[A, B (4.222)

P4.15 Show that the expressions

> n)n| =1, Z% 2') = 6(x — ) (4.223)

are equivalent.
Solution. We start from the orthonormality condition applied to the continuous
variable £ —which could be, but is not necessarily, the position—

(x]x'y = 0(x — 1), (4.224)

to write, inserting the identity expansion in terms of the discrete representation

[ n), 22, In)(n| =1,
Sz — ') = (zla) = (x[n)(n|z’) Z o (x (4.225)

n

where the following identification was made

(xn) = on(x), (n|z) = @, (2). (4.226)
This shows the equivalence of both expressions. In fact, they represent the same,
but ) (z|n)(n|a’) expresses it in abstract form, whereas ) ¢ (2')¢,(x) = d(x —
x') states it in terms of a specific representation.

As an additional illustration, it is useful to present the following variant of
the previous calculation, which simultaneously uses the completeness (or closure)
properties for a discrete variable, > |n)(n| = 1, and for continuous variables,
which is expressed in the form

/dx|x>(x| ~1 (4.227)

We write successively, combining these properties,

S ) = 1= Z/dm/dm’ ) (@ |n) nf2') (2] (4.228)

_ / da / da’ |2 (Z(m|n><n|x'>> (| (4.229)
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:/dx|x><x| :/dx/dx'|x>5(x—x’)<x’|, (4.230)

from which it follows that

> (zn)(nla’) = 6(z — '), (4.231)

which is Eq. 4.225]

P4.16 a) Calculate the average values of the Pauli matrices 6; (i = 1,2,3) in the
states |+) and |—).

b) Calculate the average values of 6,6, (7,7 = 1,2, 3) in the states |+) and |—).
Solution. See Problem P3.11 for the Pauli matrices. The states |[4+) and |—) are
defined as the eigenstates of 73,

=) 1-=() (1232)

a) Appying the three Pauli matrices to these vectors gives the respective average
values,

(loo|+)=(1 0 (g (1)) (é) =0, (4.233)
(+]62+) = (1 0 (? _(f) ((1)) 0, (4.230)
(st =1 0) (5 %) (g) =1 (4.235)
(=lo1l=) = (0 1 ((1) é) ((1)) =0, (4.236)
k=0 1 (7 5 (0) =0 (1.237)
(—los|—) = G) _01) ((1)) = 1. (4.238)
b) Using the Pauli matrix relations
6165 = 01 + i€, (4.230)

where ¢;; is the Kronecker delta, I is the identity matrix, and €;;;, is the Levi-Civita
symbol, we get when i = j, (£|6,6;|%) = 1,that is,

(£|67|£) =1, i=1,2,3. (4.240)
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When i # j, 6,6; = ie;05and the expectation values are given by (£|6,6,|£) =
i€;i(E|0k|E), or explicitly,

615’2 = 25'3 . <+|&15’2|+> = i, <—|5’16’2|—> = —i, (4241)
6'26'3 = 261 . <—|—|6263|+> = O, <—|5'2(5'3|—> = 0, (4242)

P4.17 Show that for any Hermitian operator A,

(I(AAPn) = 3 |l Aln')

n'#n

2

(4.244)

where the deviation AA is defined as
AA = A — (n|AJn). (4.245)
Solution. The dispersion (in the state |n)) of an arbitrary Hermitian operator A
is given by R ) R
(n|(AA)*In) = (n|A%|n) — (n|AJn)*. (4.246)
Inserting the resolution of the identity in the basis |n) and using the property of
Hermitian operators

Al = (1 Am))

we can write

(n| A%n) =Y (nl Al ) (n'|Aln) =Y (nAln') (| Ajn') =) ‘<n|fl\n’>

/

’

n n

(4.247)
Separating the term corresponding to n’ =n, it follows that
(n|A%n) — (n|Ajn)? Z ) (n|Aln) -y ‘<n|/l|n'> (4.248)
n'#n
From [4.246| and [4.248| we get the requested result,
. . 2
MIAA2N) = > |(nlln) (4.249)

n'#n



CHAPTER 5
One-Dimensional Potential Steps, Barriers, and Wells.

P5.1 A particle moves in a symmetric potential V(xz) = V(—z), such that the
spectrum is discrete for £ < 0 and continuous for £ > 0. Draw a graph showing
the general form of this potential if it is known that

a) there are an infinite number of bound states,

b) there are a small number of bound states.

Explain your argument. What would happen if the potential were not sym-
metric?

Finales/Fig 5.1, ueva.epsFinales/Fig5.1,ueva.eps

FIGURE 5.1. Symmetric potential wells that produce a discrete spectrum for
E < 0 and a continuous spectrum for E > 0. (a) A potential of this form admits
an infinite number of bound states. (b) A potential of this shape admits a finite
number of bound states.

Solution. For a symmetric potential satisfying V' (z) < 0 for all x, the spec-
trum will be continuous for £ > 0. The states corresponding to these energies will
be doubly degenerate, since particles can move either to the right or to the left.

To have bound states for £ < 0, the potential must possess two classical turning
points. These bound states are non-degenerate.

For an infinite number of bound states, it suffices to have either infinite depth
with finite width or finite depth with infinite width, as illustrated in Fig. [5.1|(a).
Conversely, for a finite number of bound states, both the potential depth and width
must be finite, as in Fig. 5.1(b). The narrower and shallower the well, the fewer
bound states it can contain. However, it will always admit at least one bound

state, as illustrated in problem P5.4 below.

When the potential is not symmetric, the previous analysis remains valid,
though no conclusions can be drawn about eigenfunction symmetry. The potential
may even satisfy V' (z) > 0, with the sole requirement that for £ > 0 there exists
only one classical turning point.

P5.2 Show that the principle of invariance against time reversal implies that, for
a given energy, the coefficients of transmission and reflection by a potential step
are the same, whether the particles are incident from the right or from the left.

Solution. Time reversal changes the sign of momentum, so to implement it, the

59
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substitution of momenta by their negatives must be made. Since the formulas for
the reflection coefficient R and the transmission coefficient 7'

k—k\° 4k,
R = , T=—t 5.1
(k:+k:1) (k + kp)? (5-1)

are invariant under the transformation £k — —k, k1 — —ky, they are also invariant
under time reversal. If we now consider that particles are incident from the left
instead of from the right, we must perform the substitution £k — ki, ki — k,
an operation that also leaves invariant the results concerning the one-dimensional
potential step.

From the physical point of view, it can be said that the wave function describ-
ing the motion of the particles—and therefore the probability flux—is partially
reflected because there is a change in the potential. This applies regardless of
whether the potential increases or decreases in the direction in which the particle

is incident.

The behavior of the coefficients R and 1" under the interchange k <> ki ex-
presses a property that is characteristic of all waves, known in optics as the princi-
ple of reciprocity. When light passes perpendicularly through the interface between
two media with different refractive indices, a fraction of the light is reflected due
to the abrupt change in its wavelength. The same fraction is reflected regardless
of whether the wave is incident on one side of the interface or the other. We could
say that the same happens when particles undergo a change in their de Broglie
wavelength. That is, de Broglie waves satisfy the principle of reciprocity.

P5.3 Calculate the reflection coefficient for particles of mass m and energy E > 0,
incident from the left on the complex potential step

<
Vi) ={" r=0, (5.2)
(1+ia)Vy, x>0,

where a is real and Vy > F.
Solution. The general form of the (time-independent) Schrédinger equation is

_ Ay Vi = Ev. For x <0, the solution is of the form

2m dx?
| . omE
U (2) = Ae™® + Behe =4/ 7;; . (5.3)

For z > 0 , the Schrodinger equation is

h? d*i
_ 7 144 = FE. A4
(1 ia)Vow = By (54)
With ¢ given by
2
1=/ 55 (1 +ia)V - ), (5.5)

the general solution is

o) = Ce?™ + De %%, (5.6)



5. ONE-DIMENSIONAL POTENTIAL STEPS, BARRIERS, AND WELLS. 61

For x — oo, the solution must be finite. If we take Req > 0, e™%* decreases while
e? grows with x. Therefore C' = 0, and we are left with

o(z) = De™ ™ Re(q) > 0. (5.7)
From the continuity conditions at x = 0 we get
1(0) =42(0) = A+ B =D, ¢(0)=v4(0) = ik(A—B)=—qD, (5.8)

whence . .
_it, gt

A =
2k 7 2k

(5.9)
and
B> k*+|q|” + 2kImg
A k2 +|q)* — 2kImg
The reflection coefficient R is the ratio of the reflected to the incident probability

density currents for z < 0. Since the incident and reflected particles move at the
same speed, R is precisely given by

K2+ |q)* + 2kImg

k2 + |q” — 2kImg’
where k and ¢ are given by Egs. (5.3)) and (5.5]), respectively. From Eq. (5.5)), the
sign of Imgq is equal to the sign of aVy/(Vy — E). Therefore, when a > 0, R > 1,

meaning particles are created by the potential V. By contrast, negative values of
a mean the potential is absorptive.

(5.10)

P5.4 Show that a 1D square well has exactly n + 1 even bounded states if

21202 2712 h? 9
SV < () (5.11)
and n + 1 odd bound states if
22 h2 1\? 272 h2 3\?
— < — ] . 12
ma? <n+2> Vo< ma? (n+2) (5.12)

Solution. The even bound states of the well are given by the solutions of equation

Vi~ v’ (5.13)

tany = ————,

where a a
Yo=orV2mVo,  y=ony2m (Vo — |E]). (5.14)

The position of the zeros is determined by the intersections of the curves \/y2 — 42 /y
and tan y, as illustrated in Fig. [5.2h. The number of intersections n+ 1 equals the
largest integer contained in yo/m, so we can write

nrt <y < (n+ 1)m. (5.15)
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For example, for n = 0, 0 < yo < 7, and from Fig. [5.2] it follows that there is

exactly one solution. Since Vy = 2y2h? /ma?, squaring and multiplying by 2A? /ma?
we obtain

212 h? 22 h?
—n? < Vo < —(n+1)% (5.16)
ma ma
which is the desired condition.

| I
I I
I I
I I
} \\ tan(y+m/2) } \\
I |
I |
o R —
I I
Ly Ly
‘l ||| tany ll \
\ \
| |
‘\ \\\ ‘\ \\\

\ N I 2 2)1/2/ \

\ N [ ———1— (Yo —Y Yy \ N

\ - \\\ \\\

~— i \ —~ S
0O |n/2 @« 3w/2 2w 5w/2 |3«

0 |n7/2 @« 3w/2 2m 57/2 |3«

yo<m/2 2) Yo Yo<m/2 b) Yo

FIGURE 5.2. Location of the eigenvalues of the energy for the finite square well.
The even solutions are shown in (a), and the odd ones are shown in (b).

The odd case is very similar; the most important difference lies in the need to

add an additional interval of 7/2 to the parameter y, in the previous conditions,
as clearly seen in Fig. [5.2b. Therefore, when

1 3
(n+§)7rgy0 < (n—i—E) T, (5.17)

there are exactly n + 1 solutions. This condition is equivalent to

22?2 1)’ 27212 3\?

n+-=] <W< n+—-1 . 5.18
ma? < 2> =0 a2 < 2) (5.18)
The result reveals a fundamental characteristic of quantum systems: a finite at-
tractive well typically possesses a limited number of bound states. In the following
problem it is shown that it is not enough for the depth to be infinite for an infi-
nite number of stationary states to exist, since the well must also be sufficiently

wide. This is seen in the previous results by observing that, for example, in [5.15

the parameter that characterizes the well is the product a?V}, and not each factor
separately.
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An alternative way to carry out the analysis is to note that Eq. [5.13]is equiv-

alent to
1 y2

1+ tany o2’
or cosy = y/yo, which is easier to analyze than m

(5.19)

cos?y =

P5.5 Show that an extremely narrow and deep attractive potential that can be
represented as a Dirac delta, V(z) = —d(x)/a, contains a single bound state, and
find the corresponding energy eigenvalue. Hint: solve the Schrodinger equation
for x # 0 and note that ¢’ is not continuous at x = 0.
Solution. The time-independent Schréodinger equation for this problem is
h2 d2

5o (x) — ad(z)Y(x) = Ep(x). (5.20)
We are interested in solutions with £ < 0, as these correspond to possible bound
states. For x # 0, this equation reduces to

& (z) — k*p(x) =0, (5.21)

dx?
2m|E|
b= (5.22)

The solution to this equation is:

Ae7k 2 >0,
= 5.23
¥(z) {Azekw, x < 0. ( )

where

We have considered that the wavefunction must be square-integrable, which ex-
cludes exponentially growing solutions. The continuity condition at = 0 implies
A; = Ay = A. Note that there is no continuity of ¢’(x) at = 0. Direct integra-
tion of the Schrédinger equation around the origin gives, with e arbitrarily small
and positive,

w4

dzx e dzx

Since 1(x) is continuous, the last integral vanishes as ¢ — 0. For the remaining
term we get

_ QH_T V V() ()dr — E/i@[)(x)dx} | (5.24)

—€ —€

2m [€ 2ma € 2ma
| V@@= [ v - -, 6.2
which gives
dip dyp 2ma 2maA
do|,_o+  dz|,_o- h? (0) h? (5:26)

This result shows that the derivative of the wave function is discontinuous at
the point where the Dirac delta argument is zero, and that the magnitude of
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this discontinuity is proportional to the value of the wave function at that point.
Evaluating the derivatives yields

2ma ma

which demonstrates that the continuity requirement fixes the value of k, and con-
sequently, the energy,

E=——r, (5.28)

It is clear that there exists only one bound state and one energy eigenvalue.

The mathematical simplicity of modeling narrow potentials with delta func-
tions, as exemplified here, has been successfully employed in various applications
to obtain basic semi-quantitative information about the system’s behavior.

P5.6 Extend the study of the finite rectangular well to the 3D case using Cartesian
coordinates. Show that if the well is very deep, the results of Exercise E5.2 are
recovered.

Solution. In order to make a formal generalization of the rectangular well problem
in the Cartesian coordinate system from one to three dimensions, we write the
potential in the following form

3

V(r) = V(o) + V(es) + Vi) = Y Vi (5.29)
i=1
where
_ if . .
Viz) = Vo U< m<an (5.30)
0, otherwise.

It must be made clear that this is not a 3D square well with spherical symmetry
(which is defined as V(r) = Vj for r < a, V(r) = 0 for r > a), but rather a square
potential in each of the three orthogonal Cartesian directions.

Introducing ¥(r) = 1 (21)12(x2)13(x3) into the time-independent Schrodinger
equation and dividing by ¥ (r), we obtain

3
1d% 2m om
Z(@w{WﬁQ:“ﬁE (5:31)

=1

Since the parentheses in the sum contains independent variables, the equality can
only be valid for each triad (xy, z9, x3) if each term is a constant, that is, if

1 d*);  2m 2m
@V

— L5 E, i=1,23, 5.32
g di? R ' (5:32)
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such that £ = E; + Es 4+ F5. In this way, the Schrodinger equation separates into
three one-dimensional equations, whose solutions are those of the 1D finite well,

1 (z) = Aggsinqrx + B, cos iz, 0<z<a (5.33)
Va(y) = Agysin g2y + By, cos gay, 0<y<b; (5.34)
3(z) = Ag, singsz + Bs, cos g3z, 0<z<g (5.35)
V1(x) = Bae ™7, T > a; (5.36)
Y2(y) = Byye ", y > b; (5.37)
3(z) = Bs,e” "%, z> ¢ (5.38)
where we have written z1, 2,23 = 2,9, 2, a1 = a, as = b, ag = ¢, and
2m|E;| 2m(Vo — |E;])
W= = (5.39)
m 2m

Rt = 2 lElL i+ +a=236% B (5.40)

The final solution is obtained separately for each 1; as shown in Problem 5.4; this
process leads to the expected quantization of energy.

In the limit V; — oo, the particles are all trapped by the potential and the
wave function vanishes outside the well, which reduces it to

Uningns (T, Y, 2) = 1/ % sin <%x) sin (%y) sin (%z) . (5.41)

The energy is then

252 /2 2 2
By = =" ("—; e ”—5) . nLna,ns=1,2,3,...  (5.42)
a b c

If the ratio of any pair of sides is an irrational number, all energy levels are
non-degenerate. For rational ratios, the energy spectrum is generally degenerate.
For example, if a = b = ¢, the level corresponding to n? +n3 +ni = 6 is triply de-
generate, since three linearly independent eigenfunctions correspond to the same
eigenvalue: Elo; = FEi1o = Eoy = 67°h%/2ma®. The ground state Ejj; is non-
degenerate.

2m

P5.7 Study the energy degeneracy as a function of the quantum numbers for a
cubic potential well with impenetrable walls.

Solution. Mathematically, the potential of a 3D infinite square well of side length
a is written as

Vz,y,z) = (5.43)

0, if0<z<a O<y<a, 0<z<a,
oo, otherwise.

This potential ensures that the particle is strictly confined within the cube, and
its wave function must vanish at the boundaries.
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The 3D Schrodinger equation is

h2
- %V2¢(I7 Y, Z) + V(ZU, Y, Z)l/)(xa Y, Z) - El/)(xa Y, Z)? (544)
with the Laplacian operator in Cartesian coordinates given by
o? 0? o?
Ve —+ —+ .
ox?  0y? 022
In the present case the potential is zero in all three directions within the well. We
therefore propose a factorizable solution in the three spatial variables,

Uz, y, 2) = X(2)Y (y) Z(2). (5.45)
Substituting this ansatz into the Schrodinger equation and applying the Laplacian
operator to ¥(x,y, z) = X(2)Y (y)Z(2),

2 2 2
Vi =Y () 2(2) @) , X(x)Z(z)%ygy) FX@Y )T G (5.0)
we get
Py Y v L) v g XY Z = EXYZ. (547)
2m dx? dy? dz? e
Inside the cube, V(z,y, z) = 0, so that, upon dividing by XY Z, we get
1 d’X 1d?Y 1d*Z B _2mE (5.48)

X2 " Yar " zaE T e
We now separate the variable x by moving the y and z-dependent terms to the
right-hand side

1 d*°X 1d*Y 1d*Z 2mE

_fe_ -fs St e (5.49)

X dx? Y dy? 7 dz? h?
The two sides depend on different variables, so they must be equal to a constant,
which we call —K?%,

2
%‘Z% _ g2 (5.50)
and
1d*?Y 1d*Z 2mE
YaE Zdz T
We now isolate the y-dependent term,

1d?Yy  1d*Z 2mE
?d_yQ = _EW — 72 + Kl (5.52)

and define the new separation constant — K3,

1 d*Y

= K} (5.51)
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so that the rest of the equation becomes
1d*Z 2mE

2 2
ZW + T Ky + K5, (554)
We rewrite each of the three separate equations in the standard form,
d*X 9
e + K7 X =0, (5.55)
% 9
d*Z 2mEb 9 9
The general solutions are
X(z) = Cpsin(Kx) + C! cos(Kyz), (5.58)
Y(y) = Cysin(Kyy) + C, cos(Kay), (5.59)

omE omE
Z(2) = C, sin <\/ ;’; —Kf—K§z> +C" cos <\/ 7;; —Kf—K§z>. (5.60)

We now apply the boundary conditions, which require the wave function to vanish
at the walls,

X(0)=X(a)=Y(0)=Y(a) =Z(0) = Z(a) = 0. (5.61)
From X (0) = 0, we get
X(0) = C,sin(0) + €, cos(0) = C7. = C, = 0. (5.62)

The same argument applies to Y (0) and Z(0), so all cosine terms vanish and we
are left with

X(z) = Cysin(Kyz), Y(y) = Cysin(Kyy), Z(z)=C,sin(K3z). (5.63)
Now we impose X (a) = Y (a) = 0. For example,

X(a) = Cysin(Kya) = 0 = sin(Kja) = 0 = Kja = nyr = K; = 25, (5.64)
a
and similarly,
Ky = (5.65)
a

To determine the allowed values for the energy, we focus on the function Z(z).
Applying Z(a) = 0, we get

2mkE 2mkE
Z(a):OZSIIl(\/m —K%—K§a>zoz>\/m —K%—Kga:nzﬂ-

2 2
(5.66)
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Solving for the energy E, we obtain

2mE 9 9 n,m\ 2
= :K1+K2+< : ) (5.67)
and substituting K; = ™%, Ky = =% we find
h2m?
=5 (n2 +nl +n2), Ny Ny, My = 1,2,3,... (5.68)
ma
The solutions for each component then become
X(x) = Cysin <%—7T3:> , (5.69)
a
_ s
Y(y) = Cysin (%y) : (5.70)
Y(y) = C,sin (Mz> . (5.71)
a

The normalized eigenfunctions must satisfy the condition

/// Vnemym (T, 9, 2) [P do dy dz = 1. (5.72)
box
From we can write the eigenfunctions as

(=5, (5.73)

. (MTTN . (MyTYY\ .
¢nz,ny,nz($,y>z):Asm< ” )sm( " sin -

where A = C,C,C,. We substitute into the normalization condition,

|A|2/ sin’ (nxﬂgj) dx/ sin? (W) dy/ sin’ (ngrz) dz=1. (5.74)
0 a 0 a 0 a

Each integral evaluates to

/Oa sin? (@) du =2 (5.75)
so that ;
A2 (g) ~ 1 (5.76)

The final form of the eigenfuntions is then

2 3/2 . [METTx nyTy\ .
%%ny’nz (x, Y, z) == sin ( ) sin < Y ) sin
1 a a a

We now proceed to analyze the degeneracy of the energy levels. From Eq.
(5.68) and defining n such that

n® =nl+n. +n, (5.78)

(”Zm) . (5.77)

a

we write for the total energy
h2m?n?

E, =

- (5.79)
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Different combinations of the quantum numbers (n,,n,,n,) can result in the same
value of n?, and therefore the same energy eigenvalue; this leads to degeneracy
of the energy levels. The different permutations correspond to physically distinct
(orthogonal) eigenfunctions, so the degeneracy is a result of the symmetry of the
potential (a cube, in this case) under permutation of coordinates. Degeneracy
increases with energy because there are more combinations of integers that can
sum to a given higher value of n?. This is sometimes called accidental degeneracy,
though it arises from the geometric symmetry of the system in this case. Table
lists some values of n,, n,, n., the corresponding n?, and the degeneracy associated
with each energy level.

Nng | Ny | n. |n° | Energy | Degeneracy
2. 2
1] 11|33k 1
2ma?
2 11 |1 16 )
1|2 |1 |g | 6 3
111 |2 |6 | 2ma
212 11109 )
9 |1 |2 |9 | 9 3
112 |2 |9 | 2ma
311 |1 |11 )
1|3 |1 |1 | WA 3
1|1 |3 |11 | 2ma’
2.2
9 | 2| 9|19 120 1
2ma?
32 |1 (14
311 |2 |14
1 |2 |3 [14 | 14p2n2 o
1|3 |2 |14 502
2 11 13 |14
2 13 |1 |14
312 |2 [17 )
9 |3 |2 |17 | 1A 3
2 |2 |3 [17 | 2ma?

TABLE 1. Degeneracy of energy levels in a 3D cubic infinite potential well.

Figure[5.3|shows a histogram of the degeneracy of the energy levels as a function
of the value n?. Gaps in the plot appear because not all integers can be expressed
as the sum of three perfect squares. As the energy increases (i.e., as n? becomes
larger), the number of contributing combinations increases as well, causing the
degeneracy to grow, on average.
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6
¢

FI1GURE 5.3. Histogram of the degeneracy of energy levels in a 3D infinite cubic
potential well as a function of n? = n2 + ng +n2. Notice that some values of
n? do not appear due to number-theoretic constraints; not all integers can be

expressed as a sum of three squares.

Degeneracy

P5.8 Show that the S-matrix for particles through a 1D potential is unitary. Use
the result to prove the following relations,

1Sul* + [Si2]” = 1, (5.80)
S [* + |9l = 1, (5.81)
S11575 + S21555 = 0. (5.82)
Solution. The matrix S is defined by the expression
77ZJ0ut = quz)in- (583)
Consider the expression
Pl tout = Y5 S (5.84)
From the above, it follows that
Yow = ¥LS", (5.85)
and thus
L NCLICT (5.86)
Now, we impose the condition of flux conservation, which can be written as
Yl our = Vv, (5.87)

that is, as a condition for the conservation of normalization. Note that instead of
quantities like ¢*1) = [1|?, we are considering the product 74, since we are dealing
with matrices and the result must be a scalar. As explained in [1], Section 6.2, ¢
is represented by a column matrix, so its adjoint (equal to the conjugate transpose)
is a row matrix, and the product 11 yields a number, as desired. From the last
two equations we get STS = 1. We use this result to write S = S(S75) = (SS1)S,
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from which it follows that SST = 1 must also hold. Combining the two expressions,
we conclude that

St =871 (5.88)
which is the defining property of a unitary matrix. For a two-dimensional problem
the matrix S takes the form

S Sie
S = 5.89
<321 522> (589)
and its adjoint is
St 9
St = 5" = ( 1 31) . 5.90
STy 53 ( )

We introduce these expressions into STS = 1, to get

- (S{l S;‘l) (SH 512> _ (51‘1511 + 55,5 S7151 +S§1522) _ <1 0

(5.91)

From this it follows that
1Sul* + Sz [ = 1, (5.92)
|S12]? + [Saf* = 1, (5.93)

plus the complex conjugate of the last expression. Similarly, from SST = 1 we
obtain

|Su)? + |Sie)* = 1, (5.95)
|S21]? 4 |S22)* = 1, (5.96)
S1185; + 81255 = 0. (5.97)

All these relations are characteristic of a unitary matrix and can be written in
condensed form as

SIS =1= "5, = du; (5.98)
J

SST=1= "S55 = o (5.99)
J

The second expression is simply the complex conjugate of the first one.

P5.9 Determine the general form of the elements S;; of the S-matrix describing
the dispersion of particles through a 1D square well with £ > 0.

From Fig. [5.4 we see that the incoming and outgoing wave functions can be written

in the form
(A (A3
win - (BS> ) ¢0ut — (Bl) . (5100)
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A, —>= — > A
B, < < B,
\/\/ x
FIGURE 5.4. Incoming and outgoing wave functions.

In terms of these expressions and [5.89, Eq. takes the form [f

A3 — Sll Sl2 A1
<B1) n (521 SQQ) (B3) ’ (5104)

To simplify the calculation, we assume that particles are incident from the left,
such that in region III there is only flow to the right, and B3 = 0; this gives

Ag = SllAla Bl - S21A1. (5105)
The transmission and reflection coefficients are then given by
T = ’ASE =[Sul’, R= ‘B”z = [ S| (5.106)
| A | A
From
T+ R=1=|S|"+[Su]? (5.107)

INote that similar treatments in terms of matrices (which could generally be
called transfer matrices) are common in theories dealing with linear systems. For
example, consider an electrical circuit that linearly transforms the input signal
(voltage and current vy,4;) into an output signal with voltage and current vs, is.
Given the linearity of the system, one can write in the most general form:

Vg = 811/01 + Slgil, (5101)
ig = 5217}1 + Sggil. (5102)
Note that while the coefficients S1; and Syy are dimensionless, Sis has dimensions

of impedance and S5; of conductance. To give a matrix form to this expression,
U1

we can define an input vector Vi, = (z and an output vector V,, = (1;2), and
1 2

obtain V,,; = SVi,. For example, the impedance z; that the output presents is
V2 _ Stz + Sia
io So1z1 + Sz

where z; = vy /iy is the input impedance. Similar descriptions are used in mechan-
ical, acoustic, optical studies, etc.

2 = (5.103)



5. ONE-DIMENSIONAL POTENTIAL STEPS, BARRIERS, AND WELLS. 73

combined with equation [5.95] we get

|S01]* = [S12]* = R, (5.108)
and from [5.96| and [5.106| we get

S22 = [Su|* = T. (5.109)

To find the solution of these equations, subject to the condition expressed in [5.94]
we write the matrix elements in the form

S =VTe™, Siy=VRe®, Sy =VRe", Sy =vTe". (5.110)
This gives

e@h) = _i1=9) (5.111)
or, explicitly,
cos(a — ) +isin(a — f) = —cos(y — 0) — isin(y — 6), (5.112)

which implies
a—fB=~v—04+7m, a—pF=0§—7, (5.113)
and therefore

5:7+g, a:ﬁ+g. (5.114)

Therefore, the solutions become
S =VTe™, Sy = VR, (5.115)
Sor = VReO™2) | Sy = /TP, (5.116)

We now introduce the following symmetry consideration. We perform a spatial
inversion and denote the elements describing the transformed system with a bar,

&sal = (gé) ; 'Qzent = (g?) y (5117)

(‘g;) =S (gi’) : (5.118)

Since S = S7' = ST, in the case of a symmetric well we must have S = S.
Combining the above, it follows that

S =5 (5.119)

which means that under these conditions the matrix S is also self-adjoint (Hermit-
ian). Therefore,
St =511, Si2=1955, S =255, (5.120)
and it follows that
a=0 and d=m—a=nm. (5.121)
The matrix then takes the form
5 (\/T —z\/ﬁ)

N (5.122)
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The expressions for 7" and R for a specific problem are given by
2

By
R=|5 , (5.123)
Ay |2 Ll k)2 -
T=|—| =[14+-| =—— in? 124
A, + 1 (k: Q1) sin (qla)] , (5 )

where k? = 22E g2 = 22(E + V).

P5.10 Determine the scattering matrix for the potential

V(z) = —ad(x — b). (5.125)
Solution. The time-independent Schrédinger equation for the problem is

oI ad(x — b)Y(x) = Erp(x) (5.126)

For x # b, the potential is zero, and the general solution is a combination of plane
waves,

Aeikx _{_Befik:x r<b
= ; _— ’ 5.127
v(e) {(Jem + Dehe, x> b, (5.127)
From the continuity of the wave function we get

D(b7) = p(bt) = Ae 4 Bemib = it 4 Demikd (5.128)

and integrating the Schrodinger equation around x = b, we obtain

h? B

= 5 WO7) = (7)) — agp(b) = 0 (5.129)

We then substitute the derivatives
2
- Q—[isze“’“b — ikDe ™* — ik Ae™ + ik Be ™) — a(Ae™*® 4+ Be ") = 0 (5.130)
m
and simplify,
ih’k ikb —ikb ikb —ikb
- 2—[(6’ — A)e"™ — (D — B)e™™] — a(Ae™ + Be ™) =0 (5.131)
m

Grouping the exponential terms, we get

ih?k ih?k

— (O —A) —aA = — (D —-B)—aB = 132
v (C—A)—a 0 and v ( )—a 0, (5.132)
or in terms of the dimensionless parameter § = 251,

C=A(1-iB), D=B(l+ip). (5.133)
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The scattering matrix S relates the outgoing wave amplitudes (C' and B) to the
incoming amplitudes (A and D),

)-+(3)

From C' = A(1 — i), we see that C' depends only on A, and from the continuity
at x = b,

Ae™*® 1 Bem™ = (1 — i) Ae™® 4 De™* (5.135)
or rearranging terms and multiplying by e,
B = —i3Ae** + D. (5.136)
Therefore, the S-matrix is:
B —iﬁ€2ikb 1
S_<1—zﬂ O)' (5.137)
P5.11 Derive in detail the formula
1
T = (5.138)

1+ [;11 (% + §>2 — 1] sin’(qa)

for the transmission coefficient of particles through a rectangular barrier when
E > V.

Solution. Consider a rectangular potential barrier of height V, and width a,
defined by

0, z<0,
V(ig)=¢Vy, 0<z<a, (5.139)
0, z>a.

For the region x < 0, the incident and reflected waves are

1(z) = e 4 etk (5.140)
For 0 < z < a, the transmitted and reflected waves within the barrier are
Vo(z) = Ae'” + Be ', (5.141)
For x > a, the transmitted wave is
Ys(z) = te'k®, (5.142)
At x = 0, the condition of continuity of ¢ gives
14+r=A+B, (5.143)

and that of ¢/’ gives
ik(1—r) = ig(A— B) (5.144)
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Likewise, at * = a, we have
Aeiqa + Be—iqa — teika’
and ' ' ‘
iq(Ae'™ — Be M%) = jkte™
From the conditions at x = 0, we express A and B in terms of 7,

A:%<1+r+ﬁ(1—r)>, B:%(lw—ﬁ(l—?’))

4q q
which introduced into into the conditions at x = agives

tez'ka — Aeiqa + Be—iqa7 %teika — Aeiqa o Be—iqa‘
Solving for ¢ and r yields
4kqge=ika (k? — ¢*) sin(qa)

t =

This gives for the transmission coefficient T' = |¢|?
]2 = 16k2¢?
(k+ )+ (k= g)* = 2(k? — ¢%)? cos(2qa)

Using trigonometric identities and simplifying, we obtain the final result,

1

T = :
2
1+ [}l (% + §> — 1] sin?(qa)

(k+qPe = (k—qPe’ " 2ikqeos(qa) + (K + ¢ sin(qa)

76

(5.145)

(5.146)

(5.147)

(5.148)

(5.149)

(5.150)

(5.151)



CHAPTER 6
The WKB Approximation: Electronic Properties of Solids

P6.1 Derive Eq. (6.56) for the transmission coefficient 7" from the expression of
the wave function for a rectangular barrier obtained in [1], Chapter 5, considering
the barrier of arbitrary profile as built up by a succession of rectangular barriers
that become infinitely narrow in the limit.

Solution. We will consider that the barrier extends from z; to xo, and that V' (z) >
E, x € (x1,23). We divide the barrier arbitrarily into rectangular segments; the
rectangles have a width given by Az; = x; — 2,1, and a height V' (x;). For a square
barrier of width Ax;, the transmission coefficient is given by

T, = exp {—ZA;Z' V2m (V(z;) — E)} . (6.1)

The transmission coefficient across the entire barrier is obtained by multiplying
the transmission coefficients T; of each elemental column into which the potential
has been decomposed,

T = Eexp {— QAh“’”' V2m (V(z;) — E)} (6.2)
= exp [—% ; V2m (V(z;) — B)Ax; (6.3)
In the limit Az; — 0 one obtains
. 2
T= lim exp [—ﬁ ; V2m (V(z;) — E)Ax; (6.4)

= exp {—% /: V2m (V(z) — E) dx} : (6.5)

which is the requested result.

P6.2 A particle moves in a conical potential that vanishes for |z| > a, has the
value —Vj at * = 0, and grows linearly from —Vj to 0 in the intervals |z| < a.
Study the bound states of the system using the WKB method.

T
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Solution. The potential can be expressed as

0, T < —a;

V(Z‘) _ _‘/0 (§ + 1) - ‘/1(.7}), —a << 0, (66)
Vo(2-1)=Va(z), O<z<a
0, x> a.

Bound states are obtained when —Vj < E < 0. There are two classical turning
points given by

—Vo( +1>:—E = mlz—(—%)a, (6.7)

B(o-1)=-F = “:(1‘@)“' (o)

The WKB quantization condition gives in this case

1
Jn:ygpdac:%rh (n—|—§) , (6.9)
or explicitly,

T, = / I B = Vi(@))dz + / Y am(E, = Va@))de  (6.10)

1
3/2 _
3‘/0\/2771 (En + Vo) mh (n+ 2) (6.11)
The allowed energy values are therefore
3rhVi, 2/3 1\ 2/3
E, =— = A2
37 2/3
=-W+W|—— 6.13
0otV (Sa\/QmVO) ( )

From this expression it follows that the total number of discrete levels the well
can contain is equal to n’ + 1, where n’ is the largest integer for which £, has a
negative value.

The wave function for the interval z; < x < 0 is given by

() = %sin (% /:pdx + %) (6.14)

A V
S |

(6.15)
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For x1 < x < 0, the wave function is

A 2v/2ma Vo 32 o
= i E — — 1
V) = B E " | a3, ( Tty x) "1 (6:16)
For 0 < x < x5, the wave function is
A
Vo
sm[—/ \/Zm E—i—VO —x dx+ / \/Zm E—i—%——x)d +4
(6.17)
which can be expressed as
A
w(l’> - [Qm(E _ ‘/2)]1/4
. 144 2ma 2V 2ma Vo \*? =
Sin ShVo (E—l—%)g/Q—W(E‘{"/Q——OJT) +Z s 0 <z < xs.
(6.18)

Outside the well, in the regions © < —a and = > a, |p| = vV —2mFE is real and
the wave functions cease to be oscillatory. For x < —a, we obtain

$0) = S FTT
exp H/ de] = e [@(am Ci<-a
6.19
Similarly, for z > a "
¥ = ST
exp {——/ \/de} - %exp [—@(w—a} L z>a
(6.20)

In the region —a < = < xy, which is also classically forbidden, we have £ < Vi (x) =
Vo (£ + 1), whence |p| = /—2m(E — V1), and the wave function becomes

¥(z) = %mexp H [ d:c] (6.21)
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_2[—2m(E—V1)]1/4eXp[ 7 /z V=(E+ Vo +Vor/a)d ] (6.22)
that is,
_ A QCLm 17 3/2
Y(x) = 2[—2m (E — V) exp |— ShV, <|E| - W - ;:1:) ] (6.23)

For the region zo < x < a, where E < Va(z) = Vo(z/a — 1), we have [p| =
V/2m|E — Vs, and the wave function becomes

$(a) = %m |- [ I is] (6.24)

A vm [* x
= exp | ——— —(E+Vo—Vo—)dx|, 6.25
2[2m|E — Vy|]"/* [ ho S, ( 0 0a> (6:25)
that is,
A 2av/2m T\ 3/2
= — El—Vo+ Vo— ) 6.26
w(x) 2[2m|E—‘/2|]1/4 exXp 3hV, (| | 0o+ Oa) ] ( )

P6.3 An electron with energy £ > V) moves in the potential
V(z) = Vycosh™?(x/a), Vo > 0. (6.27)

Determine the conditions under which the WKB method is applicable and obtain
the transmission coefficient through the barrier.
Solution. In order for the WKB method to be applicable, the following condition
must be satisfied,

1

p? |dx
For the potential V(x) = Vj cosh 2(z/a), with V > 0, the particle momentum is

b= \/ 2m (E N cosh;/?x/a)> (6:29)

dp _ 2mVysinh(z/a)

< h (6.28)

and its derivative is

= ) 6.30
dx  ap(z)cosh®(z/a) (6.30)
From [6.28] it follows that the WKB method is applicable to this problem if
h inh
Yo |sinh(z/a)| <1. (6.31)

(2mE)' 20 E (cosh?(z/a) — VO/E')?’/2

This condition can be easily satisfied in regions far from the barrier, characterized
by |z/a| > 1, where one can approximate sinh(z/a) ~ cosh(z/a) ~ €*/%/2. For
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the region where the barrier is located, which is of interest in the present case, and
assuming the ratio V,/FE does not differ much from unity, the condition demands

that ,
E h?
— —_—. 6.32
(V0> > 2ma?Vj (6.32)
The transmission coefficient through the barrier can be written in the form T =
e®®) where

5(E) = @ /_Z (VE=V - VE) dx. (6.33)

For the present case, the integral becomes complicated,

VomE [~ Vo
i /_ } <\/ R e 1) dz. (6.34)

We can estimate the value of this integral for V;/FE sufficiently small by noting
that as cosh®(z/a) > 1, a first approximation gives

5(E)~—VOV2mE/OO v _ o femp (L (6.35)
- Eh  Jy cosh®(z/a) 2h V' E T \2" )’ ‘

where B(z,y) is a beta function. Now using the formula relating the beta function
with gamma functions,

3(E) =

I'(z)l'(y)

1
B = [ Y1 =)V dt = .
(z,y) /0 ( ) Tty z,y > 0, (6.36)

we obtain
aVy [2mT (3) (1) aVy [2m
§(E) ~ — A =— —. .
=5V E 1) P\ E (6.37)

2
Hence, the transmission coefficient for £/ > V) is

aVy [2m
T ~ exp ( z?\/ f) : (6.38)

We see that |T'|? ~ 1. This means that, although the barrier can significantly affect
the phase of the wave function that crosses it, it does not affect its amplitude.

P6.4 Use the WKB method to find the quantization conditions for particles moving
in a well, one of the walls of which is impenetrable.

Solution. Consider a potential well with turning points at z; = 0 (where we
place the impenetrable wall) and xs > 0. The wave function inside the well can
be written in the form

W(z) = % sin [% /;2pdx + ﬂ | (6.39)
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Since the potential is infinite at x = 0, we can write
A 1 [ 0
¥ (0 :—Sin{—/ pda:—l——]:(). 6.40
0= sy | - (6.0
This condition can only be satisfied if
1 [ T
—/ pde+—=(n+1)m, n=0,1,2,..., (6.41)
h /o 4

which can be rewritten as

/0 pdx = 7h <n + Z) . (6.42)

Recognizing that 0 and x5 are the classical turning points, this result can be
expressed in the more conventional form

3
Jn:¢pdx:2ﬂh(n+1), n=0,1,2,.... (6.43)

P6.5 Use the WKB method to find the energy of the stationary states of particles
moving inside a box with impenetrable walls. Analyze the results and compare
them with the exact ones.

Solution. The quantization rule for the one-dimensional case is

1
;Igpdx:%rh(n%—i), n=0,1,2,... (6.44)

Applied to the infinite square well of width a and constant p, one obtains ¢ pdx =

2ap, that is,
W) R (1)
B = o = "3 (6.45)

The exact solution is given by

232
T2 193 (6.46)

" 29ma?

and differs from the previous expression in that one must substitute n+% —n+1,
so the error introduced by the WKB approximation is

AE, (n+1?—(n+3)? n+?2 R 1
E, (n+1)2  (n+1)2 "

The 3D problem is equally simple to treat since the quantization rule is given by

(6.47)

ygpidxi:27rh<n+§+g>, n=0,1,2,.... (6.48)
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where c is the number of times the integration contour crosses the caustic surfacd]
and r is the number of times this contour touches the wall. Taking the z-direction
and denoting with C' the integration contour one obtains

ay
C 0

Since ¢ = 0 and r = 2 in this case, it follows that

v2mEa, = wh(n; + 1). (6.49)

P6.6 Determine the transmission coefficient for a monochromatic electron beam of
energy 1000 eV and intensity 1 mA incident on a rectangular barrier of width 10A
and height of 200 eV. The barrier height is now increased to 2000 eV; determine
the new transmission coefficient and compare the results.

Solution. Case 1. Vj =200 eV (E > V}),

E =1000eV = 1.602 x 10716 J (6.50)

Vo =200eV = 3.204 x 1077 J. (6.51)
The wave numbers k = (2mE/h?)'/2 and k = (2m(E — V)/h?)Y/? are then given
by

V2% 9.109 x 1057 x 1.602 x 10-10

k =1.622 x 10" m™! 6.52
1.055 x 1031 622> 107" m (6.52)
V/2 % 9.109 x 10731 x (1.602 x 1016 — 3.204 x 10~17)
1= 1.055 x 1031 (6.53)
=1.451 x 10" m™! (6.54)
This gives
ga = (1.451 x 10") x (10 x 1071%) = 14.51, (6.55)
therefore, sin?(14.51) ~ 0.991. Furthermore,
q k 1451  1.622
D= T %2013 6.5
P q 1.622 HEWES 013 (6.56)

Consequently,
1

T =
1+ [4(2.013)2 — 1] x 0.991
Case 2. E < Vj. In this case the electrons tunnel across the potential barrier,

and the transmission coefficient is given by

1
T = s (6.58)
1+ (52" sinh?(ka)

~ 0.987 (6.57)

1A caustic surface is the envelope surface of rays reflected or refracted by a
curved surface.
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where
k= 27”(‘;0 — E) (6.59)
For Vi = 2000 €V,
Vo = 2000 x 1.602 x 107" = 3.204 x 1070 J, (6.60)

and the values of the poarameters are

k=1.622x 10" m™, (6.61)

V2 % 9.109 x 10731 x (3.204 x 10-16 — 1.602 x 10~16)
K =

1.055 x 1034 (6.62)
=1.622 x 10" m™, (6.63)
which gives
ra = 16.22, (6.64)
and
sinh?(16.22) ~ 3.0 x 10%3, (6.65)
Furthermore, , ,
kE*+ kK
T 1. (6.66)
Consequently,
T~ 3.3x 107", (6.67)

When Vj = 200 eV, there is high transmission (7" =~ 98.7%) of electrons with an
energy of 1000 eV, meaning the barrier is "transparent". However, for V[, = 2000
eV, transmission is negligible (7' ~ 3.3 x 10712%), meaning the barrier is effectively
opaque due to minimal tunneling of electrons with the same energy.

P6.7 Use the WKB method to determine the energy levels of a one-dimensional
harmonic oscillator. Discuss your result.
Solution. We begin by applying the quantization rule

1
%p(m) dv = 27h (n + 5) n=0,1,2,..., (6.68)

where the integral is taken over the entire classical period of motion between the
turning points. The classical momentum p(z) is given by

p(x) = /2m (E — V(z)). (6.69)

In the case of the harmonic oscillator, the potential energy is V(z) = 1mw?2?, so

2
the classical momentum becomes

1 2K
p(z) = \/2m (E — Qmw%ﬁ) = mw 5 — 22 = mwva? — 22, (6.70)
mw
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where a* = 2E/mw?. The classical turning points correspond to the positions
where the total energy equals the potential energy (Fig. ,

1 2F
E=-mw’r® = x=d244 .= *a. (6.71)
2 mw?

V@)= L mw’x’

FIGURE 6.1. Turning points of the harmonic oscillator potential.

Inserting this into the quantization condition:
2

%pdx = 2/ mwva? — x?dr = 2mw - % = mmwa?, (6.72)

and substituting the result of the integral into the quantization rule

1
Tmwa® = 2mh (n + 5) , (6.73)
and solving for F, we obtain the energy levels,
1
E, = hw (n+§) n=0,1,2,.. (6.74)

This result coincides with the known energy spectrum of the quantum harmonic
oscillator, showing that the WKB approximation yields an exact result in this case.

P6.8 Use the WKB method to find the ratio between the width and depth of a
one-dimensional square well that is required for no bound state to exist.
Solution. Consider a 1D square potential well of width a (extending from z =
—a/2 to © = a/2) and depth Vy (V(x) = =V} inside the well and V(z) = 0
outside).

The WKB method gives for a potential well

/ﬂ \/%(E V(@) de = (n T %) . 6.75)
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where x; and x5 are classical turning points (where £ = V(x)), and n is a non-
negative integer quantum number (n = 0,1,2,...). For a square well with V(z) =
—V, inside the well, the energies of the bound states are negative. The turning
points are situated at * = £a/2. Therefore, for the ground state (n = 0), the
WKB condition reduces to

/2 [om ™
(E+V)de = = 6.76
IRETITLE 070
Since the integrand is constant inside the well, this gives
2m
ﬁ(Vo —|E])-a= (6.77)

Jowls

In the limit where the ground state disappears (E — 0), this becomes

12mV; s

Therefore, for no bound states to exist (not even the ground state), the condition

12mVj s

must hold, which expressed in terms of a and V becomes
mh
2v/2m

ay/Vy < (6.80)

P6.9 Use the semiclassical approximation to determine the average value of the
kinetic energy of a stationary state.

Solution. In the semiclassical (WKB) approximation, the wave function has the
general form

W(z) = \/%exp [i% / ") dx’] , (6.81)

where C' is a normalization constant. Taking the squared modulus, we find

2 c?
v(x)|* =™ = —, 6.82
¥(2)] i (6.5
where we have used that p(z) > 0 in the classically allowed region. To determine
the constant C', we assume that the total probability is normalized to one within

the classically allowed region, so the normalization condition becomes

ok,
/JC1 (@) r=1, (6.83)
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IC|* = (/: ﬁdm) _1. (6.84)

To evaluate this integral semiclassically, we recall that the classical period of os-
cillation Ty is given by:

Tosc=¢%:2/:%:2m/:z%, (6.85)

/IQ d_x . TOSC (6 86)
s P(2) om’ ’

which gives

so that

For the harmonic oscillator, the period is known to be T,s. = 27 /w, hence

r2 4
/ — (6.87)

Cop(z)  mw’

and therefore the normalization constant is

op="2 (6.88)
The classical expression for the kinetic energy is
p(x)?
T(x) = 6.89
(r) = 22 (659

Therefore, the semiclassical approximation for the expectation value of the kinetic
energy is

p(x)?

1) = [ v
—@ p(x)” x—w x)dx
_ 2m/p(x) dr=11 /p( ) da. (6.91)

Again, the classically allowed region is bounded by the turning points z; and x5,
which satisfy the condition F = V/(z). Therefore, the expectation value of the
kinetic energy becomes

Y(z) dx (6.90)

iy = 1€F / " () d. (6.92)

2m

Using the semiclassical quantization rule,

?{ p(z) dz = 27h (n + %) | (6.93)

/:2 p(z)dx = %%p(w) dx =mh <n + %) : (6.94)

we have that
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Thus, using (6.88)) we get for the average value of the kinetic energy in the semi-

classical approximation

1

Ty = — — .
(T) 5 (n + 2) (6.95)

for any (1D) stationary state.

P6.10 Apply the reasoning used to arrive at Eq. (6.91) in [1], to obtain the
formulae for the density of states as a function of the maximum energy level:

a) for a 2D layer,

b) for a 1D wire.
Solution. a) We assume that electrons can move freely within a two-dimensional,
square, metallic sheet with a surface area L?. Following the reasoning used to
arrive at Eq. (6.91), the momentum states in 2D (i = z,y) are

2mh L
o AN — ——dp: .
pi =y Ang = o—dp;, (6.96)
A’n = L d? 6.97
"= (27h)? b (6.97)
In polar coordinates (d*p = 2rpdp) and taking into account the two spin states,
L? L?*p
dN =2 - ——27pdp = —=d .
e P = (6.98)
or using F = %7
L*m
dN = dE. 6.99
7 (6.99)

The density of states per unit area is therefore determined by the maximum energy
level Fr according to

mEF
= . 6.100
P2D ) ( )
b) Now, let us consider a one-dimensional wire of length L. Following the same
reasoning, with p = %hn and taking into account the two spin states,
L L
dN =2 - ——dp = —d 101
therefore,
N p.
=_— ==L 6.102
P1D i3 s ( )

where pp is the maximum value of the momentum. In terms of Er = p%/2m,

V2mE
pip = # (6.103)

Note that, in general, the density of states is proportional to E%, where s equals
the number of dimensions of the system divided by 2.
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P6.11 Consider an infinite 1D periodic potential V' (x) = V(x + a). Starting from
the Schrodinger equation for v as an eigenfunction corresponding to the energy
E}, obtain the Schrodinger equation for ug(z).

Solution. For any 1D periodic potential, the wave function can be written using
the Bloch formula

Un (1) = A u, (1), (6.104)
We substitute this expression into the Schrodinger equation:
h? d*iy
- n = Entby. 1
o 2 + V(x) (0 (6.105)
First, we compute the derivatives:
dipy, o o duy,
% —A (memun(x) + e”’x%) , (6.106)
d*y, : e QU Py
d;é =A (—%Qezmun(x) + 22’%6”“% + e’md—;) . (6.107)
and introduce them into the Schrodinger equation,
h? : - du, o dPu, . _
— %A (—%ze““un + iz dl; + e d;g ) + V(x)Aeu, = E,Ae"u,.
(6.108)
By dividing both sides by Ae?® we get
h? du,  d*u,
- <_%2un + 22'%% + d;g > FV(2)up = Entin. (6.109)
This yields the effective Schrédinger equation for w,(x):
n [ d ?
~ 5 (% + i%) U, + V(2)up, = Epuy,. (6.110)

Equation (6.104]) is a special instance of Floquet’s theorem. This theorem is used
to find solutions to linear, second-order, homogeneous differential equations with
periodic coefficients, writing them as the product of a periodic function and an
exponential function with a constant coefficient. Therefore, it can also be used to
analyze systems with time-periodic potentials.

P6.12 Find the energy bands for the periodic potential
Viz)=yg Z d(x — na),g,a > 0. (6.111)

Solution. Our task is to find the energy ranges E(k) that can be occupied by a
particle of mass m in this potential, where k is the wave vector.



6. THE WKB APPROXIMATION: ELECTRONIC PROPERTIES OF SOLIDS 90

Between two delta potentials (na < x < (n+ 1)a), V(z) = 0 and the general
solution of the Schrédinger equation is

2mE
h?2 -

U(r) = Ape'® 4 Bpe ™", where ¢ = (6.112)

At x = na, ¥ (x) must satisfy continuity

Y(nat) =Y(na”), (6.113)

and derivative discontinuity due to the delta potential

2m
W' (na*) — ' (na”) = ngb(na). (6.114)

Due to periodicity, ¥ (z) satisfies Bloch’s theorem
U(z + a) = e* (). (6.115)

This implies

An-‘rl _ _ika An
(doe) o (1, om0

Applying the matching conditions at = 0 and z = a yields a system of equations
for Ag and By. The condition for non-trivial solutions requires the determinant of
the coefficient matrix to vanish,
m
cos(ka) = cos(qa) + 7?29 sin(qa). (6.117)
q

This is the dispersion relation that determines the energy bands E(k). The equa-
tion can be rewritten as

cos(ka) = cos(qa) + )\sm(qa)’ where \ = mg;z. (6.118)
qa h
In the allowed bands, k¥ must be real,
cos(qa) + A2 | (6.119)
qa

The energy bands correspond to values of F (or ¢) that satisfy the inequality. In

the gaps, that is, for values of ¢ that satisfy the condition

sin(qga)
qa

cos(qa) + A > 1 (6.120)

)

no electronic states exist.
In the case of a weak potential (A < 1), the bands are nearly those of a free
12k

particle (E ~ %), with small gaps at k¥ = £ /a. In strong potentials (A > 1)

the bands narrow around the energy levels of an isolated well (E,, ~ —%), with
large gaps.
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Inserting the values for ¢ and A\ given above, the energy bands E(k) for the
periodic Dirac delta potential become determined by the dispersion relation

2mE mg i 2mE
COS(]CCL) = COS ( 7&) + W Sin ( 7@) . (6121)

P6.13 Estimate the minimum energy of the first allowed band for the previous
problem, when A = 8 and g/a = 1eV.
Solution. We use Eq. (6.118]) derived in the previous problem and define the

variable x = ga, so that the equation becomes:
A
cos(x) + —sin(x) = cos(ka). (6.122)
x

The minimum energy of the first allowed band corresponds to the lowest possible
energy for which a solution exists. This occurs when the right-hand side is max-
imal, that is, when cos(ka) = 1. Substituting the given value A = 8 yields the
transcendental equation

8

cos(x) + —sin(x) = 1. (6.123)

x

Solving this numerically gives

v~ 2.53. (6.124)
With x = qa = a\/2mFE/h?, we get for the energy

2mEy, x2h?
h? a 2ma? ( )

From the definition of the dimensionless parameter A = %3%, we can isolate a% as
follows )
- 3) (ﬂ) 6.126
a? (a 2N/ (6.126)

Substituting this into the expression for F,;, gives
2

2’h? g m g

Emin:_'<_'_):_'—, 6.127
2m  \a h2\ 2\ a ( )

Using the given values A =8, £ = 1eV, and x ~ 2.53, we obtain

1 (2.53)

Enin = g ( 5 ) ~ 0.4eV. (6.128)
The same procedure can be used to obtain the maximum energy of the first band
by taking cos(ka) = —1. At very low temperatures the electrons cannot travel

freely the crystal is an insulator. At room temperature, kT ~ 1072eV, some
electrons acquire enough energy to move and contribute to the electric current; for
this reason, the material is called a semiconductor.



CHAPTER 7
The Free Particle. The Time-Dependent Schrodinger Equation

P7.1 Prove in detail the following properties of the Dirac delta function:
a) 0(x) = 0(—x),
b) ad(azx) = d(x), a > 0,
c) §(2? —a?) = %[6(:c—a)+5(x+a)],
d) §[f(z)] = Z (2 xl , where x; are the roots of f(z;) = 0.

Solution. In one d1rnensron, the Dirac delta function is defined as a generalized
function with the following properties,

d(z) =0, Vx#0, (7.1)

/00 d(z)dr =1, (7.2)

/_ " f(@)d(x) dr = £(0). (7.3)

Recall that the Dirac delta is not a regular function but rather a distribution,
whose properties are well-defined when appearing under an integral sign, as in the
cases above.

a) Symmetry property. Consider an integrable function f(x) that is otherwise
arbitrary Using a change of variables and repeatedly applying this property, we

| t@it-ode= [ paia) s = 10) = [ p@itds (@

Since f(z) is arbitrary, it follows that

d(z) = o(—x). (7.5)

b) Scaling property. For a > 0, we perform the substitution y = ax to obtain

/ faysar)dr =+ [ 1 (2) sy - / £(x)8(x) dz, (7.6)

—00

which implies the scaling property

d(ax) = 1(5(317) (7.7)
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For the case a < 0, the same substitution y = ax reverses the integration limits
| sansayde = [~ st (L) dy =1 500) (7.5)
o a J_o a a
Therefore, the general scaling property for any non-zero a is
1
d(ar) = H(S(x), a # 0. (7.9)
a
c¢) Delta function of quadratic arguments. We write
§(z* — a®) = 0[(z + a)(z — a)] (7.10)

and observe that ¢(z? — a?) is non-zero only at the points = +a. Therefore,
00 —a+e a+te
/ 5(a®—a®)f(z) da = / 5l(z+a)(r—a)]f(z) dut / 5[(z+a)(r—a))f (z) dz,
(7.11)
where 0 < € < 2a and € can be arbitrarily small.
Near x = —a, the factor (z — a) can be replaced by —2a in the first integral,
allowing us to write

/_i 6 d(z+a)(r—a)f(x)dr = /_i 6 d[—2a(z +a)|f(z)dx (7.12)
- /_‘i €(5[2a(:11: +a)|f(x)de = % _oo d(x+a)f(z)de, (7.13)

where we have extended the integration limits. Similarly, we can show that
a+e 1 [e'¢)
/ Sl +a)o — a)lf(a)de = o [ S(e—a)f()de. (714

Combining the two results gives

/_Zé(mQ —a*)f(x)dr = % [/_Z(S<x+a>f($>dx+/_25($—a)f(x)dx
and therefore, (7.15)

§(z? —a?) = %[5(x+a}+5(w—a)]. (7.16)

d) Delta function of general functions. Consider an arbitrary integrable func-
tion g(x) and the integral

/_ " ()0 f(2)) da. (7.17)

o0

Using the change of variables y = f(x) with dy = f'(z)dz, we obtain

o° y=f(o0)

(7.18)

)
i z;
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where h(y) = g(z(y)) and z; are the points satisfying f(z;) = 0. Therefore,

[%g@ﬁﬁuﬁdx—E:ﬁ%%ﬂv. (7.19)

oo

Using the properties of the Dirac delta, we can write

Z !f’ Z/ \f Oz — i) di”:/_ g(@)o[f(x)] dx.  (7.20)

(e 9]
Since g(z) is arbltrary, this implies

Z lx_xl . where f(z;) = 0. (7.21)

An important property of the Dirac delta relates to its derivatives,
| @) de = (<17 70) (7.22)

where 8 and £ denote the n-th derivatives. This expression can be demon-
strated through integration by parts (treating 6™ (z) under the integral sign as an
ordinary function),

| t@r@is = @@, - [ reseis = —ro). @2

By repeating this process n times, we obtain the general result for the n-th deriv-
ative.

The Dirac delta function is commonly considered as the derivative of the Heav-
iside step function H(z), defined as:

1, ifxz>0:;
H(z) =" ! 7.24
(z) {0, if 2 < 0. (7.24)

To understand this relationship, consider the following Stieltjes integral for an
integrable function f(x),

/_ " (@) dH(x) = £(0). (7.25)

Comparing this with the fundamental property of the Dirac delta, we establish the
equivalence dH(x) — §(x)dz. This reveals that the Dirac delta is more properly
understood not as a function, but as a Stieltjes measure. Its widespread use in
physics provides a practical way to evaluate Stieltjes-type integrals.

P7.2 Show that the normal distribution

1
plz, o) = me_(’”—“w%z (7.26)
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has the property lim, 0 p(x,0) = 0(z — a).

Solution. This property was qualitatively observed in problem P4.1, where it was
shown that in the limit ¢ — 0, p(z) = 0 if 2 # a, but p(z) = 0o if z = a. To
complete the proof, it is enough to take an arbitrary integrable function f(z) and
consider the integral

lim

127 4 = f(a). .
i [ 4 = f(a) (7.27)

To arrive at this result, it was noted that with ¢ > 0 but arbitrarily small, the
exponential is negligible for all x # a, so the only contribution to the integral
comes from a small neighborhood of x = a. We can therefore approximate f(x)
by the constant f(a), which leads to because p(z, o) is normalized to unity.

P7.3 When the Jacobian of a transformation from x; to &; vanishes, the trans-
formation is no longer one-to-one. For example, at the origin of a polar system,
x =y = 0 and r = 0, but ¢ has an arbitrary value. A coordinate that has no
determinate value at a singular point of a transformation (where the Jacobian van-
ishes), is called an ignorable variable. Show that if there are ignorable variables,
the transformation equation should be changed to

0(61 — B1)--0(En — Bn)
| J| ’

where &, i = 1,2, ...k are the non-ignorable variables, and Jy, = [ ... [ Jd&;y1...d&,,
where J is the Jacobian of the transformation and the integral is performed over
the ignorable variables.

Solution. In three-dimensional Cartesian space, the Dirac delta function can be
written as

0z — o). 0(x, — ay) = (7.28)

d(x — xo) = 6(x1 — 201)0(9 — To2)d(T3 — T03), (7.29)

with the normalization condition
/ / / 1 — To1 5(1’2 - 1‘02)5(1‘3 — .’L’03) d$1d$2dl’3 =1. (730)

In n-dimensional space, we have

/ . / 0z —xo1) - 0(xn — xop) dy -+ - dxyy = 1. (7.31)
Under the coordinate transformation {x;} — {&;}, the volume element becomes
dry - dx, = |J| d& - - - d&, (7.32)

where J is the transformation Jacobian. Thus,

/oo y ./OO 5 — 201) - 8(an — zon)|J|déy - dbn = 1. (7.33)

o0 —00
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In any coordinate space, the following normalization must hold,

/m---/m 561 — 1) O — B s - dEy = 1. (7.34)

From this and previous expressions, we derive the transformation rule

6(& = B1) - 0(&n — Bn)
/1] ’

where [3; corresponds to xg; in the transformed coordinate system.

Consider (x¢1,...,%o,) as a singular point where |J| = 0, such that xyp —
B; is well-defined for ¢ = 1,...,k and the remaining &;,1,...,&, are ignorable
coordinates. The fundamental relation

/ / 2 — m0)|J| dé, - (7.36)

remains valid, but §(x — xg) = (&1, ..., &) depends only on the first & variables.
Therefore

1—/ / (€ & ey - e (7.37)
= [ fotan e e [ [ g e @3
:/.../¢(gl,,,.,g,€)ukydgl---dgk (7.39)

:/.../5(X_XO)|Jk|d§1...d§k7 (7.40)

where the reduced Jacobian is given by

il = / / ] g - dE (7.41)

Since the k-dimensional delta function satisfies
[ [t —po- sl - pde - dg =1 (7.42)

we obtain the generalized transformation formula for singular points,

6(& — Br) - 0(& — ﬁk)
| J|

This completes the proof for coordinate transformations involving ignorable vari-
ables at singular points.

5(561 — %01) .. 5(37” — I0n> =

(7.35)

0z —xo1) - 0(xn — xop) = (7.43)

P7.4 Show that in the plane we can write

5 — 20)6(y — o) = =TI = o)

r

(ro # 0) 0
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where r and 6 are the polar variables. At the origin 6 is ignorable. Show that at
this point we must write

o(r)
d(z)o(y) = Sy (7.44)
Solution. The polar coordinates are defined by x = r cos#, y = rsin @, which
gives
|J| =r. (7.45)

From the results of the previous exercise it follows that

d(x — x0)d(y — yo) = or = TO)T(S(G — 90), ro # 0. (7.46)

Now, at the origin the variable 6 is ignorable, but the results from the previous
problem allow us to write

3(@)o) = 77 (747
with
e / g do = 2 (7.48)
Therefore, 0
5(x)5(y) = % (7.49)

P7.5 Consider a free-particle wave function that at ¢t = 0 has the form o(z)e®oe/"
where ¢(x) is real and differs from 0 only for values of x in the interval (=4, ).
Find the interval of x in which the wave function is significantly different from
zero at time ¢.

Solution. We express the initial wave function in terms of its Fourier transform

1 © ‘
U (p, 0)e™*/ " dp, 7.50
pres /oo (p,0) p (7.50)

where ¥(p,0) is the Fourier transform of ¥(z,0),

~ 1 > )
\If(p,()):\/ﬁ/ o(x)elPo=Pe/hgy, (7.51)

Since p(z) is localized in (—6,6), the integral reduces to

U(z,0) =

U(p,0) = \/;T—h

This transform \if(p, 0) is significant for values of p close to po, since p(x) acts as
an envelope function that limits the contribution of the momenta.

0
/ o(x)ePoPe/hy (7.52)
-5



7. THE FREE PARTICLE. THE TIME-DEPENDENT SCHRODINGER EQUATION 98

For a free particle, the wave function at ¢ > 0 is obtained through the time
evolution of each momentum component

U(z,t) / (p, 0)e'Pe=Ee) /gy, (7.53)
\/_

where E, = p?/2m. Substituting ¥(p, 0),

1 00 6 22
U(x,t) = ﬁ/ (/6g0(:£ )eitpo—p)z /hda:) pe=Sm)/dp. (7.54)

Interchanging the order of integration,

1 0 o 00
U(z,t) = %/6g0(x’)elp°’” / (/ eiple=a")/h= 2mhdp) da’. (7.55)

o0

The integral over p is a Gaussian that can be evaluated by completing the square

o0 . / I3 2 2 h ; ’
/ pip(z—a')/h=p dp =/ ﬂ-z:fn cim(z—a')?/(2ht) (7.56)
t zpox "/h 1m(m z')? (2ht)d 2 757
vz, \/ 27rhzt/ . ( )

The term e™@==)%/2M) ogeillates rapidly unless z — 2/ ~ Lot Therefore, the
integral is significant when

Thus,

v Py x, (7.58)
m
where 2/ € (—0,6). This implies that the wave packet moves with velocity v, =
po/m and spreads due to the dispersion of momenta. The center of the packet
moves as
xcenter@) - pot (759)
The width of the packet grows with time due to the initial spread 6 and the
momentum dispersion Ap & fi/d. The width at ¢ > 0 is

ht

A()~5+—5 (7.60)
Therefore, the wave function is significantly different from zero in the interval
t ht t ht
:ce(pi— ——,pi+5+—>. (7.61)
m mo m mo

P7.6 Find the wave function at time t for free particles whose amplitude at ¢ = 0
is

1 2 ipy-T
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Solution. The time evolution of the single-particle wave function for ¢t > 0 is
obtained by convolution with the propagator, namely

w(r,t)= [ K(r tlr',0)0(r,0)dr, t>0, (7.63)

R3
and for a free particle the propagator has the well-known form

3/2 ; —
K(r,t\r’,o):< m > p{””"’"—r

’2
. 64
il ot |0 170 (7.64)

Substituting this propagator together with the Gaussian initial state into (7.63))
yields

m \3/2 1
0= (:2)
(r.?) 2miht (7r02)3/4
im /12 Ir,2 i / 3./
—|r — — —1mq - d’r’. 7.65
/RgeXpLht'r vl g P r] " (7.65)

After expanding |r —7/|? and collecting powers of 7/, the exponent can be arranged
so that

virt) = (

m )3/2 1
2miht (

7'{'0'2)3/4

ime LN e i( ) ol g
/RgeXpK2ht 202)7‘ +h Po— T r+2htr d°r'. (7.66)

It is convenient to introduce the quadratic and linear coefficients in the integrand
by defining

im 1 imo?—ht i m i(tpo — mr)

Q= o T ST T o g —5:—<P0——7“>=—,
2ht 20 2hto h t ht

so that the wavefunction may be written as the product of the prefactor, an -

dependent phase factor taken outside the integral, and the remaining Gaussian

integral,

vir ) = (

(7.67)

m

7 exp (Q_fztrz) /}R3 exp (—ar?—B-7')d*'. (7.68)

This is a standard three-dimensional Gaussian and, for Re(«) > 0, it satisfies

3/2 2
/]Rs exp (—ar? = 8- &’ = (g) exp <f—a> . (7.69)
Using this identity and inserting the definitions ([7.67)) into (7.68) leads to

- 2
w(r,t) = ( X exp (;—;;1“2 + %) , (7.70)

m >3/2 1
2miht (

mo?

m >3/2 1
2iht o (

mo?
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which, after straightforward algebraic simplifications of the prefactor and the ex-
ponent, can be cast in the form

b 1) 1 mo? 8/2 . im 2 o (mr — pot)® (7.71)
= X —_— — . .
T re2)E bt + mo? Plont” ~ 20t (bt — imo?)

The overall multiplicative factor outside the exponential may be written in a more
compact, dimensionless form as

1 ( mo? )3/2 B 1 (7.72)
(7r02)3/4 iht + mo? n (7?02)3/4 (1 4 iht )3/2’ :

mo?
while the exponent combines the free-particle phase with the Gaussian spreading
and center-of-mass motion. A compact form of the combined exponent is

im o, oX(mr—pot)’ imr?(ht —imo?) — o (mr — pot)?

im _ 7.73
ont'  2ht (ht — imo?) ot (ht — imo?) (7.73)
1 ™ r-py . tpp
- (_202“ h omh) (7.74)

1+—2
mao

Collecting these results yields the closed-form expression for the time-evolved
Gaussian wave packet

1 1 >  r-py . tp}
v = e | (o

mo?2

mo?
(7.75)
This expression exhibits the familiar features of free evolution: a global dis-
persive amplitude factor that depends on the dimensionless parameter /i/mo?, a
quadratic phase proportional to 7% coming from free propagation, and terms that
describe the drift of the packet with initial momentum p, as well as the temporal
increase of its spatial width.

P7.7 Using the general solution of the Schrodinger equation for a free particle
'lb(.T,t) _ AefiEt/thipa:/h + ‘BefiE‘t/hfipm/h7 (776)

show that the initial conditions can be chosen such that:

a) ¥ (x,t) is an eigenfunction of the operator p = —ihd/0x,

b) the probability density is independent of time, i.e. it represents a standing
wave.
Solution. a) We compute the derivative of ¥ (z,t) with respect to x,

p(z,t) = —ih (,f (Ae!Pe=ED/ 1 pemilprt B/ | (7.77)

T
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Differentiating each term,

p(x,t) = —ih <A : %e“m—’ft)/ﬁ +B- _Tpe—i@“ﬂ)/ﬁ) : (7.78)
Simplifying,
ﬁw(x’ t) pAe (pz—Et)/h _ pBe_i(pw+Et)/h'. (779)
For v (z,t) to be an eigenfunction of p, it must satisfy
p(x,t) = Mp(x,1), (7.80)
where A is the eigenvalue. Equating the expressions,
pAeiPe=ED/h _ p po=ilpe+BO/h _ ) (Ae’ (pz=Et)/h 4 Be —Z(P””+Et)/h) , (7.81)

For this to hold for all x and ¢, the coefficients of the exponential terms must be
equal,
pA=XA and —pB=M\B. (7.82)

This implies:

o If A#0, then A =p, and B = 0.

o If B#0, then A = —p, and A = 0.
In conclusion:

e For A = p, we choose B = 0,

Y(x,t) = Ae'Pr=EO/R, (7.83)
e For A = —p, we choose A =0,
(x,t) = Be {PeHEO/N (7.84)

The initial conditions are chosen such that either B = 0 (eigenfunction with eigen-
value +p) or A = 0 (eigenfunction with eigenvalue —p).
b) Using the general solution

Y(x,t) = Ae'Pr=EO/M | BemibatEO/ (7.85)
The probability density is
[, 1)[? = |AeiP/he= R 4 Bemipe/hg=iEt/h® (7.86)
Factoring out e *F¢/",
W (x, t)|* = |e P (Ae™!" + Be~ pr/h)‘ | Ae'/h 4 Be*’mm‘2 : (7.87)
since |e""P/h| = 1.

For [¢(x,t)|* to be independent of ¢, the above expression already satisfies
this condition because there are no remaining time-dependent terms. However,
to obtain a standing wave, we require ¢ (x,t) to be a combination of counter-
propagating waves with related amplitudes.
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A typical standing wave has the form
Y(z,t) = C cos (%) e BV 1 Dsin (%) e~ (7.88)

Compared with the general solution, this is achieved if A = B (for the cosine term)
or A = —B (for the sine term).

P7.8 Solve the free-particle problem in cylindrical polar coordinates.
Solution. For a free particle (V' = 0) the stationary Schrédinger equation reads

R, B

where in cylindrical polar coordinates (p, ¢, z),
7(‘92_’_18_’_1 02+82
S Op* pdp pPOp? 02
We look for separable eigenstates

U(p, ¢, 2) = R(p) ®(p) Z(2). (7.91)
Inserting ([7.91)) into ((7.89) and dividing by R®Z gives
1 /d*R 1dR 1 d?°® 147
== +-— —— =k k= : 7.92
R(dp2+pdp)+p2<l>d<,02+Zdz2 ’ h?2 (7.92)
Because the three coordinate variables are independent, each term must equal a
constant. We write

12z o, 1de

& (7.90)

_ 2mFE

— - = k2 = k* — k2 7.93

7 422 S X - - (7-98)
so that m € Z and k; > 0. The z— and p—equations are solved immediately,

Z(z) = e*ik=z, d(p) =™ (m=0,£1,£2,...). (7.94)

Because ¢ and ¢ + 27 denote the same physical direction, the angular factor must
satisfy

O(p+2m) = D(p). (7.95)

For the separated solution ®(p) = Ae™¥ this gives Ae™m¥2m = Aeme =

e?™ — 1. which holds only when m € Z. Hence the azimuthal quantum number
is necessarily an integer.

The remaining radial equation is

d?R  1dR

JE— _|_ _

dp* ~ pdp

whose regular solutions at the origin are the Bessel functions J,, (k1 p). The irreg-

ular Y,, are discarded because they blow up at r = 0. Hence

Bk, (p) = Jm(kLp). (7.97)

m2

-+@i—;ﬁ320, (7.96)
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Collecting all factors, an eigenstate is

wkj_mkz <p7 ®, Z) =A- Jm<kJ_p) eimcp 6il~czz’ (798)

with eigenenergy
h2
E=_—(K +E&2). 7.99

The constant A depends on the normalization method.

The integer m is the (azimuthal) angular-momentum quantum number around
the z-axis, k. is the longitudinal wave number and &k, plays the role of a radial wave
number in the transverse plane. The degeneracy of the free particle is reflected
in the continuous labels k£, and k. together with the discrete m. Any physically
acceptable free-particle state in cylindrical geometry can be expanded as a super-
position of these eigenfunctions.

P7.9 Consider a packet of free particles with a Gaussian momentum distribution,
A(k) = Age~(k=ho)*/a*,

a) Find ¢ (x,t) for this packet at time ¢.

b) At what speed does the center of mass of the packet move?

c¢) What is the rate at which the spatial dispersion of the particle increases?
Can this speed be greater than the speed of light? Explain your answer.
Solution. a) The wave function at ¢t = 0 is obtained via the Fourier transform of

o(k),
1 00 .

Substituting the normalized Gaussian amplitude ¢(k) = (7rq2)71/4 e~ (k—ko)*/2¢*
(7Tq2)_1/4 S

V2
To evaluate the integral we complete the square in the exponent,

2 2 1 _ 2 2,.2
_k_+(@+iqx)ﬁ_k_02:__ (k—]{b—z’qx) —}-ikox—qaj . (7.102)
q q 2q 2 q

W(z,0) = ¢~ (k=ko)?/24 ke g (7.101)

The integral evaluates to a Gaussian centered at k = ko + ig?z,

2\ /4
1/)($,0)=<q—) eihor—a*e*/2 (7.103)

7

The evolution of the wave packet is obtained from

1 o° . hk?
Y(x,t) = Nor- / p(k)e' kTl g = —. (7.104)

2m
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Substituting A(k) and simplifying gives, after integration,
(= "ot 22

o\ 1/4 10 Qt ) et (1 Tqut
b(w,t) = (q—) (1 + &) (o5 () (7.105)

77 m
b) The Gaussian peak follows
hiko

(t) = —t, 7.106
r(t) = (7.106)
which gives for the velocity of the center of mass of the packet
hk
Ve = —2. (7.107)
m

Therefore, the packet travels with a group velocity that satisfies de Broglie’s rela-
tion A = h/mu,, with A = 27 /ky.
c¢) The Gaussian width spreads as

A(t) = Aq;(())\/ 1+ (ﬁiw) . Az(0) = 712q (7.108)

so that the spreading rate is

~1/2
dAz(t) 2t ht 2
o = = 1 _— : 7.109
Visp dt 4m?2Ax(0)3 ( * <2mA:B(O)2> ( )
At t — oo, it asymptotically approaches
dAz(t) h

= 7.110
dt 2mAz(0)’ ( )

thus, in terms of the dispersion of the wave number, given by Ak = ¢//2,
hq hAK

, i = — =
d sp \/§m m
For massive particles (m # 0), vgisp << ¢ unless ¢ is extremely large. Relativistic
effects become significant for ultra-high ¢ or m — 0, but non-relativistic quantum
mechanics ensures vgisp < C.

Note that, using Ap = hAk, we may combine the above results to obtain, for
t >0,

(7.111)

h
Ax(t)Ap > Az(0)Ap = 7

(7.112)

P7.10 Show that if the coherent superposition (7.109) in [1] involves a finite
number N > 2 of energy eigenstates n, m, the oscillations of ¢ are not periodic
unless the frequencies wy,,, = |E, — E,,|/h are all related by rational numbers.
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Solution. We begin by considering the coherent superposition of a finite number
N of energy eigenstates,

N
= Z Cp () e Ent/N, (7.113)

To analyze the periodicity of the quantum state, we consider the probability density
function p(x,t) = |¢(x,t)]?.
Case N = 1: The wave function consists of a single energy eigenstate,

UV(t) = ¢y 1 () e E/A (7.114)
and the probability density becomes
pz,t) = [Y(1)]* = |er?|én (2) %, (7.115)
which is independent of time. Therefore, p(z,t) is constant and hence trivially
periodic.
Case N = 2: We consider a superposition of two energy eigenstates,
U(t) = crpi(@) e + co o) e, (7.116)
where w,, = T" The probability density becomes

p(2,8) = | Pl (@) + [eaPloa(@) P + 2Re [cles ¢ (2)pa() e . (7.117)
This contains a term oscillating in time as a cosine,
cos ((wg — w1)t), (7.118)

which is periodic. Hence, p(z,t) is periodic in time.
General case N > 2: The probability density is given by
2

p,t) = |¢(x,t)| ch pn () €7t (7.119)
Expanding the square modulus, we obtaln
N N
) =Y lenllon(@)]” +2D " Re (cach, onl(@)ph, () e7m), (7.120)
n=1 n#Em

where w,,, = w, — w,.We focus on the oscillatory part, i.e. the time dependent
one. A function f(¢) is said to be periodic if there exists a period T such that
f(t) = f(t+T) for all t. So we must have

N
Z CTLC;kn Spn(l'>90;kn($) zwmnt —twmnT _ chc SOn ( ) zwmnt, (7121)
that is,

e omntomimnT — g=iwnmt o gl — (7.122)
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This implies that each w,,,,T” must be an integer multiple of 27,
27k

WomT = 27k, = T = kpm € 7. (7.123)
wnm
This relation must hold for all w,,,, so in general we have
2rk;; 2wk TR ¥
L R LN N R 2 0) (7.124)
Wij Wkl Wkl Kk

Therefore, the periodicity of p(z,t) requires that all the relative frequencies wy,,
be commensurable, that is, their ratios must be rational.

P7.11 Show that if ¢; and 1y are solutions of the time-dependent Schrodinger
equation, the equation

o . ih .

ST + 2V - (2 VY] — Y1) = 0 (7.125)

generalizes the continuity equation.
Solution. The solutions satisfy

.8@/)1_ h? 2 ,81/12_ n? 2
We take the complex conjugate of the equation for 1)y,
e W s
—ih = —— ! 1 12
The time derivative of the product is
9 . oy 0%
57 (Vi) = o7t + @bla—;. (7.128)
Substituting the Schrodinger equations,
a, . ih . b, i ih i
a(%iﬁz) =1 <%V2¢1 - ﬁV?/ﬁ) + Y5 (—%V%z + ﬁV%) - (7.129)
the potential terms V' cancel and we are left with
d ., . ih . .
E(%%) = %(¢2V2¢1 — Y7 V24hy). (7.130)
We express the right-hand side as a divergence,
U V2] — VP = V - (1o VY] — 7 Viey), (7.131)
using the identities
V- (2 V)5) = Vg - VT + 9 V27, (7.132)
V- (1Vhy) = Vbf - Vhy + iV 2y, (7.133)

Subtracting these yields
V- (V] — 97 Vhy) = 0o V2T — V24, (7.134)
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Substituting back,

5 (V1¥2) = 5V - (U2 VYT = YiViy). (7.135)
Rearranging gives the generalized continuity equation
5 (Wite) + 5=V - (12 VY] — 1 Vi,) = 0. (7.136)

When )y = 9y = 1), this reduces to the standard probability continuity equation
0 .
§|¢|2+v-g =0, (7.137)
where 7 = QLW(zZJ*V@D — 1V1*) is the probability current density.

P7.12 A physical system is initially (at ¢ = 0) in a state which is a coherent
superposition of the eigenfunctions ¢, and @5 of a Hamiltonian with eigenenergies
E; and Ejy, respectively. The ¢, state is three times more probable than the ¢
state. Write the most general possible initial wave function ¥y (z) consistent with
the above data and determine ¢ (x,t) for all ¢ > 0. Is the system in a stationary
state? Does this state possess any time-invariant properties?

Solution. A coherent superposition of two eigenfunctions at ¢ = 0 is of the form

P(x,0) = crip1() + cappa(), (7.138)

where the squared moduli |c;|* and |cz|? represent the probabilities of the system
being in the states ¢; and o, respectively. We are told that the probability of
being in the state ; is three times greater than that of ¢, so

|Cl|2 == 3|CQ|2. (7139)
The normalization condition imposes that
le|? + |ea]? = 1. (7.140)
Substituting the relation above, we get
1 3
Bleaf’ + e =4’ =1 = |ef' = T 1] = T (7.141)
Therefore, we can write (up to arbitrary phases)
3 1 .
¢ = \/7_6“91, Cy = 56192. (7.142)

The most general initial wave function is then

Y(x,0) = ?ewlgpl(x) + %ergoQ(x). (7.143)
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Factoring out the global phase €', which is physically unobservable, and defining
0 = 0, — 61, we obtain
V3 1

P(x,0) = 7301(3:) + §6i6<,02(33). (7.144)

To construct the time-dependent wave function ¥ (z,t), we multiply each term by

the corresponding time evolution factor e~ *#nt/h,
3 . 1 . .
Y(x,t) = ggol(x)e_“glt/h + §ewg02(x)e_’E2t/h. (7.145)

A stationary state is one in which the probability density p(x,t) = |¢(x,t)|* is in-
dependent of time. In our case, since the wave function is a coherent superposition
of two energy eigenstates with different energies, the cross terms in [¢(z,¢)|? will
contain oscillatory factors of the form e*F2=FUt/h  Therefore, the probability den-
sity is time-dependent, and the system is not in a stationary state. Nevertheless,
the state does possess some time-invariant properties. Specifically:

The probability of each eigenstate |c;|? is time independent, therefore the total
probability is conserved,

3 1
/|¢(x,t)|2dx =|c1)* +|co)* = ;=1 forallt (7.146)
The expectation value of the Hamiltonian is constant in time,
3 1
(H) = |1 By + |eo* Bz = ZEI + ZEz- (7.147)

This is because the Hamiltonian is time-independent, and its expectation value in
any normalized state remains constant under unitary time evolution. In summary,
the system is not in a stationary state, but it retains some time-invariant physical
quantities, such as total probability and average energy.

P7.13 Show that a non-stationary state cannot have a separable wave function of

the form ¥ (x,t) = x(t)p(z).
Solution. The time-dependent Schrodinger equation is

R

Let us assume that the wave function can be written in the separable form ¢ (x,t) =
X () (),

ih

o)X = ()T VD), (7.149)

Dividing both sides by x(t)¢(x) we get
Lldxy R 1d

- =———— 4+ V(x). 7.150
! x dt 2m ¢ dx? +V(z) ( )
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The left side depends only on ¢ and the right side only on z. For equality to hold
for all x and t, both sides must equal at constant F,

1dy h? 1d%p
h——=FK ——— 4V =F. 7.151
! X dt ’ 2m ¢ da? +Viz) ( )
From the first equation we get
dx ) —iE
L T — v (t) = Ce BN 7.152
o =X x(t) = Ce (7.152)
and from the second one,
h? d?¢
- — 4V =F 7.153
L V(e = By, (7.153)

which is the time-independent Schrédinger equation for ¢(z).
Substituting () back,

Y(x,t) = Ce (1), (7.154)

This is identical to a stationary state, where ¢(x) is the spatial part and e Bt/

gives the temporal phase evolution.
We thus conclude that any separable solution ¢ (z,t) = x(t)p(z) must be a

stationary state. Non-stationary states (which don’t have the form o(z)e="#*/")
cannot be written as separable products.

P7.14 Consider the relativistic Klein-Gordon equation for the free particle ( [1],
Section 19.1)

1 02 m2c?
2
S = ) 1
(v C2 at2> w<x7t) h2 w(x7t) (7 55)
Show that a conservation law similar to Eq. (7.118) is satisfied, with
Jt) = 5o VY =0V, (7.156)

What is now the value of p(x,t)? From this result discuss why the Klein—Gordon
equation is not a good candidate to replace the Schrodinger equation for electrons
in the relativistic case.

Solution. We calculate V - 3 using the given definition of 3,

ih

V-j(z,t) = 2 [V@D VY + V2P — Vo - Vi — WVQM . (7.157)
The first and third terms cancel out, therefore
h
V. j(z,t) = ;—m (PV2" — V) | (7.158)
Using the Klein-Gordon equation to substitute V21 and V2* gives
2.2 2 2 .2 2,/
9 m-c 1 0%y 9 . mict 107
Vlﬂz 72 @ZJ‘I—EW and V’Q/): h2¢+gW, (7159)
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2 182 * 2.2
V- jlz,t) = [w( c vt a;/; ) — (mhf w+%a—¢)] (7.160)

h?
2m02 { o W} 2mc2 Ot {7/} ot - E} , (7.161)
so that we have
. 0 ih oy oY
Vi) 4o (w a > o (7162)
We define
_th *(‘9_¢ B o*
Pt) = g (w iy ) (7.163)
therefore,
. Op
Vgt =0 (7.164)

This expression poses a fundamental problem: unlike the Schrodinger probability
density [1(z,t)[?, the Klein-Gordon density p(x, t) is not guaranteed to be positive
definite. That is, p(z,t) can take negative values depending on the time derivative
of the wave function. Since a probability density must always be non-negative to
be physically meaningful, p(x,t) cannot be consistently interpreted as a probability
density.

This issue undermines the probabilistic interpretation of quantum mechan-
ics when applied to the Klein-Gordon equation. Consequently, the Klein-Gordon
equation is not suitable to describe electrons, which are spin—% particles requir-

ing a probability interpretation and proper normalization. Instead, electrons are
more accurately described by the Dirac equation, which ensures a positive-definite
probability density and accounts for spin in a relativistically consistent framework.

P7.15 A particle is in its ground state in a 1D infinite square well of width L.
Suddenly, at t = 0, the right wall of the well moves from x = L to x = 2L. Is the
particle still in a stationary state? Determine the probability of the new ground
state.

Solution. We have an infinite square well of width L (from x = 0 to x = L), with

ground state (n = 1)
2 s
- =4/ —sin [ — <z< .
Dimi () 1/L81n<L), 0<z<L (7.165)

m2h?

2m L2

and energy

B, = (7.166)
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For the infinite square well of width 2L (from = 0 to x = 2L), the new stationary
state is

1 . /nrx n’n2h?
¢n($) = \/;Sln (ﬁ) y E;L = W’ n = 1,2,3,... (7167)

The sudden potential change means that ;,(z) is no longer an eigenfunction of
the new Hamiltonian. The particle is now in a superposition of the new stationary
states ¢, (x), which is not a stationary state.

The probability for the particle to be in the new ground state ¢;(x) is

Py = [(61]thm)”| (7.168)

To calculate the overlap integral
L
1 2
(61 [thn) = /0 V7 sin (%) /7 sin (%) dz (7.169)
we use the trigonometric identity
1
sin Asin B = §[COS(A — B) — cos(A + B)]. (7.170)
With A = 77, B = 77, the integral becomes

(1 |tm) = \/TE /OL [cos (—%) — cos (?—Lx)} dz (7.171)

Solving the integrals

L T 2L T 2L
/0 COS (i) dI = ? Sin <§) = 7 (7172)
L
3rx 2L 3 2L
—)dr = —sin| — | = —— 1
/OCOS<2L> x 37rs1n<2> i (7.173)
we get
V2 (2L 2L 8v/2
(1) = — | =+ 7= | = 5 (7.174)
L 3 T

The probability is therefore

2
8v/2 128
P = ( \/_> =~ ~0.360. (7.175)

3T O

P7.16 Show that the propagator given by
K(z,tlx',t') = Z e~ nt=px (2o () = Z (2! ) (x, t), (7.176)

n

has the following integral property:

K(I’l,tl | .CEQ,tQ) = /K(.’L’l,tl | iL‘,t) K(l?,t ’ ﬂfg,tg) d$, t <t <ls. (7177)
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Solution. From Eq. [7.176] we have

K(x,t | wa,t2) =Y e 72D (a5) 0, (), (7.178)

K(x1,t | x) = Ze‘i“’"’(tl_t)gpz, (@) @n (z1). (7.179)

n/

Multiplying the two expressions and integrating over x, we obtain

/K(iﬂl,tl | z,t) K(z,t | 29,12) d

Taking into account the orthonormality of the eigenfunctions ¢, (x)

/ P (@) o () dx = Sy, (7.181)

and performing the sum over n’, we get

/ K(xy, by | 2,t) K (2t ] 2a,tg) da =Y e ™n =2 0gr (ma)p,, (1) (7.182)

= K(.?Il, tl | T2, tz) (7183)

This is the desired result. Note that in the integral expression, x takes all
possible values, while ¢ must be a fixed time strictly between ¢; and t5. It is
easy to show that this integral property of the propagator extends to an arbitrary
number of integrations, chronologically ordered.

From a physical point of view, the previous result is natural for the description
of a linear system. Starting from the general expression

P(x,t) = /K(w,t | 21, t1) (a1, ty) day, t >, (7.184)
it follows by iteration, with ¢ > t; > ¢y, that
W, t) = //K(m,t 21, t0) K (21, 81 | 20, to) (xo, o) dardao, (7.185)
In turn, Eq. can be rewritten as
Y(x,t) = /K(m,t | g, to) ¥ (xo, to) dzo, t > to, (7.186)

from which Eq. follows immediately (with an appropriate change of variable
names). This derivation is possible because the effects of the source at zy are
propagated by K(z1,t; | zo,tp) and become a new source ¢ (x1,t1), which is in
turn propagated by K(z,t | z1,t1). For this latter propagator, whether ¢(x1,t)
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is directly a source, or the result of previous propagation from an earlier source, is
indistinguishable.



CHAPTER 8
Dynamics of Quantum Systems

P8.1 Show that the commutator of two variables that are conserved is also a
conserved quantity:.
Solution. A quantity (not explicitly dependent on time) is said to be conserved if
the time derivative of its expectation value vanishes. This condition is expressed
as
d(F)
dt

so a quantity is conserved if and only if its commutator with the Hamiltonian
vanishes. R

Let F and G be two conserved quantities. This means that they commute with
the Hamiltonian H ,

ih = ([F, H]),=0, (8.1)

[F,H| =0, [G, H]=0. (8.2)

We want to ShOYV that [F , @] is also conserved. To do so, consider the commutator
of [F,G] with H,

[F,G],H] = [F,GlH — H[F,G] = (FG - GF)H — H(FG - GF) (83

= FGH - GFH - HFG+ HGF = FGH — GFH — FHG + GHEF  (8.4)

— F(GH — HG) - G(FH — HF) = F|G, H) - G[F, H] = 0, (8.5

where the fact that because of F.G commuting with H implies FH = HF,GH =
HG was used. Therefore,

[F,G], H] = 0. (8.6)

This shows that [F , CA?} also commutes with the Hamiltonian and is thus a con-
served quantity.

P8.2 Prove the validity of the following expression of the virial theorem for a
system of several particles, where a denotes the particles and ¢, j are their Cartesian

coordinates,
1 oV
——pspe >—— ) =0. 8.7
Z< — B + ax?> (8.7)

(67

Solution. The Hamiltonian of a quantum many-particle system is constructed

114
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analogously to the corresponding classical case, and can be written in the following
form for the three-dimensional case

H = ZZW (r*). (8.8)

where the index « labels the individual particles or their coordinates. For a
bounded system (with motion restricted to a finite region of space) that has reached
a stationary state, the following condition must hold,

% <Z fo‘p?> = 0. (8.9)

a=1 i=1

This requirement is a natural generalization of the condition
d
i

However, we can be more general. Observing that once a stationary state has

been reached, the expectation value of any time-independent variable becomes
time-independent, we obtain the following more informative condition that is more

general,
q /&
- <Z xf‘p?‘> = 0. (8.11)
a=1

This requirement is a particular case of the general condition
<[A, HD —0, (8.12)

where A is an arbitrary time-independent dynamical variable, and the average is
taken over a stationary state (this generalization follows directly from the condition

<dA /dt> —0).
Using the Heisenberg equation of motion, we rewrite the previous expression

S ([atns. 1) =o. 819

r-p) =0. (8.10)

as

We will compute the two required commutators separately. First, we have

2 3
2 {x?p?’ pkpk} ZZZ; [ ?m}fpﬂ p; (8.14)
a=1 =1 k=1
N

1
= zhz — ;D (8.15)
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The remaining commutator is

i (2705, V] = ix? <—ih%) : (8.16)

a=1 a=1

Adding the two results and using the previous equation, we obtain

i (mL (pivf) — <wﬁ%>> = 0. (8.17)

a=1

This is the desired (tensorial) generalization of the quantum virial theorem.

P8.3 Show that an attractive potential of the type V' ~ r™ only produces stable
orbits if n > —2.
Solution. From the virial theorem we have that in this case,
n -+ 2

(E) = ; %) (8.18)
With the usual convention V(r — oo) — 0, in order for the system to be in a
bound state it is required that (V') < 0 (attractive potential) and E < 0, which
implies that n + 2 > 0, that is, n > —2.

This result shows that both the Coulomb potential and the harmonic oscillator
potential can produce bound states. But, for example, the interaction between
two magnetic dipoles with interaction potential V' ~ r=3, cannot produce stable
orbits. The reason for this behavior is that the effective radial potential (which is
obtained by adding to V' the potential associated with the centrifugal repulsion)
has a minimum around which stationary states can be produced only if n > —2,
since the centrifugal potential grows as r—2.

P8.4 Show that for an electron subject to the 1D potential V = —C'z with C' > 0,
the momentum dispersion Ap is constant.
Solution. The momentum dispersion Ap is defined as

Ap = +/{p?*) — (p)*. (8.19)

We use Ehrenfest’s theorem to connect quantum expectation values with classical
equations. For (z) we get

SH
P
~—

p

E(@ = (8.20)
for (p) we get
%(p) =—(VV)=C, (8.21)
and finally, for (p?),
d, o Lo
L0 = (i, ). (822



8. DYNAMICS OF QUANTUM SYSTEMS 117

The commutator gives

p* V] =p*V = Vp® (8.23)
= —ih(2pVV + VV - p) (8.24)
= —ih(—2Cp — Cp) (8.25)
= 3ihCp. (8.26)
Therefore,
%(ﬁ) = %(3’ih0p> = 3C(p). (8.27)
The time derivative of (Ap)? is
$an? = L7 —2) S (p) = 300) —2)(C) = Cl). (8:28)
For Ap to remain constant, we require that
Clp) = 0. (8.29)

This condition is satisfied when either (p) = 0 (stationary states or states with
even symmetry), or C' = 0 (trivial case of null potential).

P8.5 Show that

T . o
E(ﬂcpﬂm —3p. 0

d o
(A =

Solution. By definition, we have
(A2)?* = 2% — (3)2. (8.30)

Since the (#)? is, in general, a function of time, to study the time evolution of
(A%)? we must use the full Heisenberg equation of motion, which gives

d o T d{z)
i (Ad)? = [x H] 2ih(&) =" (8.31)
From -
~ i
t,Hl = —p 8.32
B == (8.32)
it follows that
N A N 1
[33«2, H} S [x H] n [x H] P = %(iﬁ +pa), (8.33)
which substituted into [8.31] gives
d 1 2
A tp + px) — — () (p). .34
T (A8)" = —(ip + pi) — —(2) (D) (8.34)
Taking expectation Values we obtain
< )%y = — (2p + p& — 2zp) (8.35)

as was to be demonstrated.
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It is common (though not universally practiced) to take the quantity
Lo
wp = 5 (TP + p) — TP
as the correlation between the variables x and p. Accepting this definition, Eq.
8.35| establishes that it is the correlation I';, that determines the evolution of o2,
do? 2
Te _ 21,
dt m

With appropriate definitions, the same occurs in classical systems, since Eq.
follows directly from the general definition m (note that Heisenberg’s equations
are formally identical to the corresponding classical equations).

r

(8.36)

P8.6 In [1], Section 8.4, we proved that if two dynamical variables F,G have
simultaneous well-defined values, their respective operators must commute. Show
that this condition is also sufficient, i.e. if Fand G commute, they have simulta-
neous well-defined values.
Solution. We assume

[F,G] = FG - GF =0. (8.37)
Since F' and G commute, it can be shown that they share a complete set of
eigenvectors. To demonstrate this we assume F' that has a discrete non-degenerate
spectrum (for simplicity; the argument generalizes to degenerate cases).

Let {|1,)} be an orthonormal eigenbasis of F, such that

Fln) = faltbn). (8.38)
Applying G to both sides and using the commutation relation we get
F(Gln)) = G(Flta)) = FulGlton)). (8.39)

This shows that G|i,) is also an eigenvector of F' with eigenvalue f,,.
If the spectrum of F' is non-degenerate, G|i¢,,) must be proportional to |¢,),
le.:

é|¢n> = Gn|tn)- (8.40)

Therefore, [¢),)) is also an eigenvector of G.

If F has degeneracy, the eigenvectors corresponding to an eigenvalue f,, form
a subspace H,. The operator (¢ acts within H,, (since [F,G] = 0) and can be
diagonalized in this subspace, yielding a common eigenbasis for both operators.
So any common eigenvector |1)) of F and G satisfies

Flg) = flv),  Gl) = gly). (8.41)

In the state [1), a measurement of F' will yield f with certainty, and a measurement
of G will yield g with certainty. Thus, both observables have well-defined values
simultaneously.
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The commutation relation [F , @] = (0 guarantees the existence of a simulta-
neous eigenbasis, which is a sufficient condition for F' and G to have well-defined
values in the same states.

P8.7 Study the motion of a packet of free particles in the Heisenberg description.
Hint: Calculate the dispersions of & and p as functions of time.
Solution. The Heisenberg equations of motion are

oH oH
j— — h= ———. 8.42
The Hamiltonian of the free particle is H = p?/2m. By substituting, we obtain
dg _p dp
— == — =0 8.43
dt  m’ dt ’ (8.43)
whose general solution is
P = Do; §=do+ 22, (8.44)
m

where ¢y and py are the operators representing the initial conditions. The expec-
tation values, both for position and momentum, follow the classical laws

(0) = (Po), (8.45)

(@) = {ao) + 2

For the quadratic deviations of these quantities we obtain
(Ap)?) = ((Apo)?) = const., (8.47)

t. (8.46)

(80)%) = ((Aaw)?) + ({odo) + (doho) — 200m0) — +{(Apo))—. (8.48)

While the momentum dispersion remains constant (since no effective force acts on
the ensemble), the spatial width of the packet grows indefinitely over time. This is
a consequence of the fact that the slower particles near the rear edge lag behind,
while the faster ones, near the front, move ahead — and this happens continuously.
Eventually, it is the initial momentum dispersion that determines the value of
((Ag)?). In the case where positions and momenta are initially uncorrelated, so
that

(Gopo) + (Podo) = 24opo, (8.49)
one obtains

t2
((A0)) = ((Aq0)*) + {(Apo)*) —. (8.50)
From equation [8.44] we obtain that the fundamental commutator is

. . Do, . o .
[4,p] = |:QO + Eot,po} = [Go, Po] = th. (8.51)
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We see that the matrices corresponding to the initial conditions, although arbi-
trary in principle, must satisfy the quantum laws. This means that the quantum
properties of the packet are encoded from the beginning. In particular, the initial
commutator [go, po] = ¢h leads to the Heisenberg inequality

((Ag)*){(Apo)?) > 1?/4, (8.52)

and thus to a limitation on the possible minimal values of the initial dispersions.

P8.8 Show that the transformation U given by Eqs. (8.114)-(8.119) in [1], is
unitary.

Solution. According to (8.116) and (8.117), the operator U transforms the basis
{u,} (eigenfunctions of Q) into the basis {¢,,} (eigenfunctions of R) via

Om = ZUAmu,\, with Uy = /ngpmdx. (8.53)
)

The matrix elements of U on the basis of {u,} are U,y,. The adjoint matrix Ut
has elements

(U = Uim = /go;knu# dx. (8.54)

We now compute the matrix elements of Uto ,

OO = S (Ol = 3 ( / e dm) ( / Wi dm) . (85)

A A

Using the completeness relation of the basis {uy} (3, ur(z)uj(2) = d(x —2')) we
get

where the last equality follows because {p,,} is an orthonormal basis. Similarly,
the matrix elements of UUT are

(G0, = ; U0 = 3 ( / " dx) ( / o dm) o (857)

m

Using the completeness relation of {p,,}, we get
(UU"), = / W, dz =6, (8.58)
since {u,} is also orthonormal. Therefore, U is unitary.

P8.9 Use the projection operators to construct an expression for the function
f(A), where A is an operator with eigenvectors |n) and eigenvalues a,,.
Solution. Let |n) be the eigenvectors of the operator A and a,, its eigenvalues,

Aln) = au|n). (8.59)
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We construct the projection operators P, associated with the basis n),
P, = |n){(n|. (8.60)

Now let f(x) be a function of x that can be developed as a Taylor series around
the origin

flr) = 3 SO0 (5.61)

We wish to find a suitable definition of the function f(A). We expand the operator
A in its own representation, that is,

A= "apPe =) ailk)(k|. (8.62)

It follows that
A2 = Zakak’|k><k||k'><k’| — Zai|]{;><k| = Zaipm (8.63)
kK’ k n

and more generally,
A= "a) P, (8.64)
Substituting into the series expansion of the function f, we obtain
A 1 s 5D ® 1 s s »
JA) =3 OB =Y By Y0, = ) Puf(ai).  (365)

Therefore, the desired expression is
FA) =" flan) P (8.66)

P8.10 Consider the two-dimensional problem of a particle of mass m moving on
the xy plane under the action of a radial force f(r). Analyze the symmetries of
the Hamiltonian and find the associated constants of motion.

Solution. The radial force is

f(r)= f(r)r, where r=+/2%+y2 (8.67)

The associated potential V' (r) satisfies

f(r)=- dzq(f) : (8.68)

The Hamiltonian in Cartesian coordinates is

H:ﬁ+ﬁ

— +V(r), with r=+/22+ 42 (8.69)

2m
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H is invariant under rotations about the z-axis. This implies that the angular
momentum L, is conserved. In polar coordinates (r, ¢),

0
L, =xp, —yp, = —zha—¢ (8.70)
Now, since [H, L,] = 0, L, is a constant of motion, H has no explicit time depen-
dence, so the total energy F is conserved and H is invariant under x — —x and
y — —y; but this doesn’t generate new constants of motion.
Since H is rotationally invariant, L. is conserved,

dL, i
=—[H,L,]=0. 8.71
s = 2H, L] (5.71)
Energy conservation follows from the time-independence of H,
dE  0H
T . 72
dt ot 0 <8 7 )
In polar coordinates (r, @),
R: (10 0 1 02
H=—— (=2 (rZ )+ =) +v(r). 8.73
2m (7’ or (r8r> * r? 0¢2) +Vir) (8.73)
Given that [H, L,] = 0, the eigenfunctions of H can be written as
U(r,¢) = R(r)e', (8.74)

where /£ is the quantum number associated with L, (with L,y = hf1)).



CHAPTER 9
The One-Dimensional Harmonic Oscillator

P9.1 Derive explicitly Egs. (9.15) and (9.16) of Ref. [1] for the minimum-
dispersion packet.

Solution. The goal is to calculate the dispersion of  and p for the coherent
packet described by the wave function W(x,t) for the harmonic oscillator (HO).
We start from

1/2 [
() = (?—:) / T exp [—% (x — ¢ cos wt)Q} dx. (9.1)
and carry out the change of variable y = x — xq coswt, to get
R mw\1/2 [ mw
() = <E> / (y + xo coswt) exp [—?gf] dy (9.2)
mw 1/2 > mw ,
= <—> T COS wt/ exp [——y } dy = ¢ cos wt. (9.3)
mh o h
Similarly, we have
1/2 oo
(#%) = (%) /_OO (y + 20 cos wt)” exp [—%yﬂ dy (9.4)
mw\Y2 [ o, 5 mw o
= (E) (y* + x cos® wt) exp [—?y ] dy (9.5)
__h /oo e dz + L:f cos? wt /00 e dz (9.6)
Vrmw J o Vi —e0 ’ '
where we made the change of variable z = (mw/h)"/?y. Evaluating the integrals
yields
2 h 2 .2 h 2
<x>:M+xocos wt:m+<:p> : (9.7)
From this it follows that the dispersion of Z for this state is
1 I
Az = (3% — (3) = — = —— 9.8
<( 2) > <x > @) 4da  2mw (98)

For the calculation of p we start from

(B = —ih /_ T v e ) 2w (e, t) de (9.9)

0 Ox

123
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= —ih/ U*(z,t) (—%(m — xpcoswt) — i%xo sinwt) U(x,t)de.  (9.10)
By Eq. (9.3), the integral of the first term gives imw (x — x¢coswt) = 0. Thus,

we are left with

(p) = —ih (—i%xo sinwt) /00 U*(z,t)¥(x,t)de = —mwzgsinwt.  (9.11)
Following a procedure similar to that used to calculate (2?), we arrive at
(p*) = mhw — mPw?zie” " — mPw? (%) + 2mPwzee ™" (1), (9.12)
that is,
(p*) = tmhw + m*w?af sin® wt = Imhw + (p)*. (9.13)
Therefore,
((Ap)?) = (*) — (p)* = smhw = Ka. (9.14)
From and , it follows that the product of the dispersions is
(8) (A7) = 17 9,15

This is the minimum value that the product can take, showing that the coherent
oscillator packet has the minimal dispersion compatible with quantum laws; hence
we call it minimal. From the previous relations it also follows that this minimal
packet satisfies the condition.

((Ap)?*) = m*w® ((A%)?). (9.16)

P9.2 Show that the stationary states of the harmonic oscillator satisfy the follow-
ing relations:
A - 1
E, = mw*(n|2®|n);  (n|T|n) = (n|V|n) = §En (9.17)
Discuss these results from the point of view of the virial theorem.
Solution. We will calculate the values (n|2#?|n) and (n|p?|n) directly. The non-
zero matrix elements of  for the harmonic oscillator are

h h
Tpn—1 = Tn—1n = 5N, Tannyl = Tptinp = %(n + 1) (918)

Using the rules for matrix multiplication, we can write:

(nld[m) =y (n|2|k) (k| &|m) (9.19)
= (n|z|n + 1)(n + 1|z|m) + (n|z|n — 1)(n — 1|z|m) (9.20)
= (n|Z|n + 1)(n + 1|Z|n)0pnm + (n|Z|n + 1)(n + 1|&|n + 2)dpiom (9.21)
+ (n|z|n — 1)(n — 1|Z|n)0nm + (n|Z|n — 1)(n — 1|Z|n — 2)dy—2.m.
(9.22)
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Therefore, the only non-zero matrix elements of #? involving the state n of the
harmonic oscillator are

22, = (n|#?n) = (n|Z|n + 1)(n + 1|2|n) + (n|2|n — 1)(n — 1|&|n), (9.23)

nn

r? = %(Qn +1). (9.24)

T2 o = (n]@%n 4 2) = (n|&|n + 1)(n + 1|&[n + 2) (9.25)
- % (n+1)(n+2), (9.26)

22 o = (n|@*In — 2) = (n|z|n — 1)(n — 1|z|n — 2) (9.27)
= % (n—1)n. (9.28)

The matrix elements of p? are similar, but multiplied by m?w?; in particular,
1
p2 = (n|p*In) = m*w?(n|2*n) = émhw(Qn +1). (9.29)

With the previous results, we can calculate the expectation values of the kinetic
and potential energy in state n, which are

Aoy L IR S e
(nlTln) = 5 (nlf?lm) = (@), (9.30)
~ I 5, 15, 1 1
(n|V]n) = =mw*(n|z°|n) = —mw=(z°) = —hw (n+ = |, (9.31)
2 2 2 2
from which it follows that
E, = (n|T + V|n) = mw?(&?), (9.32)
and
A ~ 1
(n|Tn) = (n|V|n) = §En. (9.33)

The quantum virial theorem states that for a potential of the form V = ar®, the
stationary states must satisfy the condition given by

. S~ s
T = Z(V) = 9.34
() =50 = = (9:34)
For the harmonic oscillator, s = 2, and this condition reduces to
. ~ 1
()= (V) = 3B, (9.3)

which coincides with Thus, the stationary states of the harmonic oscillator
satisfy the virial theorem, as expected.
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P9.3 Determine the energy eigenvalues for the 1D Schrodinger equation with the
potential

10,22
V(x):{2mwx, x>0 (9.36)
+00 x < 0.
Solution.The time-independent Schrodinger equation is
() 1,
T 5T T Y(z) = EY(x). (9.37)

This is the harmonic oscillator equation with the additional boundary condition
1(0) = 0. The general solutions for the harmonic oscillator are the eigenfunctions
of the Hamiltonian,

mw\1/4 1 mw _ mwa?
() = <7Th) \/WHTZ (HTx) e 2, (9.38)

where H,, are the Hermite polynomials. The corresponding energy levels are

1
En:(n+§)hw, n=012,... (9.39)

From the parity of the Hermite polynomials, if n is even, ,(0) # 0 (it does not
satisfy ¥(0) = 0) and if n is odd, ,(0) = 0 (it satisfies the boundary condition).
Therefore only eigenfunctions with odd n are physically acceptable,

n=123,5,... (9.40)
The corresponding energy levels are
1

En:(n+§)hw, n=13,5... (9.41)

To express the energy levels more compactly, we make the substitution n = 2k +1
where k£ =0,1,2,...,

3

Ey = ((% +1)+ %) hw = (Qk + 5) hw. (9.42)

The wave function for the ground state (k =0, n=1) is

Yo(z) =

and the corresponding energy is

(%) Tgwxe_Th’ (943)

By = gha} (9.44)

The energy eigenvalues for this system are therefore

B = (2k+g) B, k=0,1,2,... (9.45)
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P9.4 Find the probability that the particles lie within the classically allowed range
for the eigenstates of the HO, and determine the value of this probability for the
ground state. Note: (erf)(1) = 0.8427...

Solution. We begin by recalling the eigenfunctions of the quantum harmonic
oscillator in terms of the dimensionless variable ¢ = aio, where ay = /h/mw.
These are given by

¥n(€) = Cue™ 2 Hy(€), (9.46)
where H,(§) are the Hermite polynomials and C,, is the normalization constant
C, = (Vrap2'n!) 2. (9.47)

To compute the probability that the particle lies within a specific region x € |[a, b],
we evaluate the following integral

b
P:/ [ ()| 2da. (9.48)

Changing variables to £ = o this becomes
b
@0
P= [ u(©)Pads. (9.49)
ag
The limits x4 are the classical turning points, determined by equating the total
energy with the potential energy,

1 1
—mw?rd = hw [(n+ =), (9.50)
2 2
which gives
2h 1
Ty =y — |n+ 5 ) =FagvV2n+ 1. (9.51)
mw 2

Outside of this region, the classical particles would not have enough energy to pass
through. Thus, the probability that the particle lies within the classically allowed
region [x_, x| is

V2n+1 5 V2n+1 )
Py — apC? / &€ |H,,(€)Pd = 2000 / cEH()PdE (9.52)
—/2n+1 0

V2n+1

= (ym2" a7 /0 e € | H,, (&) |2de. (9.53)

For the ground state n = 0, we have

Ho(§) =1, Co= (\/an)_l/z (9.54)
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and the probability becomes

_ 2 Mo 2 VT
Po_ﬁ/o dg = - (1), (9.55)

Using erf(1) = 0.8427, the probability that the particle in the ground state lies
within the classically allowed region is approximately

Py ~ 84.3%. (9.56)

As n increases, the classical turning points are farther apart, and the probability
that a particle lies within the classically allowed region increases because of the
dominance of the exponentially decreasing factor.

P9.6 Solve the 3D harmonic oscillator problem in Cartesian coordinates. Discuss
the degeneracy for the isotropic case.

Solution. The potential in this problem is a separable function in each of the
Cartesian coordinates, so we can write

1
V(w,y,2) = gm (@i2” +wpy” +wiz®) = V(o) + V() + V(2). (9.57)

This allows us to reduce the problem to the case of three independent one-dimensional
harmonic oscillators, with frequencies wq, wo, and ws, oscillating along the axes Oz,
Oy, and Oz, respectively. The wave function is the product of the three corre-
sponding eigenfunctions

: 1 V2 mwi\ VA 9
UVt nams (T5 Y, 2) = ny (2)8n, (Y)1hn (2) = H (Qnin!> ( h ) e s/ Hy, (&),
- (9.58)

where
mw;
SEVTE
The energy of the 3D harmonic oscillator is the sum of the energies of the three
independent oscillators,

3
1 1 1
Enl,nz,n;g = Z Enz = hCU]_ (n]_ + 5) + hwz (712 + 5) + hW3 (77,3 + 5) . (960)
=1

From this expression we see that if the ratio between the frequencies w; is irrational,
the energy levels are non-degenerate. However, the ground state is always non-
degenerate.

In the particular isotropic case w; = wy = w3 = w, the total energy can be
written as

i, i=1,2,3, n;=0,1,23,... (9.59)

E, = hw (n + g) , (9.61)

with
n =mny +ng +nz. (9.62)
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In this case, all energy levels, except for the ground state, are degenerate. Indeed, if
we fix n1, then ny can take values from 0 to n—ng, so that the sum n = ny+no+n3
for given n; and n can be found in n — n; 4+ 1 different ways. The degeneracy of
the n-th state is therefore given by

. 1
Z(n—n1+1):§(n+1)(n+2). (9.63)

n1=0

P9.5 Small-amplitude vibrations in diatomic molecules can be studied using as a
model for molecular vibrational potential the potential of the HO, V (z) = %k:fo,
with k; the force constant. For a typical diatomic molecule, ky ~ 1 x 103J - m~2.
a) Use this data to estimate the value of the zero-point vibrational energy.
b) Estimate the spacing, in energy, between two successive states.
Solution. The potential is modeled as a harmonic oscillator

1
Vi(z) = §kf:c2, (9.64)
where ky is the force constant and x is the displacement from the equilibrium. The
angular frequency w of the oscillator is given by
k
w= /L, (9.65)
i
where 1 is the reduced mass of the molecule. For a diatomic molecule with masses
mq and my,
1M
=— . 9.66
h= (9.66)
The zero-point energy (n = 0) for a quantum harmonic oscillator is Ey = %hw
Substituting w we get

Ey= =4[ -L, (9.67)

and fthe spacing between successive levels of a harmonic oscillator is given by

AE = h, /%. (9.68)

For the particular case of the Hy molecule, we get, with u ~ 0.8 x 107%"kg, w ~
10*%s~1. Therefore, with A ~ 10734J - s, we have
hw
Ey = - = 0.5 x107%J,  AE = hw ~ 107%] = 10 erg. (9.69)

The energy between two successive vibrational energy states is therefore larger than
the energy between the molecule’s rotational states, which is of the order of 1072J.
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P9.7 A one-dimensional oscillator moves in the external electric field generated
by the potential —e&x(t).

a) State the equations of motion for Z(¢) and p(t) and show that they have
precisely the form of the corresponding classical equations.

b) Solve for #(t) and p(t) as a function of #(0) and p(0).

¢) Determine the commutation relations [x(t1), z(t)] for arbitrary ¢, — to.
Solution. a) The Hamiltonian for this problem is

H= » + Lt — es (9.70)
2m = 2 .
From the Heisnberg equation for Z(t) we get
dz 1~ i [ p?
= H. 3= ]2— 2. 9.71
e R fr] (9.71)
or using [p°, ] = p[p, 2] + [p, &]p = —2ihp,
/\2 .
o 1 o ih .
£ = — (—2%hp) = — — 9.72
Lm’x} 5, (—2ihp) = ——p, (9.72)
whence
dz 1 ih D
o2 =) = £ 9.73
dat h ( mp> m (9.73)
Similarly, for p(t) we get
dp i, ' 1
d_fz _ %[H,p] _ % <{§mw2§c2,ﬁ] n [_egg:«,p]) . (9.74)
Calculating each commutator,
2%, p| = &[a,p] + [2,p& = 2ihi, [2,p] = ih (9.75)
1 1
[imuﬂﬁ,ﬁ] = §mw2(2ih§c) = ihmw?% (9.76)
[—e€x,p| = —e&(ih) (9.77)
and combining, we obtain
PO
d_]t) = %(ihmw% — ihe€) = —mw?3 + €. (9.78)
The classical equations for a particle under force F' = —mw?x + e€ are
de. p dp 9
therefore the quantum equations have identical form to the classical ones.
b) The differential equation for z(t),
&z, €€
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has the homogeneous solution: Zj(t) = Acos(wt) + Bsin(wt) and the particular
solution &, = eF/mw?. Therefore the general solution is

e
t(t)=A t) + Bsin(wt . 9.81
2(t) cos(wt) + Bsin(wt) + — (9.81)
The constants A and B are determined by the initial conditions,
e€ R e€
d . .
_x(o):@:wg — 50 (9.83)
dt m mw
Substituting
o {4 e€ p(0) . e€
z(t) = (x(O) — mwQ) cos(wt) + o sin(wt) + p—r (9.84)
and rearranging we get for z(t),
. . p(0) . e€
2(t) = (0) cos(wt) + p— sin(wt) 4+ mwQ( cos(wt)) (9.85)
For p(t), using p = m‘flf, we obtain
dz . e£ ) p(0)
pri (x(O) — mwQ) sin(wt) + - cos(wt), (9.86)
&
p(t) = p(0) cos(wt) — mw(0) sin(wt) + % sin(wt). (9.87)

c¢) The third term in the expression for #(t¢) does not contribute to the com-
mutator, so that

[E(t), 3 ()] = {:%(0)01 + %81,9&(0)02 + %52 , (9.88)

where ¢; = cos(wt;), s; = sin(wt;). Expanding the right hand side gives

ereafi(0), #(0)] + “2{#(0),p(0)] + 2= [5(0), #(0)] + —5 5 [p(0), H(0))-  (9.89)

Using [2(0),p(0)] = ik and [p(0),2(0)] = —ih, we thus get

(1), 2(12)] = - sin(elts — 1) (9.90)

The different-time commutator oscillates with a frequency equal to its natural fre-
quency, regardless of the applied electric field.

P9.8 Consider a harmonic oscillator of frequency w in its ground state. At time
t = 0, the oscillation frequency is abruptly reduced to the value W' = w/k, with
1 < k < o0. Calculate 9 (z,t) for t > 0. Determine:

a) the probability that the system is in the eigenstate with energy F,, at time t;
b) the value of n for which this probability reaches its maximum.
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Discuss the results.
Solution. Until £ = 0, the system is in its ground state with wave function

o(z,0) = <_h> exp (——x2> . (9.91)

™

From t > 0, the frequency is w’, so the propagator is

[ —imw imw' (2% + 2'%) cosw't — 2z’
K(z,t,2',0) = | ——— . 9.92
(z,2,2',0) orhsinwt T [ h 2sinw't (9.92)

The wave function for ¢ > 0 determined by this propagator is

U(x,t) = / K(z,t,2',0)(2',0) da’ (9.93)
mw 1/4 —imw'’ > imw' (22 4+ 2'?) cosw't — 2z’ mw de’
— —_— — —a'%| da'.

2rhsinw't 2sinw't 2h
(9.94)

This expression can be rewritten as

b t) (mw>1/4 —imw'’ imw' -
vt)=—) /7m0 ex z” cot w
’ mh orhsinw't P\ 2R

[oe] /
X / exp [—% (w — iw' cot w't) 2'* — zm;;) xz’ cse w’t] de’. (9.95)

—00

Using the formula

/_00 exp(—ax? — Bz)dx = \/gexp (%) , (9.96)

we write [9.95] in the form

1) (mw>1/4\/ —i \/ 2rh . imw'z? cosw't
x.t)=— xp [ —————
’ wh 2mhsinw't \ k —icotw't P 2hsin w't
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" h imw'z \ 2 1 (9.97)
exp | —— )
p 2m \ hsinw't / w' cotw't — w

B (mw>1/4 1
- \7h Veosw't + ik sinw't

mwz? kcosw't + isinw't
% _ . 9.98
P ( 2h cosw't + ik sin w’t) (9.98)
B (mw)1/4 1
mh \/cos‘”—t—i-iksin%
mw cos%t—i—ksm%t 9
« _ 9.99
P [ 21 cos®t 4 iksin &t (9.99)

This function appropriately reduces to ¢(m, 0) when ¢ = 0, and to the ground-state
wave function ¢y(x,t) for k = 1.
The probability that at time ¢ the system is in the eigenstate 1, is

Po = |(6(x, 1) | )2, (9.100)
with
(w14 aCh
(Wl t) | ¥n) = ( Wﬁ) Veosw't — ik sinw't

oo cosw't —iksinw't

. /oo ox [_% (kcosw/t—'is'inw/t_i_l) gQ] Ho(€)de, (9.101)

r=apf, ap = ( ZI)I/Q. Setting

1 (kcosw't —isinw't
= 1) =~ =¢? .102
2 (Cosw’t—iksinw’t * >£ =8 (9.102)
we can rewrite the transition amplitude in the form
mw 1/4 ayC,
w0 = (50)" et [ (G5
Wl ) | ) mh Veosw't — ik sinw't \/_ )%
(9.103)

Since the parity of the Hermite polynomials H, is given by their index n, the
amplitude (¢ (z,t) | 1) is non-zero only if n is even; this means that the states
with odd n do not contribute to the wavefunction for ¢ > 0. This is due to the fact
that the initial state is even. Making the substitution n — 2n, with n an integer,
we find that the non-zero amplitudes are

(w14 a(Cop, /
(Wl 8) | Yan) = (7Th> Veosw't — ik sinw't \/_/ H2n ( 6) as'.
(9.104)
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Using the formula ([3], 7.373,2)

/ e Hy () d = V7 - (QW’Z)! (y? — )™ (9.105)

o0

and the definitions for of and Cs,, we get

(2n) (wWw)'/4 1 1 /1-—~\"
Wi, 1) [ Vo) = o5 n! o coswt — iwsinwt ﬁ (T) - (9.106)

From this and [9.100, we obtain the probability that the system is in the eigenstate
with energy FEs, at time ¢,

2

o (2n)! Vk 1 /1—7\" 0107
207 5on N2 2, 22 Wy ( ’ )
220 (n!)? Veos2w't + k2sin? W't [ v
With . .
k+1 coswt—isinw't
= . 9.108
i 2 cosw't —iksinw't’ ( )
and ,
1=y _w-o k-l (9.109)
vy wHw  k+1 '
we get
1 /1=-\" 2 [k-1\" .
Y R = [ — -V cos?w't + k2 sin® w't, 9.110
= (=) M(m) v (9110
which gives
P _ (2n)!  2Vw W —w\" (9.111)
T2 ww \wFw) '

The probability that the system is in the eigenstate with energy Fs,.; is zero,
P2n+1 == 0 (9112)

As n increases, the value of P,, decreases; the value for which the maximum
probability occurs is the ground state, n = 0. The maximum probability F
is given by the ratio of the geometric mean to the arithmetic mean of the two

frequencies,
2Vww'  2VEk
p = e 2VE (9.113)
w+w 14k

P9.9 Derive the evolution equations for (z) and (p) for systems with Hamiltonians

n2
o5 P 1 2,2
H =t om (e’ + fr + ), (9.114)
~p2 1 A
7 R (9.115)
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Solve the equations for the first case.
Solution. With the first Hamiltonian given by
52

~ D 1 5,5, 1 1
H=-— 1= Z _
o + 5w 2 + 2mﬁw+ 2m€,
we get for the evolution of (%), from
d,. (PSS
5@") ﬁ([ , &)
and A2
s o[22 4]
[ ) ]_ |:2max:|
the result

For the evolution of (p) we use

d 1.~
) = —(H. D
7 (B) = > ([H, 7)),
with
oA I 9.5 . 1 P
[Hap]: 5?71&) T ,p + §mﬁx,p
= ihmw?i + Zh%ﬂ
The result is therefore 4
) = —ma) ~ "2

Differentiating the first result and substituting the second gives

mdt m

S = L2 = L (cmae) - 2,

that is,

d? . 9/ a B
@@;} +w () = -5
The homogeneous solution of this equation is

(), = C cos(wt) + Cysin(wt),
and the particular solution, assuming (%), = K (constant), is

2K:—é K:—£<
“ 2 22

The general solution is thus

()(t) = O cos(wt) + Cy sin(wt) — 22

(9.116)

(9.117)

(9.118)

(9.119)

(9.120)

(9.121)

(9.122)

(9.123)

(9.124)

(9.125)

(9.126)

(9.127)

(9.128)
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and its time derivative is

%(i’} = —wC sin(wt) + wCy cos(wt). (9.129)

or in terms of the initial conditions: (Z)(0) = zo, (p)(0) = po, the integration
constants are given by

) g B
(2)(0) 201—2—&)2:% = (4 ZIE0+2—WQ, (9.130)
d
E< ) :w@:% — 02:%. (9.131)
t=0
Therefore,
. _ B Po . B B
(Z)(t) = (xo + 2w2) cos(wt) + - sin(wt) 557" (9.132)
and
(p)(t) = po cos(wt) — mw (:130 + 2’%) sin(wt). (9.133)

With the second Hamiltonian given by

H=—+- - — 134
2m+2mwx = (9.134)

we get the following, using the Heisenberg equations again,

d .

E<i> = % (same as before), (9.135)
and

d, . 2/4 ~—3
d_t<p> = —mw?(T) — 2A(277). (9.136)

P9.10 Derive the creation and annihilation operators for the harmonic oscillator,
based on the description of the system in momentum space.
Solution. In the momentum representation, the operator  is given by

0
T = ih— 9.137
T =1 o’ ( )
so the Hamiltonian of the 1D harmonic oscillator
9
g P 1 2,2
H = o + 5w (9.138)
takes the form ) 92
2 p 1 222
H=-"——— h*—. 9.139
om 2 op? ( )

The Schrodinger equation in this representation is

. 0d(p,t) _ P B 1oy, 0
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Comparing [9.140] with the corresponding Schrodinger equation in the coordinate
representation,

vh

OY(x,t) _ R o* 1,
2m Ox?

B —— 4+ 5w xQ) P(x,t), (9.141)

we see that one transforms into the other under the substitution
p > mwr = mwag = Vmhw €. (9.142)

Therefore, in terms of the dimensionless variable

n=L, po=Vmhw, (9.143)

Po’

The correspondence is reduced to n <+ £. Using this correspondence, we can
write the eigenfunctions of [0.140| directly from the eigenfunctions in the coordinate
representation

Yo = (2nlagy/m) 2 e €2 H, (€), (9.144)
thus obtaining
bn(p) = (2"nlpov/m) 2 e 2H, (). (9.145)

The procedure followed is legitimate because, since the system has finite energy,
¢n(p) must vanish as |p| — oo, which is a boundary condition analogous to that
satisfied by the solution in coordinate space.

The expression of the eigenfunctions is the same, so again we have

% (77 — %) On =Vn+ 1¢p4q. (9.147)

In this case , the dimensionless operator is given by

/mw /mw
14
877 ap (9.148)

It is clear from Egs. (9.146)), (9.147) that the effect of the operators

)~ ) B ) o

dT:%(n_a%) %(\/%i—i—z\/?x) Z’—%"(iﬂx) (9.150)
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is to lower and raise by 1 the index n, respectively. The annihilation and creation
operators expressed in momentum space are therefore

. /mw [ p 0

“=\ 2n <mw h@p) ’ (9.151)
ot [mw [ p 0
¢ 2h <mw hap) ’ (9.152)

and it is easy to confirm that
[a,a'] = 1. (9.153)
P9.11 Calculate the matrix elements z,,, and z?  for the harmonic oscillator,

using © = /52— (a + a') and

At = Vnthn (9.154)
ity = Vn+ 1,44 (9.155)

Solution. In Dirac notation, we write
aln) = v/nln — 1), a'ln) = vVn +1jn+ 1), (9.156)

and write the matrix elements of the position operator z as:

X h L

Tpm = (n|Z|m) = ST (n|(a + a")|m) (9.157)

h
=\ (\/E(mm — 1)+ vm + Ln|jm + 1>) . (9.158)

h
= (\/ n + ]-6n,m—1 + \/ﬁén,m-l—l) . (9159)
2mow
Similarly, with a2 = h/mgw,

2% m) = — (2a|m) + za'|m)) (9.160)

= ?(ﬁcﬂm — 1) + vma'im — 1)
+vVm+ 1ajm + 1) + vVm + 1at|m + 1>> (9.161)
- %(x/m(m— Dm —2) + (2m + 1)|m)

+ \/(m+1)(m+2)]m+2)>, (9.162)

from which it follows that

xim _ D (x/m(m —1)0nm—2+ 2m+1)dm

2mow
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+/(m + 1) (m + 2)5n,m+2). (9.163)
P9.12 Show that
eMate™ = al 4+ )\, (9.164)
e = a— A, (9.165)
e f(a,a")e ™ = f(a,a’ +X), etc, (9.166)

where f represents a function admitting a power series expansion of @ and a'.
Solution. It can be shown that for a pair of operators A and B, the identity

BAcB = A+ (B, A+ 21 B, (B, A] + ;! B,[B,[B, A +---  (9.167)

holds, which follows from expanding the exponentials and regrouping terms.
Taking B = A\a and A = af, the above expression gives

X 1
eMale™ = al 4 [Na, a'] + 5[Aa, [Aa,a']) + - (9.168)
\2
=a' + ANa,a'] + E[d’ [a,al]] + - . (9.169)
Since
[a,a'] =1, [a,]a,a']] =0, (9.170)
all higher-order nested commutators vanish and we find
eMafe ™t =gt 4 \. (9.171)
Similarly, it can be verified that
A ae N =g — A (9.172)

Equation [0.172] can alternatively be obtained by taking the Hermitian adjoint of

Eq. 9.171f and making the change A — —A\.
Using again the expansion we now write
2

eraime™ M = g™ 4 Na,a™] + %[d, [G,a"™]] 4 - . (9.173)
Using the identity o ) A. X
[A, B"] = nB"[A, B, (9.174)
which holds when A and B commute with [A, B], we find
[a,a"™] = ma'™ Vg, al] = maltm=1, (9.175)
| =m(m—1a'm2, (9.176)

Substituting into [0.173] we obtain
. . 1
eMatmea = gfm 4omaafm=b 4 om(m = DAX%afm=2 4= (at 4+ )™ (9.177)
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This result is a generalization of Eq. [9.171] to arbitrary powers m, and shows
that the operator a acts as a displacement operator. Similarly, applying the same
reasoning to Eq. [0.172] we obtain

e g = (G — A)™ (9.178)

An alternative form of [9.177], which is sometimes useful, can be written as

1
at™ + miafm=b 4 Sim(m = DA2aTm=2) 4 ...

d A2 2 o ot - tm
- < dat 2l dat? > alm = er/aalgm, (9.179)
Substituting this result into yields
MgimeA = M0/0al gim, (9.180)

Now, let f(a,a’) be a function of the annihilation and creation operators which
can be expressed as a power series:

f(a,at) = Zc aratm (9.181)

Using we find
A f(a,ah)e Z Cm € a (9.182)

_chma e*alme ) (9.183)
—chma + A", (9.184)

that is,
e f(a,al)e™ = f(a,a’ + ). (9.185)

P9.13 Determine the eigenvalues of the Hamiltonian
H = hoa'a + hy(a + ab). (9.186)
Hint: Introduce a new pair of creation and annihilation operators that diagonalize
H.
Solution. Consider a new pair of mutually adjoint operators,
A=a-p, At=al-p", (9.187)

where [ is a parameter to be determined. The goal is to find a value of § that
diagonalizes the given Hamiltonian; once achieved, the problem can be solved using
standard methods.
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Substituting into the proposed Hamiltonian yields

H = ho(At 4+ B A+ 8) + (Al + 8"+ A+ 9) (9.188)
= hoATA + (hoB + h1) AT + (ho8* + hy)A (9.189)
+ hof8* 6 + hi (B + B). (9.190)

To diagonalize this expression, it suffices to require that the coefficients of At and
A vanish. This is accomplished by choosing

B*=pB=—h/he. (9.191)

With this selection, the Hamiltonian reduces to the standard form

2
H = hoATA — ﬁ, (9.192)
ho
and the new creation and annihilation operators become
A=a+hi/hy, At =al+hy/he. (9.193)
The commutation relations remain unchanged,
(A, Af] = [a,af]. (9.194)
The Schrodinger equation to solve is now
A h2
Ey = (hOATA — h—l) . (9.195)
0
We set
h2
E=E —1hy— -, (9.196)
ho
which yields
E'y = (hO/UA n %h()) . (9.197)

Defining a frequency w through the relation hg = hw, this equation represents a
harmonic oscillator with energy eigenvalues

E'=hw(n+3)=ho(n+3). (9.198)

The energy eigenvalues of the original Hamiltonian are given by

2

En:hon—%, n=123,... (9.199)
0

This diagonalization method has proven to be extremely useful in various appli-

cations, exactly in linear situations (as in the present case), or as an approximate
method for nonlinear and more complex problems.

P9.14 Show that if A = A(t = 0) is an operator at time ¢t = 0, then A(—t)i(z,t) =
Ai(x,t), where ¢(x,0) is the eigenstate of A. Use this result to build the Feynman
propagator of the harmonic oscillator. Verify that it approaches the free-particle
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propagator as w — 0. Why does the same happen for w fixed (< oo) when
t—t — 07 )
Solution. Let us consider an eigenstate of the operator A at time ¢ = 0, such that

Ap(z,0) = Ay (z,0). (9.200)

Assuming the Hamiltonian is time-independent, the wave function at time ¢ can

be written as ¥(x,t) = e*im/h@Zz(m,O), which allows us to rewrite the previous
equation as

Aeim/hw(x, t) = Aemt/hw(x, t), (9.201)
that is,

e’im/hﬁemt/hw(x, t) = AY(z,t). (9.202)

But since eHt/1 Ae=Ht/M ig the Heisenberg-picture operator A(t), this is equivalent
to

A(=t)p(z,t) = Ag(x, t). (9.203)

This result shows that if ¢)(x,0) is an eigenfunction of an operator A at time t = 0,
then 1 (z, ) is an eigenfunction of the time-evolved operator A(—t) with the same
eigenvalue A.

To build the Green function (or Feynman propagator) of the harmonic oscil-
lator based on this result, we recall that the Green function is the solution of
Schrodinger’s equation with a delta source 0(x — zy), that is, it is an eigenfunction
of & with eigenvalue xy at t = 0,

2G(t = 0) = zoG(t = 0). (9.204)
From [9.203] it follows that at time ¢ we have
T(—t)G = xoG. (9.205)

From #(t) = & coswt + 22 sinwt, we have for the harmonic oscillator that

Z(—t) = T coswt — L sinwt. (9.206)
mw

Then the equation becomes

h
(a: coswt + —— sin wt 2) G = z0G. (9.207)
mw Ox

The solution to this equation is

G(z,xo,t) = Go(t) exp ( (9.208)

imw 22 coswt — 2x0x
2h sin wt

To determine Gy(t), we require that G(z,xg,t) be a solution to the Schrodinger
equation for ¢ > 0. When [0.208] is substituted into the Schrodinger equation, all
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x-dependence cancels out, and a differential equation for Gg(t) remains, whose
solution is

C imw x2coswt
Go(t) = palt . 9.209
ol?) V/sin wt P ( 2h sin wt ) ( )

By inserting this result and performing the variable change t — t —t/, oy — 2/, we
obtain for t —t' >0

K(z,t |2 t) =Gz, 2, t —t)

C . imw (2% + 2'?) cosw(t —t') — 2xa’
= —-— X .
sinw(t — t') 2h sinw(t — t')

(9.210)

Since G(z,20,0) = d(x — x¢), the normalization condition [ G(z,x¢,0)dx = 1
determines the constant C', yielding

—imw
= . 211
¢ V' 27h (9 )

The final result is precisely the Feynman propagator
We now verify that the propagator of the harmonic oscillator reduces to that
of the free particle in the appropriate limits. In the limit # ~ 0 we have that

sinf ~ 60, cosf = 1.

This holds for both w — 0 and ¢ — ' Substituting into [9.210| we have immediately
that

K(z,t| 2 t) ~

mw 1 {imw x2—|—x’2—2xx’} (9.21)

2mih \Jw(t — t') b on w(t—1t)

_ /zmhgb— 7 ex [Z?éé:?ﬂ . (9.213)

Thus, we recover the free-particle propagator. For w = 0, the Schrodinger equa-
tion becomes the free particle equation. The fact that the same behavior holds
for t — t’ tells us that for very short time intervals, the potential has a negligible
effect, and the particle behaves as if it were free. In other words, motion is domi-
nated by inertia rather than potential for very short times.

P9.15 Prove that if f(a') is a polynomial in a', then

al
af (o) = Do) (9214
e f(ah)]0) = f(a' + \)|0). (9.215)

Solution. To prove (9.214)), let f(a') = >"}_, cx(a")* be a finite polynomial. The
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state 1s
n

F(@hjoy =>" cx(ah)*0). (9.216)

k=0
Applying a,
af(ahoy =>" ca(ah)"o). (9.217)
k=0
For each term, using the commutator and a|0) = 0,
a(a")*|0) = [a, (a")*]|0). (9.218)
Calculating the commutator recursively for £ > 1 we get
k—1
[a, ("] = (ah)*"[a,al @’y = k@h*, (9.219)
=0

since there are k identical terms. For £ = 0, the term vanishes. Thus,

k(ahk=to0)y if k>1
A(ahF10) = = 9.220
4@y {0 if = 0. (9220
Substituting,
af(ahoy =>" ek(ah)*0). (9.221)
k=1
The formal derivative of f with respect to a' is
df (@) ¢ ke
P = cpk(ah) (9.222)
k=1
Therefore,
df (a") - k-1 o poat
= 10) :;ckk(a) 0) = af(ah)]o). (9.223)

To prove (9.215]), we use the displacement operator property obtained in Problem
P9.12. For operators satisfying [a,a'] = 1,

eMate™ = al + ), (9.224)
which implies
eMal = (af + \)er, (9.225)
Extending to a polynomial f(af),
eA&f(dT)e—/\d _ f(ez\dd]‘e—)\&) _ f(CALT + )\>’ (9.226)

rearranging terms
M f(ah) = f(at + N)eM (9.227)
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and applying to |0), we get
A f(ah]0) = f(al + A)er0). (9.228)

Since a|0) = 0, the exponential acts as

20y = 3 (Aj!)n 10y = |0), (9.229)

because a"|0) = 0 for n > 1. Substituting, we finally obtain
e f(ah)0) = fa' + X)[0). (9.230)

P9.16 Prove that o o
eaa+,3aT _ eaaeﬁafeaﬁ/% (9231)

Solution. The problem can be most easily approached using the Baker-Campbell-
Hausdorff formula, which is given up to third-order commutators in [1|, Appendix
A.3,

In(efe?) =P+ Q+ = [ L Q) + ([ P[P, Q)]

rlR.[@.P) - 214@[ P.[P.Q] (9.232)

where P, () are two noncommuting operators. In the present case, with P = aa,
Q = Ba’, we have, up to third order,

af af

In aa pBaty _ S A AT hatad PPN |
(') = aa+ gal + faa] + 2 (afa,a.a]
04262
Using the basic commutator [, a'] = 1, this reduces to
ln(ea&eﬁdT) = aa + Bal + %ﬂ. (9.234)

As can be seen, the higher-order terms will not contribute to this equation. There-

fore, we get
eoatpal _ eo‘deﬂ‘ﬂeo‘ﬂﬂ, (9.235)

which is the desired result.
P9.17 Calculate the normal frequencies €2; and €2y of the Hamiltonian given by

~ h2 62 82 2 9 2
H:_% 8_:16%+3_2 + mwlxl—i— mw2x2 MWoT1To. (9.236)

Solution. The system consists of two 1D oscillators with equal mass but different



9. THE ONE-DIMENSIONAL HARMONIC OSCILLATOR 146

frequencies, linearly coupled. To obtain the normal coordinates of the problem
(where the oscillators decouple), we introduce new variables X and x through a
linear transformation from x, x5 with coefficients a;;,

X = a;1xry, + 1279, T = a21T1 + A92T9. (9237)

The problem is solved using an orthogonal transformation. With the transforma-
tion determinant equal to 1,

ai1G — A12a91 = 1, (9.238)
the inverse transformation is:
T = a22X — 127, To = —CL21X + anx. (9239)

For the transformation to be orthogonal (a” = a!), a comparison of (9.237)) and
(19.239) shows that
ajp = dgz; (12 = —A21. (9.240)

Conditions ((9.238)) and (9.240]) leave only one free parameter, which we will choose
to diagonalize the frequency matrix. Thus we set

— — 2 2
a; = a1 = ag, apgp = 19 = —Aaogy, ag + a; = 1. (9241)

It is straightforward to verify that the transformation preserves the diagonality of
the kinetic energy,

0* 0 0 0\ 0 0\
Z b = (a—= —ag— 2 iaz 242
972 o2 (‘“ax “Oax) * (“0 ax " 8x) (9.242)

2 o2
= (ag + af)W + (ag + a%)@ (9.243)
+ 2(—apay + apa )3i (9.244)
001+ Go01) 7 o :
0? 0?
a5 T 3 (9.245)
The potential energy now takes the form

V= %w%(alX — apr)* + %w%(aoX + ax)? (9.246)
— mwiy(a1 X — az)(apX + ax) (9.247)
= % [(w%ag + wia? + 2w apay ) x? (9.248)
+ (wia? + wiaj — 2wf2a0a1)X2] (9.249)
+m [(w% — w)aga; + wiy(ag — a%)} Xx. (9.250)

To decouple the oscillators, we choose the free parameter to eliminate the cross
term, requiring
(w3 — wi)aga; + wiy(ag — a3) = 0. (9.251)
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This condition determines a value for the ratio = a;/a¢ as a function of the
system frequencies. With this value known, the solution can be written as

1 s
Gy = ————\ = —. (9.252)
/1 + 62 /1 +B2
The frequencies of the normal modes are given by
0Of = w? = wiag + wial + 2wiapa; (9.253)
— 3 () + wBB + 208, (9.254)
O3 = wy = wial +wiag — 2wiaoa (9.255)
= ag (wiB® + w; — 2wi, ) . (9.256)
The new Hamiltonian becomes
- n? [ 02 0? m m
H=—— — | + Wk X+ —wlt® 9.257
om <8X2+8x2)+2wx e (9.257)
and the energy eigenvalues are
1 1

The corresponding wavefunction is
Unn (X, ) = O (X)), (), (9.259)

where each factor is a harmonic oscillator wave function.

For the particular case where both oscillators have the same frequency, w; =
we = w, (9.251)) yields a2 = a?. We can therefore take 3 = 1, and from (9.237)) we
obtain

1 1

X=—(12+2x r=—(12 —11).

\/§( 2+ 1), \/ﬁ( 2 1)

In this case, the normal modes describe the center-of-mass oscillations (X coordi-
nate) and the relative motion oscillations (z coordinate).

Note that the solution obtained for the normal coordinates and their corre-

sponding frequencies in the general case is the same as that of the classical problem

of two coupled harmonic oscillators..

(9.260)

P9.18 Two particles with masses m; and ms moving along a straight line interact
through the potential

V(z1,29) = a(zy — x2) + b(x; — 29)%, b > 0. (9.261)
Determine the eigenenergies and the corresponding wave functions.
Solution. The total Hamiltonian of the system is given by
n* o2 n* 92

Ao .
2my 0z 2mg 013

+V(.T1,(L’2), (9262)
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and the time-independent Schrodinger equation reads
n* 92 o2

- — - bz — x0)? | W = EU .
leax% 2m28x§+a(x1 $2)+ (901 902) (951,2152) (901,$2)

(9.263)
We now introduce the change of variables to center-of-mass and relative coordi-
nates:

mixr1 + moX
T=x1— 1y, X = — 22 (9.264)
my -+ My
We define M = my + ma.
Next, we express the derivatives with respect to z; and x5 in terms of derivatives

with respect to x and X. Using the chain rule,
g 09X 0 dr 0  my 0 0
911 0 OX | Owdr  MOX | 0x
9 _9X90 020 _md 0 (9.266)
Oxry O0r90X Oxedxr MOX Oz
Now we compute the second derivatives using the expressions obtained above,

(9.265)

02 m; 9 0\
8_3:% = (Ma_)( —+ %) (9.267)
. ma 2 82 ma 82 82
= (M) ax: "2 aroxor T o (9.268)
o2 my O o \?
. mo 2 82 mo 82 (92
= (M) ox: 2 oxor o (9.270)

We compute:

2 2 2 2
18+18_(m1+m2>8 +(1+1>8 (0.271)

oz tmaz - \Tae ot ot o
1 02 1 02
where m is the reduced mass defined by
1 1 1
—=—+ —. (9.273)
m mi mo
Therefore, the Schrodinger equation becomes:
n? 0w h? O*V
————+V(x)V = EV. (9.274)

C2M X% 2m 022
We now perform a separation of variables by proposing

U(z, X) = p(x)o(X), (9.275)
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and substituting into the Schrédinger equation

_ %ai; [o(2)d(X)] — %aa—; [p(2)o(X)] + V(2)p(2)o(X) = Ep(r)¢(X).

(9.276)
Applying the derivatives,
h? (X h? d?
o@D 0 T v aypeyo(x) = Belr)ex) (0.277)

and dividing both sides by ¢(x)¢(X), we obtain

1 (X)) B 1 dPp(x)
— ——— =4+ V(x) = E. 9.278
M oX) dx2  2mp) dz TV W@ (9:278)
Since the left-hand side is the sum of a function of X and a function of x, and
the right-hand side is a constant, each term must independently be equal to a

constant. We thus define

E = FE. + Epq, (9.279)
and write the resulting equations for the center-of-mass motion
B dg(X)
- — =F X 2
2M  dX? em P, (9.280)
and the relative motion,
n? d*p(x)
BT + V(z)p(x) = Erap(z). (9.281)
The former is the eqution for a free particle,
d*$(X) 2
K¢(X) = 282
O K(X) =0, (9.252)
with K2 = 2MEem and general solution
(X)) ~ eFHEX (9.283)
The corresponding energy of the center-of-mass motion is
h?K?
em = o K eR. 9.284
Wi € (9.284)
To solve the equation for the relative motion, we start from
h? d*p(x
I~ () + (b2* + ax)o(z) = Erqe(z). (9.285)

C2m dx?
We now complete the square in the potential

> 4 gz — ayt e
ba + ax = b (x + 26) o (9.286)
define a new variable
a oYy oYox oY
X=o+ % o Ox 0x Oy’ (9.287)
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and redefine the energy as

/ a’2
E'= 1+ B (9.288)

where b = %moﬂ, so that w = ,/%. Substituting into the Schrodinger equation,

we obtain

R de(x) 1 2.2
- — = =L 9.289
om de T a"eX e (x) P(x), (9.289)
which is now the Schrédinger equation for a harmonic oscillator centered at y = 0,
with frequency

2b
w=1/—. (9.290)
m
We now define a dimensionless variable
h
x=oaf,  with o’=—, (9.291)
mw
and introduce the dimensionless energy
2F
e=— (9.292)
Using the chain rule, we have
d 1d d? 1 d?
— = —— = 5 (9.293)
dy «adf dx a? d€
Substituting into the Schrodinger equation
h? d%p(x
- = T2 () = Bl (9.204)
we obtain
R 1 d*p(¢
e €<2 ) + b€ (€) = E'p(€). (9.295)
Therefore, since o? = = and b = $mw?,
h? o omw  hw s, 1 5, h  hw
et “am R T2 Ty LT (9.296)
the equation becomes
o d>0(€)  hw
-2 s o) - Bele), (9.207)

Dividing through by %‘", we obtain the dimensionless form

_ 4 2 = (9.298)
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which is the standard form of the harmonic oscillator Schrodinger equation in
dimensionless variables. The solutions to the dimensionless harmonic oscillator
equation are known and given by

Pul(€) = Co e 2H, (€), (9.299)
where H,(£) are the Hermite polynomials, and the normalization constant is
C, = (Vaa2inl) 2. (9.300)

The corresponding energy eigenvalues are
1
E' = hw <n + §> . (9.301)

Recalling the shift applied to complete the square, we obtain for the energy of the
relative motion )
By = | 2 <n + 1) S (9.302)
m
The total wave function is given by the product of the center-of-mass and relative
motion solutions

U(z, X) = ¢(X) (). (9.303)
Substituting everything, we obtain the full wave function
a \ 2 a
UK (2, X) = C, ™% exp [—% (x ha 26) H, (M) : (9.304)
Q@ a

or in terms of the particle variables,

1 (2] — a9 + 2\ 2
UK (2y,29) = C,, exp |+iK (M) _Z (1—226) ]
my + Mgy 2 b

_ [ 2y
where o = (/= = (5)%

Finally, the total energy of the system is given by

R K> 20 1\
K __ _ -
B = T <n+2> e neN, K € R. (9.306)




CHAPTER 10
The Physics Underlying Quantum Phenomena

P10.1 Two very thin metal plates, 10 A on each side and initially neutral, are
20 A apart. Calculate the number of electrons that need to be added to each plate
for the Coulomb repulsion to counteract the Casimir attraction.
Solution. The electric field produced by a single infinite thin plate with surface
charge density o is given by
o
= —. 10.1
oo, (10.1)
Since the system consists of two plates with equal and opposite charges, the field
created by one plate at the location of the other is still ﬁ The total electrostatic
force Fr acting on one plate due to the other is then
o Q?
F — E ot - _— = P
E Q Q 260 28014
where A = R? is the area of the plate such that 0 = Q/A. The total charge on the
plates is given by the number N of electrons added to each plate, which is equal
to N times the elementary charge e. Therefore,

(10.2)

N2e?
Frp = . 10.3
e 28014 ( )
The Casimir attractive force is given by (see [1], Section 10.2.1)
w2hcA
Fo=———. 10.4
240 R4 (104)
To counteract the Casimir attraction, we impose the condition
Fp+ Fo=0. (10.5)
Substituting the expressions for each force,
N2e2 250 A
© Ty (10.6)
28014 240R*

Solving for N, we find

eoA%m2he
N =/ ——— ~0.237. 10.
V 120e2mr 027 (107

152
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This result implies that less than one electron is required to completely cancel
the Casimir force. Therefore, even the addition of a single electron would over-
compensate the attraction, highlighting the extreme weakness of the Casimir force
compared to electrostatic interactions at these scales.

P10.2 Construct the general solution x(t) for the harmonic oscillator immersed in
the zero-point field with arbitrary initial conditions, and show that the stationary
solution satisfies

20A*  (A?  2CA3
(—1—6x+2A—|— gx —CQ + CQ :

(10.8)

heL?k?
lim z(t) ~ Ec(R; k.) = o P

t—o0 2w x x

where ¢ = exp(—1/z) and A = (1 — ()~
Solution. The approximate equation of motion for a 1D oscillator with frequency
wp moving in the zero-point field with spectral density p(w) given by equation
po(w) = hw? /2723 is
itwir— T = 3E(m, t), (10.9)
m

where E(x,t) represents the z-component of the zero-point field. We will solve
this equation in the long-wavelength approrimation, meaning we assume the field
E(z,t) is essentially uniform across all positions x(¢) occupied by the oscillator.
Thus we can approximate E(z,t) ~ E(z¢,t) = E(t), where x¢ is a fixed coordinate
associated with the particle (such as the mean position z(t)).

This approximation is valid when the amplitude of relevant motions is much
smaller than the shortest wavelength of the involved field. In studying the interac-
tion between a mechanical system (oscillator, atom, etc.) and the radiation field,
this simplification typically corresponds to considering only the dipole coupling
between the system and the field. Hence the frequent identification of the dipole
approximation with the long-wavelength approximation.

The term —m7Z in ((10.9) is the radiation reaction force, accounting for the
particle’s recoil due to Larmor radiation. The parameter 7 is determined by clas-

sical electrodynamics,
2¢?

T = (10.10)

3me3’

For an electron, 7 ~ 1072 s. This small value ensures 7w < 1 for all frequencies
of practical interest. In classical electrodynamics, an equation like that in-
cludes radiation reaction is called the Abraham-Lorentz equation. However, since
(10.9) also contains a stochastic force, it resembles what in stochastic process
theory is known as a Langevin equation. In the specific form of stochastic electro-
dynamics, corresponding to a stochastic equation for colored noise with radiation
reaction, it is called the Braffort-Marshall equation.

The radiation reaction provides an approximate description of the effect of
radiation emission on the emitting particle itself. This approximation is generally
acceptable, though it can lead to difficulties such as divergent solutions. These
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divergent solutions can be eliminated through the following procedure, presented
here for completeness.

We rewrite equation ((10.9)) as
w1 e
T — =—f(t)+—E(t 10.11

where, to make the derivation more general, we write f(¢) (equivalent to f(x(t)))
instead of —mwir. We introduce an integration factor u(¢) that allows us to
associate the radiation reaction with the acceleration,

S lon(t)] = i + i = (& — 7)), (10.12)

from which it follows that we must take pn = exp(—t/7). Combining this expression

with ({10.11])) we obtain

d
Gan Ol =p) (14 SB) =0 4B, (1013
yielding after integration
= —e/" /t T f(x(t)) + eE(t))dt' + A. (10.14)

If we assign a finite value to the bracketed factor in , the acceleration &
becomes infinite as t — oo; this acceleration runaway demonstrates that the ap-
proximation described by the Abraham-Lorentz equation is indeed unsatisfactory
and must be handled with care. A partial remedy to this problem is obtained by
requiring that the final acceleration be a specified constant (which we’ll take, as is
customary, to be zero). This condition fixes the integration constant A in (({10.14))
as

1 [~ _.
A= —/ e WO f(2(t) + eE(t)] dt (10.15)
mT
which when reinserted into the previous equation reduces it to
1 [ _,
mi = —/ e WD/ f (z (t) + eE(t))] dt, (10.16)
T Jt

or alternatively, with the variable change s = (¢’ — t)/7
mi = / e’ [f(x(t+7s))+eE(t+Ts)| ds. (10.17)
0

The acceleration issue has been resolved, but at the cost of introducing a new
problem: now the acceleration at time ¢ is determined by external forces at all
future times t + 7s, s € (0,00). This is the preacceleration phenomenon, which is
clearly unphysical.

From a pragmatic standpoint, this phenomenon is often considered unimpor-
tant because the exponential in the integrand of (10.10) ensures significant con-
tributions only for s < 10, for such s values, the time shifts 7s are negligible and
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the quantum fluctuations dominate at these timescales, masking the difference
ft+7s) = f(2)

However, no such considerations can change the fundamental acausality of
the equation. Another manifestation of this difficulty appears in the derivation
itself, where we had to impose a final condition on the acceleration - conceptually
unsatisfactory since instantaneous motion shouldn’t depend on future states. Since
the integro-differential equation ([10.17]) is too complex for applications, we simplify
it by expanding f(x(¢')) around x(t) and truncating at order 7 due to its smallness
(1 ~ 1072 s for electrons)

d, t
flx(t+7s))=f(x (t))+73%+--- (10.18)
Substituting into (10.17) and using [;° s"e"*ds = nl, we obtain
mi = f(z)+ Tgbdfd—? + e/ E(t+7s)e *ds. (10.19)
0

The net effect of all these transformations is twofold. The radiation reaction with
its peculiar (and acausal) dependence on 7 has been replaced by a friction force
T f" (generally position-dependent). The electric force eFE(t) has been replaced
by the integral expression that represents a convolution with the weight factor e=*
and is equivalent to a weighted average over future times. Despite causality issues,
keeping this form is advantageous because it helps reduce divergence problems in
certain integrals we’ll encounter later. The simple substitution = — 72 f" would
worsen these divergences.
For the specific oscillator case , the above equation becomes

&+ wir + TwiE = E/ E(t+71s)e *ds. (10.20)
m.Jo

The stationary part of the solution to this integro-differential equation can be
found by transforming to Fourier space. We write

1 o0 ,
x(t) = — Z(w)e™ dw, 10.21
0=—= (1021)
1 - ,
Elt)=— E(w)e™'dw. 10.22
0=-—=] Ew (1022
Substituting these expressions into ({10.20)) yields
1 = 2 2 2N\ jwt
— —w” + wi F+iTwiw) T(w)e™ dw
\/%/—oo( 0 0 ) ( )

= ° / / E(w)e *e™t7) duwds
mA/ 21 —00 J0

S / B g, (10.23)
21 J

m 1—11tw
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Since this expression must hold for all ¢, we obtain the solution in frequency space

e E(w)

T = . 10.24
#Hw) m (1 —itw) (—w? + wg + iTwiw) ( )
Substituting this result into (10.21]) gives
E iwt
() = w)e dw, (10.25)

my21 J oo (1 —iTw)(—w? + Wi + iTwiw)

apart from changes in notation and denominator representation (valid up to order
T terms).

The complete solution is obtained by adding to the stationary solution the
general solution of the homogeneous equation associated with ,

i+ wir + Twpt = 0. (10.26)

This transient solution is

2
Tirans = (11 +m0e” e W = woy/1 — T2 /A = wy, v = %. (10.27)

The exponential factor e ensures that the field-independent contribution Zians
vanishes over time. Therefore, for sufficiently long times (specifically, t > v~! =

2/(1w?)), the complete solution is given by ([10.25)) and becomes determined solely
by the zero-point field, regardless of initial conditions.

P10.3 Use the previous results to derive in detail the autocorrelation function and
the variance of p(t) for the stationary harmonic oscillator.
Solution. From the given expression for the position x(t),

ezwt
/ +c.c., (10.28)
T m

- w2 + 4Tws

we compute the momentum p(t) by dlfferentlatmg with respect to time and mul-
tiplying by m.,

dx(t)
t) = 10.2
pt) =m—, (10.29)
o iwk(w)e™!
= 6/_00 dw R + c.c. (10.30)

The autocorrelation function is then given by

(p(t —e/ / dw dw' ww' 2 _< (W) E"())et %wt’. —. (10.31)

w? 4 iTw?) (Wi — w'? — iTw'3)

Substituting

(BB () = 2 po()3(e — ), (10.32)
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we obtain:

wop) =¢ [ [~ dods s o)

5(w . w/)eiwtﬂ'w’t’

(w2 — w? + iTw3) (W — w2 — iTw')
(10.33)
2re? /oo w2p0(w>€iw(t—t’) e /oo i wgpo(w)eiw(t_t/)
pumy — w )
3 S | |wi—w?+iTwd|? 3 )7 (w? = w?)? + T2
(10.34)

The variance of the momentum is obtained by setting ¢ = ¢’ in the autocorrelation
function,

2me? [ w?po(w)
2 0
t) = — d ) 10.35
(p~(1)) 3 /_Oo w (W2 — W2)2 + 7206 ( )
Using the relation 7 = 32223, we can express the prefactor in terms of 7,
2 2
7;6 = mmc’T. (10.36)
Thus, the variance of the momentum becomes
2 _ 5 [ 2 T
(P2(1)) = 2mme /0 o pole s (10.37)

The dominant contribution to the integral comes from frequencies near w =~ wy.
Let us define

Y= w— W, (10.38)
so that
(Wi — w?)? = (wo + W) (wo — w)? = (wo + w)*y? ~ dwdy?, (10.39)
and the denominator becomes
2,4
(Wi — w?)? + 72008 = dwdy? + 72wl = 4w (y2 + TTWO) . (10.40)
Thus,
1 ng 1
T T 5 Y
= = = 10.41
(W —w?)? + 7208y <y2 + %) g y2 4 T 2wyt (04)

were we defined

2
TW

Using the identity

lim i w(y), (10.43)
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equation [10.37] becomes
00 2
(p2(t)) = 27rmc3/ dw /)0(2—) d(w — wp) =~ 27r2mc3/ dw M(S(w — wo)
0 Wy —c0 2wy
(10.44)
= wmc® - pO(‘;)“). (10.45)
wo
Using the spectral density of the zero-point field
th
pow) = 555, (10.46)
we obtain the final result,
thJO
(1) = "2 (10.47)

Therefore, the average kinetic energy accounts for half of the total energy, in agree-
ment with the virial theorem (see problem P9.2).

P10.4 Show that the definitions used in early SED give for the dispersion of the
ground state energy o3 = (E3).

Solution. Stochastic methods demonstrate that the spatial density for the har-
monic oscillator corresponds to a normal distribution with zero mean and variance
o2 = h/2mwy,

1 x? mwo mwoez?
_ _ _ _ 10.48

in agreement with the quantum result for the ground state. Similarly, the momen-
tum space density is also Gaussian with zero mean and variance Ug = %mhwo,

(p) = —— e _P Y (10.49)
PriP) = \/2mo? P 2072 —V mmhw, . mhwy )’ '

again coinciding with quantum solution for the ground state. From these distri-
butions follow immediately

o 3 h?
(z*(t)) = / 2'p(r)dr = 304 = ~—— (10.50)

oo 4m2w?’

> 3
WO = [ oty =305 = fmiht (10.51)

The mean energy of the stationary (ground) state is:
1
(H) :< + 2mw0 > £ 4 mwg o2
1 1 1
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in agreement with quantum mechanics. However, for real stochastic variables in
this theory (with z and p uncorrelated):

4 1 1
(H?) = <_p + —wia’p? + —m2w§x4>
m

4m? 2 4
3.9 90,1990 3,55 1.5, 2
= Eh Wy + gh wy + 1—6h wy = 571 wi = 2(H)?, (10.53)
the energy dispersion is
op = (H?) — (H)* = (H)?, (10.54)
that is,
oy = E7, (10.55)

whereas the corresponding quantum value is 0% = 0, since the ground stste is
an eigenstate of the Hamiltonian. However, note that 0% and <(A]f[ )?) quantum =
(1ho| H? — E2[1)y) are conceptually different quantities; their different values are
therefore not surprising. Care must be taken to avoid confusing these concepts.

To clarify this point, 0% is calculated using phase space distributions, whereas
the quantum result involves operator expectations in Hilbert space.

P10.5 Stationary white noise is so named because its spectral energy density is a
constant, the same for all frequencies. Show that the autocorrelation function of
a white noise is

(E(t"YE(t)) = Ad(t' — 1) (10.56)
and express the value of the constant A in terms of the power density.
Solution. The autocorrelation function of the field is given by

2 (!
(B Ey(t))o = o / po(w)e™ D dy. (10.57)
Since pg(w) = A’ is constant for white noise, the autocorrelation becomes
/ 2 [ 1 iw(t—t) Ar? / /
Therefore,
(E(t')E(t)o = Adé(t' — 1), (10.59)
with A = %A’ . The total energy density is given by
u :/ po(w) dw. (10.60)
0

For white noise pg(w) is a constant for all frequencies. To avoid divergence, we
introduce a frequency cutoff and consider a finite frequency band. That is, instead
of integrating over all frequencies, we define the energy density as

U= A’/ dw = A" (Wmax — Wmin) = A'Ry,, (10.61)

min
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where R, is the frequency range. Solving for A, we get

3 u 42y
! _ —_ —
A = 47r2A . = A 3. (10.62)
A dimensional analysis shows that the units for A are those of power density,
J-s |44
[A] = [W] = [@]' (10.63)

P10.6 Consider the 1D infinite square well of width a. a) Using the eigenfunc-
tions obtained in [1], Exercise E4.4, determine the transition frequencies wy,; and
the corresponding response coefficients (matrix elements) xy, for n = 1. b) Carry
out the same calculations for n = 2. ¢) Make a drawing of the spectral absorption
bands obtained for the two cases.

Solution. a) For the one-dimensional infinite potential well of width a, the eigen-
functions and eigenenergies are

2 . /nmx n?m?h?
@Dn(fﬁ) = \/;Sln <T) s En = W, n = 172,3,... (1064)

For n = 1, allowed transitions are to even states k (k = 2,4,6,...) due to the
selection rules, with the transition frequencies given by

_Ek—El_ 7TQh

= = k2 —1). 10.65
For k = 2,4,6 we get
3m2h 1572h 35m2h
Wo1 = W, Wq1 = Qmaz s We1 = 2ma2 . (1066)

The response coefficients are the matrix elements |(k|x|1)|,

ak
klz|D)| = ——m—. 10.
(bl D] = s (10.67
For k = 2,4,6 we get
16a 32a 48a
21} = == 4lz1)] = —/—/— 1N = ——. 10.
@lall) = 505 1{lall] = S (el = = (10.68)

b) Transitions from the state n = 2

Allowed transitions are to odd states k greater than 2 (k = 3,5,7,...), or to
the ground state k = 1. For the latter case, the solutions are the wy; and [(2|x|1)]
given above. The transition frequency to k greater than 2 is given by the general

formula
= = k* —4). 10.69
Wk2 7 2ma2( ) ( )




10. THE PHYSICS UNDERLYING QUANTUM PHENOMENA 161

For k = 3,5,7 we get

572h 2172h 45m2h
W32 = W7 Wro = W7 Wro = 2ma2 . (1070)
The response coefficients are the matrix elements |(k|x|2)|, given in general by
16ak
For k = 3,5,7 we get
48a 80a 112a
2)| = — 2)| = —— 2)| = ——. 10.72

The intensity of a spectral line is proportional to the squared modulus of the
respective matrix element |(k|z|n)|. Note that in both cases a) and b), the absorp-
tion lines to the nearest upper state are the most intense ones, as shown in Fig.
12.

2ma?
0 10 20 30 10 50 2k

n=2

2ma’

FIGURE 10.1. The three lowest-frequency absorption lines (n, k) for a) n = 1,
and b) n = 2.



CHAPTER 11
Angular Momentum Theory

P11.1 Determine the relationship between the angular momentum defined in two
different inertial reference systems when: a) the systems are at relative rest, with
origins separated by a distance a; b) the systems move with constant relative
velocity v.

Solution. The angular momentum of a particle with mass m is defined as L =
T X p, where r is the position vector and p = mwv is the linear momentum. We
consider two inertial systems S and S’.

a) Position relation:

r=r+a. (11.1)

Velocity and momentum: Since there is no relative motion between the systems,
v=v and p=p'.
Angular momentum in S:

L=rxp=(r'+a)xp =r"xp +axp. (11.2)
With
r' xp =L (11.3)
The final result is
L=L+axp. (11.4)

The angular momentum in S differs from that in S’ by a term @ x p, which
depends on the separation between origins and the linear momentum.
b) Position and velocity relations (Galilean transformations):

r=r+uvgt, v=v+vy, p=mv +vg)=p +mug. (11.5)
Angular momentum in S:
L=rxp=(r+uvgt) x (p +mvg). (11.6)
Expanding the cross product one obtains the final relation
L=L +m(r' xvg)+tlve xp'), (11.7)

where m(r’ X vg/) is the angular momentum associated with the relative motion
of " and t(vg x p’) depends on time and the relative velocity between systems.

162
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P11.2 Prove that

(A - L,r] = —ih(A x 7), (11.8)
(A - L, p| = —ih(f X P), (11.9)
(- L, L] = —ili(n x L). (11.10)

In the above expressions, 71 is a constant unit vector in any direction.

Solution. We represent the unit vector 7 in the form . = ), v;é;, where {&;}
is a Cartesian basis in three dimensions. Using the components L; of the orbital
angular momentum, given by

2 A ) 0
Li = EijkLjPk = —Zﬁé‘ijkxja—xk, (1111)
we can write
A R IR ) 0 0
[’I’L . L,l’j] = [OéiLi, ZL’j] = —ZhOéiEZ‘lmCEl %l’j — [L‘jM (1112)
= —ihEileéil'l = —Zh(’fl X TA)] (1113)
From this it follows that
(- L, 7] = —ih(fA x 7). (11.14)
In an analogous manner, we obtain
. P . . 0 d -
0
= _h2€jimaia_ = _ihgjimaiﬁm = —Zh(’fb X ﬁ)j: (1116)
T
whose vectorial version is
(A - L, p| = —ih(f % P). (11.17)
Finally, we have
that is,
- L, L] = —ih(A x L), (11.19)

These results confirm the role of the angular momentum operator as the generator
of rotations.

P11.3 Show that the total orbital momentum of a two-particle system can be
expressed in terms of the center-of-mass and relative coordinates in the form

L=RxP+rxp, (11.20)

where

N p:m(&_&), m— M2 (1121)
my meo my + Mo
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miTr, + moTo ~

R = Wi y P:ﬁl +ﬁ2, M:m1+m2. (1122)

Solution. The total angular momentum of a two-particle system is
L=L,+ Ly, (11.23)
therefore the corresponding angular momentum operator is written in the form
L=101,+L,. (11.24)

The relative and center-of-mass variables are defined similarly to the classical case,
that is,
mary + mar
r—r —ry, R= T2 (11.25)
mi + Mo

where M = mj+my is the total mass of the system. By inverting these expressions
we obtain

~R+ %’r, ro=R - %r. (11.26)

Substituting the previous results into ({11.24)) we obtain the final result
L=RxP+rxp, (11.27)

where the total momentum operator (associated with the center-of-mass coordinate

R and total mass M ) and the relative momentum operator (associated with the
relative velocity v; — vy and reduced mass m = mymy/M) are given respectively
by

A

P =P+ ps = —ih(V1 + V32) = —ihV, (11.28)
(P P2 (Meg Mg
p=m (m1 mz) 1h <M V1 0 Vg) ihV,. (11.29)

P11.4 Show that any function that depends only on r is an eigenfunction of L,
and L2, with both eigenvalues equal to zero, and that any function g(z,r) is an
eigenfunction of the z component with zero eigenvalue. Determine the eigenfunc-
tion of L, corresponding to zero eigenvalue and angular momentum 1.

Solution. The expressions for the operators L, and L? in spherical coordinates
are

L,=—ih—, (11.30)

2
I? = —p? { L aﬁ (81119 a) snj?ea%?] . (11.31)
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If we apply these operators to a function that depends only on the radial coordi-
nate, f(r), the derivatives with respect to # and ¢ vanish. Therefore,

L.f(r) = —ih%f(r) =0, (11.32)
and
N 1 9 (. of(r) 1 0%f(r)
L*f(r)=—n — 0 = 0. 11.33
/() Lin@@@ (sm 06 ) * sin?§  Og? ( )
Now consider a function g(r, z). Recall that in spherical coordinates,
z =rcosf. (11.34)
Then
- 0 ., 0g 0z
L = —ih— = —ith—— =0. 11.
.9(r, z) zh&pg(r, 2) zhaz 9 0 (11.35)
We seek a function ¢ such that
Ly = 0. (11.36)

The simultaneous eigenfunctions of L? and L. are the spherical harmonics Y, ™0, ).
Since we are interested in the case of angular momentum ¢ = 1, the allowed mag-
netic quantum numbers are m = —1,0, 1. Therefore, any state with £ = 1 can be
expressed as a linear combination of these eigenfunctions,

Y =aY; '+ Y + Y (11.37)
Since we are not considering spin, we have 7 = ¢ = 1. The operator L, can be
written in terms of the ladder operators as:
1

L, = = (L + ﬁ,) , (11.38)

where the ladder operators act on the eigenstates |¢, m) as follows:

L6, m) = hCypm|l,m+1), (11.39)
L_|t,m) = hCypm_|l,m —1), (11.40)
with
1
Clm = \/§(f—m)(€+m+1). (11.41)

For ¢ = 1, these become

Com = \/%(1—m)(1+m—|—1): \/%(2—m)(1+m). (11.42)
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We now operate with L, on the state Y,

~ 1 ~ A
¥ = —= + - y ) )
sz_\/g(L +L )<ay1 1)+ b|1,0) +c|1,1))
1 . N R
= —lal,|1,=1) +bL|1,0) + L. |1,1
5oL 11 =1} +0L4]1,0) + e 1,1)

tal |1, —1) +bL_|1,0) +cL_|1, 1>]

h
- [a017_1|1,0> +bC10/1,1)

+ bCl70|1, —1> + 60171|1, O>} .

The states |1, —2) and |1, 2) lie outside the allowed space for £ = 1, their coefficients
are equal to 0. We are left with

Futo = T (a4 €)[1,0) + b(|1, 1) + |1, —1))] = 0. (11.43)
V2
This equation implies
a+c=0, (11.44)
b=0. (11.45)
Therefore, the solution must be of the form
Y=c(1,1) = [1,-1)) =c (Y] = Y7 "). (11.46)

We now normalize the function,
/ 5 dQ = |of? / (¥ V) (V) - v o
= |e? / (VAP + [V = Yoyt — vy do

= lef(1+1) =2|c)* =1,

hence .
c=—. (11.47)
V2
The eigenfunction is therefore given by
1
- Yl . Y—l
¢ \/5 ( 1 1 )
1 /3 , /3 A
= E (— 8—Sin96w> — < 8—Sin496_“">]
s s

= —\/isiHGCosgp. (11.48)
4m
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P11.5 Calculate the expectation value of the operator %(f/xiy + Zyiw) and its

square, in an eigenstate of L? and L,.
Solution. We write the operator

1 .~ - A a
A= §(LxLy + L,L,) (11.49)
in terms of ladder operators,
. Ly+L. . Ly-L_
L,="——"= L[,=—"——"", 11.50
2 Y 21 ( )
A A 1 - o ~ A
1 - PN A oA o
= Z(Li —LyL_+L_L,—1L%), (11.52)
?
Ao 1 - o o A
1 . .. .. .
= E(Li +LyL_ —L L,—1L?%). (11.54)
Adding the two expressions we get
A A A on 1 A o 1 - N
LoLy+ Lyl =, [zLi - zLi} = (12— 12), (11.55)
therefore
N 1 . o
A= E(Li —L?). (11.56)
The expectation value in |I,m) is
P 1 . A 1 A .
<A> = <l,m Z(Li —L*) l,m> =4 [<l,m ‘Lil,m —1,mL% l,m>} ,
i i
(11.57)

where f/2+|l,m> is proportional to |I,m 4 2) for m +2 < [, and L2|l,m) is pro-
portional to |[,m —2) for m —2 > —I. Since both |l,m + 2) and |l,m — 2) are
orthogonal to |I,m), the matrix elements vanish,

<l,m‘ﬁi l,m> =0, <l,m

Ez_) l,m> —0. (11.58)

Thus, <A> =0.
The square of Ais

. 1 . R 1. A sy -
p-[tar-m)| —-gpy- B -2l s
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and its expectation value is
(4%) = —— (Lm |14 = L2102 = L2 12 + 1| tm) (11.60)

Since both LA |I,m) oc |l,m +4) and L*|l,m) o |I,m — 4) are orthogonal to |I,m),

we are left with
A 1
2 e
<A > ~ 16 <l’m

The matrix elements can be calculated with the help of the ladder operators,

Lo|l,m) = h/(I —m)(I+m+ D|l,m+1), L_|l,m) = h/( +m)(I —m+ 1)|l,m—1).
(11.62)

LYL? + L2 L%

l,m>. (11.61)

Thus, for <l,m Eiﬁ%

[, m> we have

LA|,m) = B2/ +m)(I—m+ 1) +m— 1)1 —m+2)|l,m—2), (11.63)

LAl,m —2) = 2/ ([ —m+2)( +m — 1) —m+ 1)l +m)|l,m), (11.64)
so that
<l,m [2i2 l,m> = l+m)(+m—1)(—m+1)(—m+2). (11.65)
For <l,m ﬁ%f& l,m> we have
LALm)y =R/ —m)I+m+ 1) —m—1)({+m+2)|l,m+2), (11.66)
LAl,m+2) =/ ([ +m+2)(1—m—1) (1 +m~+ 1)1 —m)|l,m), (11.67)
so that

<z, m |L2 12
Adding the two terms
4
(#) =351

16
and simplifying in terms of [(l + 1), we obtain finally

l,m> — B l-m)l—-m—-D(l+m+D({+m+2). (11.68)

21 4+ 4% — APPm® — 2% — Alm® — 4l + 2m* + 10m”] (11.69)

4

() = % [+ 1) —m?)? — 200+ 1) + 5m?]. (11.70)

P11.6 Determine the expression for the eigenfunctions of L? and L, in momentum
space.

Solution. To find the angular momentum eigenfunctions in momentum space, we
begin by recalling that in this representation the position operator is given by

7 =ihV,, P=p.
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Therefore the orbital angular momentum operator takes the form

A

L=%xp=—-px7=—ih(pxV,),

which is the same as in z-space with V. — V. We thus have

IAL:—ih(Ai—A ! a), (11.71)

where
D= (P2 py.02), P =po+p,+010,
Pz = psint,cos,, p, =psinbd,siny,, p.=pcosb,.

The operators L? and L, take therefore the standard form

. 1 0 0 1 02
i2— _p2 | sing — - 11.72
Lin 0,00, <Sm Paep) T aso,%] ’ 1.72)
Po= i (11.73)
a‘Pp

and the eigenfunctions of these operators in momentum space must satisfy
I;QY(GW pp) = UL+ 1)Y (6,, ), EZY(% ¢p) = hmY (0, ¢p),

which are exactly the spherical harmonics Y;"(6,, ¢,). Thus, the eigenfunctions of
L? and L, in momentum space are also the spherical harmonics Y,™ (6, ¢,).

P11.7 Prove that there is no solution to the eigenvalue problem p,R(r) = aR(r)
that satisfies the condition limrR(r) = 0. What can be concluded from here?
Solution. Using

1 0o 1
b= — (7 p—ih) = —ih | —+- ), 11.74
Pr="1 (7-p—ih) ! <8r * r) ( )
the eigenvalue equation p,R(r) = aR(r)becomes
OR R i«
— + — = —R. 11.75
ar * r h ( )
The general solution to this equation is
C 10"
= — — 11.76
Rl = Sew (7). (1170

where C' is the normalization constant. From ([11.76|) it follows that
limrR(r) = C, (11.77)
r—0

which is non-zero for R # 0. Therefore, there exists no eigenfunction of p, that
satisfies the condition lim,_,orR(r) = 0. Moreover, since lim,_,o R(r) = oo, the
function R given by does not qualify as a physically acceptable wave func-
tion for C' # 0.
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An immediate consequence of this result is that there are no physically accept-
able eigenstates of the operator p,, meaning that the radial momentum (canonically
conjugate to r) cannot be fixed. It is interesting to compare this with the classical
case, where it is possible to construct circular orbits for the Kepler problem for
which p, vanishes (and is therefore fixed). Thus, strictly speaking, there are no
quantum solutions corresponding to classical circular orbits. This is important
to keep in mind, as in atomic physics one often speaks of “circular orbits”; the
conventional meaning of this terminology should be clearly understood.

P11.8 Consider an eigenfunction v, (r) of a radial Hamiltonian and show that
W = P (7) (11.78)

is an eigenfunction of the Hamiltonian with the same angular momentum [, inde-
pendent of the value of a and the orientation of the v axis. Is it also an eigenstate
of L.?

Solution. Let v, (r) be an eigenfunction of a radial Hamiltonian, that is

ﬁwnlm - nlwnlmy (1179)
where the Hamiltonian has the form
. ]32 T2
H=-"+ +V(r). (11.80)

Now consider a rotated function defined by:
W = ety — U(L) . (11.81)

Since the system is radially symmetric, the Hamiltonian commutes with the total
angular momentum operator,

[H,L)=o0. (11.82)

Furthermore, from Problem P3.2, we know that if an operator A commutes with

H, then any function f(A) that can be expanded in a power series also commutes
with H, that is,

[H, f(A)] =0. (11.83)

i L/h ig 5 function of L, we conclude that

Therefore, since U=e

Hy = HUy = UHy = E, U = B, (11.84)

which means that v’ is also an eigenfunction of H with the same eigenvalue F,;.
Now, since ¥y, has angular momentum [, it satisfies

LY = B2+ 1) (11.85)
Again, since [ﬁQ, i}] =0, we have
L2 f(L) =0 = L% =LUy=UL%=HrII+1), (11.86)

which means that ¢’ also has the same total angular momentum /.
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Concerning f)z, we know that in general, [f), ﬁz] # 0, and in particular

L., -L]=ih(Axé,) L+#0,
which implies that
L.U#UL..

171

(11.87)

(11.88)

Therefore, v is generally not an eigenfunction of L., unless A is parallel to the

Z-axis.

P11.9 Construct the matrices representing the angular-momentum operators for

j=1land j=3/2.

Solution. For 7 = 1, the quantum number m can take the values —1,0, 1. From

Gom 411 jm) = S GEm DG Fm)

and

(Gom £ 1Ty jm) = F5V/( £ m+ 1) Fm)

we obtain the matrix elements of J,,

<171’JI|1>1>207
h
1,1J,1,0) = —,
(1, 1]/] 1,0) 7
(1,1]J,]1,—-1) = 0.
The matrix elements of J, for j=1are
h h
1,01/, 1,1) = —, (1,0]J;|1,0) =0, <(1,0|J,|1,—1)=—;
(1,0]/ 1, 1) 7 (1,0[J:[ 1,0) (L0 1,—1) = =
h
1,-1]J,]1,1) =0, «(1,-1|J;]1,0) =—, (1,—-1|J,|1,—1)=0.
(1, =111, 1) (1, =11/.|1,0) 7 (1, =111, 1)
The corresponding matrix representation is
010
h
J,=—=11 0 1
V2 010

Similarly, the matrix elements of jy are

h
(1,1|J,]1,1) =0, (1,1|J,]1,0) = —iﬁ, (1,1|J,]1,-1) =0;

h
(1,0]J,)1,0) =0, (1,0|J,]1,—1) = —i

h
1L0J,[1,1) =i—,
(1,0]Jy[1,1) NG

h
(1,-1J,]1,1) =0, (1,—1|Jy|1,0):@ﬁ,

Ve
(1,-1]J,/1,-1) =0,

(11.89)

(11.90)

(11.91)

(11.92)

(11.93)

(11.94)

(11.95)

(11.96)

(11.97)
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and the matrix representation is
Jy=—7217 0 —i]. (11.98)

Finally, according to
1 21
<§m’|Jz|§m> = AMmOmm, (11.99)

the matrix .J, is diagonal, with eigenvalues mh,

<1,1 J., 1,1> — B, <1,1 J., 1,0> —0, <1,1 J. 1,—1> —0; (11.100)
<1,0 J. 1,1> —0, <1,0 J. 1,0> —0, <1,0 J., 1,—1> —0; (11.101)
<1,—1 J. 1,1> —0, <1,—1 J. 1,0> —0, <1,—1 J. 1,—1> — _h (11.102)
so that
A 10 0
J.=r|0 0 0 (11.103)
00 —1

Using the previous results, we can write the matrix Jo =f-J , which rep-
resents the component of angular momentum (or spin) 1 in the direction fi =
(sin 0 cos p, sin O sin p, cos 0), as

cos 6 \/Li sin e~ 0
Ja =h | Jzsinfe” 0 J5sinfe ¥ | (11.104)
0 % sin fe'? —cosf
The corresponding eigenvectors with eigenvalues h, 0, —h, respectively, are
(1 —i—ICO.S 0)e"¢ — 5 sinfe 11— 1cos'9)e_w
sl cost : —zsind ). (11.105)
2(1 — cosf)e’® \% sin fe'? 2(1+ cos )t

We take advantage of the explicit form of the vectors (11.105)) to add some
comments. For § = 0, ¢ = 0 these eigenvectors reduce to

1 0 0
ef=1(0], ea=1[1], e;=10 (11.106)
0 0 1

These vectors represent a possible Cartesian basis for describing angular momen-
tum 1 states; in this basis, the general vector has the form

W
Yp=|v]| =) e (11.107)
¢3 i
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In many applications it is more convenient to use a spherical basis for describing
angular momentum states (in which L, is diagonal). This spherical basis consists
of the triad of orthonormal vectors,

1
L, (!
e =——(e; te)=—F—11|,
1 2( 1 2) \/5 0
0
ec=e;=[0], (11.108)
1
e 1= ! (e —ie,) = ! —1@
*1_\/5 1 2) — 5 0

The spherical vectors e, (o = 1,0,—1) are eigenvectors of L? (with eigenvalue
2) and of Ly = Lz. This is clearly seen by comparing them with the spherical
harmonics Y"(0, ¢) for m = 1,0, —1, which we can write as

—\%(aﬁ—i-iy), m =1,
m =0, (11.109)

We see that these spherical harmonics correspond (up to the factor /3/4mr—1)
to the spherical representation of the vector r = {z,y,2} = {z1,29,2_1}. The
transition between the Cartesian representation ¥ = {1/, ¥}, ¥4} and the spherical
one {11,1g,1¥_1} is performed by a unitary matrix,

~1/V2 —i/V2 0
0 0o 1]. (11.110)
1/vV2 —i/vV2 0

W =Uyp, U=

In the case j = 3/2, m takes the values —3/2, —1/2, 1/2, 3/2. As we know, the
diagonal elements of J, are all zero; for the off-diagonal elements we obtain



11. ANGULAR MOMENTUM THEORY 174

31,..3 1 3 1,31
<5,§\ny§,—5> - <§’ EE) §> =
31,3 3 3 3 .31
<§’§'Jr'§’ §> - <§’—§’Jw‘§v§> =0,
3 1,33 333 1
<§’—§'J1’§’§>—<§’§'J1’§’—2>—07
3 1,.3 3 3 3,.3 1 V3
_7__| :E|_7 “ = _7__’Jw| y T S :_h7
27 2777 9 27 277127 9 2
3 3,..33 33 .3 3
<27_§|Jx’§7§>_<§a§|Jx’§7_§>_0-
Therefore, the matrix representation is
0 v/3 0 0
ElvV3 0 2 0
= . 11.111
=310 2 o V3 ( )
0 0 V3 0

Similarly, the non-zero matrix elements of J, are

3 3 31 31 3 3 3
_’_|Jy|_’_ = - _’_|Jy|_7_ :_i£h7
2°2 22 22 22 2

31 3 1 3 1 31 )
<§>§“’y’§7—§> == <5’ —31 g §> =ik,
1
2

3 1,3 3 3 3.3 3
ERETP AL S . P LT
27 2727 2 27 2772 2
Thus, the matrix representation is
0 —iv/3 0 0
hiliv3a 0 —i2 0
= — ) 11.112
=510 k2 0 -3 ( )
0 0 w3 0
Finally, J, is diagonal with the m values on the main diagonal,
30 0 O
h{o 1 0 O
J, = 5lo o -1 o (11.113)
00 0 -3
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P11.10 Since S; are the components of a vector, they are transformed under
rotation according to the laws of vectors. For example, under rotation around of
the z-axis by an angle #, which performs the transformation S — S’,

S! =S, cos + S, sin6, 5'; = —S,sinf + S, cos, S =28.. (11.114)

Use the commutation rules for 5'1, S'y and S'Z to show that the transformed com-
ponents S;, S; and S satisfy exactly the same rules.
Solution. To verify that the transformed components S';, g;, and 5’; obey the

same commutation relations as the original components S;, Sy, and S, we start
with the known commutation relation for Pauli matrices

Thus, for S, = g&i, we have
S, 5;] = ihejSk. (11.116)

We now verify that the transformed components satisfy the same algebra. Let us
compute

1S, 5’;] — [S, cos@ + S, sinf, =S, sin @ + S, cos 6]
= —cosfsinf[S,, S,] + cos® 0[S,, S,] — sin? 0[S, S,] + sin O cos A]S,, 5]
= cos? 0[S, S, + sin®0[S,, S, ]
= [8,,5,] = ihS. = ihS". (11.117)
Next,
152, 87] =[Sy cos @ + S, sin b, S,]

= cos 0[S, 5] 4 sin 0[S, S.]

— ihcos 0S, — ihsin S,

= ih(—S, sinf + S, cos ) = ihS), (11.118)

[5”;, 5" = [~S,sinf + S, cos b, S.]
= —sinf[S,, S.] + cos b]S,, S-]
= —ihsin ng — thcos 05}
— —ih(S, cos O + S, sin ) = —ihS". (11.119)
Therefore, the transformed components obey the same commutation relations,

151, ] = ihe;jiS),. (11.120)
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P11.11 If n is a constant unit vector with direction cosines [, m,n with respect
to the x-, y- and z-axes, respectively, show that
. n [ —im .2
Op=N-0= (l—l—im n ), (n-0)" =1 (11.121)

Confirm that the eigenvalues of 6,, are £1. What does this mean?
Solution. If & = I +mj + nk is a unit vector, it satisfies (2 +m? +n? = 1. Since

using the explicit form of the Pauli matrices, we obtain
. L. n [ —1im
Op ="M 0= (l—i—im T ) . (11.123)

The rest of the problem follows immediately from here, since squaring gives

12 4+ m? + n? 0 1 0
A~ AN\2 _ .
(6-6) = ( 0 2om2an?) =\o 1) (11.124)

This result can be obtained directly using equation

ai[rj = 151] + ieijk&k
to calculate
%] %] i

If the system’s state is described by the spinor

U) = Yy (2)|+) + ¥ (2)]—) = (i*) (11.126)

the expectation value of o,, becomes

o) = (5 v) ([ ) (0)

= s 2 — o |? + (1= im)dib + (4 im)dT (11.127)
We see that if either of the two wavefunctions ¢_ or ¢, vanishes, which would
correspond to a spin-up or spin-down state respectively, the expectation value
of &, is £n.The eigenvalues and eigenvectors of the operator 7 - & are obtained
by diagonalizing it. For this purpose, we use (11.123]) and write the eigenvalue

equation
n [ —1m a a
(l—l—im _n )(b):)‘(b)’ (11.128)

from which we obtain the pair of homogeneous equations

(m—XNa+({—im)b=0,

(I+im)a—(n+A)b=0. (11.129)
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A non-trivial solution to this system exists only if its determinant vanishes

n—\A [—1im

— 21—
i m oy |F0= X —1=0. (11.130)

Thus the eigenvalues of the operator 6, are A = £1. The eigenvectors are deter-
mined by substituting the corresponding eigenvalue into (11.129)) and normalizing,
which gives for A =1

n—+1 1
1) =1/ ( Lim ); (11.131)
n+1
and for A = —1
n+1 [/ —l=m
[p2) =14/ < = ) . (11.132)

In the usual representation in terms of the angles # and ¢ of a spherical coordinate
system, we have | = sinflcosp, m = sinflsinyp, n = cosf, and Eq. (11.127))
becomes

(U6, ]0) = (|¢p4]* = [_|?) cos O + (Yp_e ™ + ¢ pe?)sinh.  (11.133)
In turn, (11.131))-(11.132) take the form

1) = \/H—;OSQ ( Hn;olee@ ) = ( ec“’osslf(/;/?) ) : (11.134)
o == (T ) - ()

P11.12 The spin projection of an electron on a certain z-axis is i/2. Determine
the probability that the projection of this spin on a certain z’-axis has the value
h/2 or —h/2, as well as the average value of this projection.

Solution. If the spin projection along the z-axis is +h/2, the system is in a state
|1)) such that

Selv) = S 1), (11.136)
that is,

) = |+). = (é) : (11.137)

where the basis vectors are

[+): = ((1)) s )= ((1)) : (11.138)

Now, let us consider a rotated axis z’ that forms an angle 6 with the original z-
axis. We set the axes such that the z’-axis lies in the z-z plane. The basis vectors
corresponding to this rotated axis are obtained by applying a rotation around the
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y-axis to the original basis vectors.The rotation operator around an arbitrary axis
7. by an angle 6 is given by

Ta(6) = e 0™ (11.139)

for J = 8, spin s = %, and rotation around the y-axis (7 = ), we have

T = 1% = ¢~i5%v, (11.140)
Expanding in a power series,
o=l 6\ O\" AN
T = HZ:O - (—Z§Oy> = VZ;n (—2§> T+ Ogn (—zé) &, (11.141)

because 62 = I. We then have

D e

(11.142)
which corresponds to the matrix
N 0 _qin?
T = (C.Osg Sm92) . (11.143)
S1n 5 COS 5
The vectors of the rotated basis are then
. 9 0 0
oS .
|+) =T|+), = (Sin g) = CO0S §|+>Z + sin §|—>Z, (11.144)
. —sin? 0 0
sin
— ;] = —_ ey 2 = — 1 —_ —— . .
=) =T|-). ( cos > sin 2[+)Z + cos 2[ )z (11.145)
These new vectors satisfy
A h
Sul+)y = §|+>z,, (11.146)
A h
Sul+). = —§|—)2/. (11.147)

Thus, the projection of the state [¢)) = |+). onto the rotated basis {|+)./, |—)./}
(i.e., the probabilities of obtaining +h/2 along 2) is

Wl+), = <+z| (COS§|+>Z +Sing|—>z>> = Cosg, (11.148)
(W]=). = <+z! (—singlﬂz + cosg|—>)> = —sing. (11.149)
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The probabilities of obtaining the values +h/2 and —h/2 along the rotated axis 2’/
are:

5 0

Po(+) = |(]+),|* = cos 2 (11.150)
0
P.(=) = |(1h|=),|* = sin® 5 (11.151)
Now, we calculate the expectation value of the spin projection S,/ in the state V),
(1] S| ). (11.152)
To do this, we express [1)) = |+), in the rotated basis; from ((11.146]) and (11.147))
we have o 9
|+, = cos §H—>Z/ — sin §|—)Z/. (11.153)
Thus,

cos? g — gsiHQ Q = E (0052 Q — sin? Q)

2 2

. 6 o A 0 0
(W15 = (cos§<+|z/ - sm§<—|z/> 5 ( 2149 - sm§|—>z/)
h
2 2 2
h

= —cos?. (11.154)

Therefore, the probabilities of obtaining +4/2 when measuring the spin along the
rotated axis 2’ are cos?(6/2) and sin®(6/2) respectively. The average value of the
projection is

(S.) = gcos 0. (11.155)

P11.13 Consider an ion with spin 1, characterized by the Hamiltonian
FJ:DS’§+E<S§+S§>, (11.156)

with D and E constant, D > FE. Determine the energy levels.
Solution. We use the matrix representation of the spin operators in the basis of

eigenstates of S,, denoted as |m) with m = —1,0, 1. The matrices of the operators
are
R (U O N 0 —i 0
S (1o1), 5=" (i 0o =i (11.157)
V2 010 V2 0O 2 0

—_

(11.158)

—_ O =
o N O
—_ O =
(@)
o N O
—_ O =

—_
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paz 1 0 —1 p2 (10 —1
§2=(—) 02 0]==(0 2 0]. (11.159)
To\WV2) \ o 2\-10 1
and adding S’g + gj, we get
o p {200 100
S§+S§:3 04 0|=r|020], (11.160)
00 2 00 1
which substituted into the Hamiltonian gives
) w2 (101 100 S+E 0 b
H=D-— |0 2 0| +E-R*[0 2 0] =r 0 D+2E 0
101 001 2 0 2+4FE
(11.161)

The Hamiltonian matrix

L (8rE 08
H = 0 D+2E 0 (11.162)
L 0 L+E

is block-diagonal. The eigenstate |m = 0) (second row/column) is decoupled and
has energy

Ep—o = h*(D + 2E). (11.163)
The eigenstates |m = 1) and |m = —1) are coupled and form a 2 x 2 submatrix:
D D
Z4 F =
(2 D %—T—E) . (11.164)
The eigenvalues of this submatrix are obtained by solving det (a z A u E A) =0
witha =5 + Eand b= 5,
(a=AN?—b*=0 = A=azb. (11.165)
Substituting,
D D
AM=a+b= 5+E +§:D+E, (11.166)
D D

Thus, the energies for this subspace are h%*(D + E) and h*E.The three energy
levels are h?E, h*(D + E) and h*(D + 2FE). These levels are non-degenerate in
general, since D and E are arbitrary constants with D > FE| but their signs are
not specified. The corresponding eigenstates are

2. L m=1)—|m=—
RE : ﬁﬂ 1) — | 1)), (11.168)
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2 L m— —
h*(D+E): \/§(| 1) + | 1)), (11.169)
R*(D +2E) : |m = 0). (11.170)

P11.14 Consider a system of angular momentum 1 represented by the state vector

b=—o | 4]. (11.171)

What is the probability that a measurement of L, returns the value zero?
Solution. We are given the state

1
= —=(|1,1) +4{1,0) — 3|1, —1)), 11.172
(0 75 (11, 1) +4[1,0) = 3|1, —1)) ( )
where the kets |l,m) correspond to the eigenstates of total angular momentum
with [ = 1 and m = —1,0,1. These three states form a complete basis for the
[ = 1 subspace,
1 0 0
,1)=1(0], 1,00=1(1], 1,-1)=1{0 (11.173)
0 0 1

The eigenfunction of L, for [ = 1 with eigenvalue m, = 0 was obtained in Problem
P11.4, and it is given by

1 1
do= (L1~ |1, -1) = — _01 . (11.174)

To find the probability that the system is in the state vy, we compute the projection
of v onto 1y,

1 1 (1! |
Wolt) = —5 (1 0 —1) — _43 = =1 1+0-44 (1) - (=3))
(11.175)
143 4 2
- == T (11.176)

Therefore, the probability is the squared modulus

2
P = (|| = (\/11_3) = 14—3 ~ 0.3. (11.177)
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P11.15 Calculate directly the Clebsch-Gordan coefficients for the coupling of an-
gular momenta 1/2 and 1. Compare your results with those in Table 11.1 of Ref.
[1].
Solution. The total angular momentum can be j = 3/2, with possible projections
3/2,1/2, —1/2, —=3/2, or j = 1/2, with possible projections 1/2, —1/2. In the first
case we speak of a quadruplet (2 x 3/2 + 1 Components), and in the second case
of a doublet (2 x 1/2+ 1 components). The state |3 2) can only be constructed
with m; = 1, my = 1/2, and the only possibility is (with }2 ) for the spin-1/2
subsystem,

33

11 11.178

25 =nim. (11.178)
The state |% %> can be obtained from % %> by applying once the lowering operator
J_ = Ji_+ Jo_. This gives

33 31
LI5Sy =rey |3 5) = Ui nni G L)
=R (Cio[10) [4) +Cy_1 [11]-), (11.180)
that is,
31\ Cu C33 \[ \[
‘5 §>_ Gy WOH) + G 1L1) = 3101+ 11 (s
We apply the same procedure to obtain the state |— —l
31 3
2
- n\/;wl_l 1—1) ) +Cy_s [10]-) (11.183)
1
+h\/;(010|10)|—)+0 (11.184)
2 1
Zh\/;l —1)|+>+2h\/;|10\—>, (11.185)
that is,

g_%>:\/§|1—1>|+>+\/§|10|—>. (11.186)

Finally, the state ‘% —%> can only be:

'g _g> -1, (11.187)
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With this we have determined the four states belonging to the quadruplet. We
can verify the previous results with the following consistency test,

3 1 3 3 313 3
I
= \/;(OJFCHH - 1)) (11.189)

+h\/g(01_1|1 — 1)) +0) (11.190)

:;:L(\/géJr\/g) 11— 1)]-), (11.191)
that is
‘g—9—V§Q@+¢9u—mw—(J;W@)uwwmuu%

which coincides with ((11.187]).To construct the states corresponding to the doublet
with j = 1/2 we start from the fact that they must be of the form

33) =allD) =)+ 0[10) 4. (11193
% — %> =cll10)|-)+d|l —1) |+). (11.194)

Furthermore, the vectors ‘% %> and |% %> must be mutually orthogonal, a condition

a

From this condition and the normalization condition it follows that a = /2/3,

b= —\/m, that is,
L3 =y - yino . (11.196)

Finally, the remaining vector }% — %> is obtained from the previous one by apply-

ing the lowering operator, as done above. This gives
1 1 1 2
- —=)=1/=1 —y—/=1 —1 . 11.197
3 -3 =yEo -y i - (11197

P11.16 An orbital angular momentum L couples with a spin S to produce a state
of total angular momentum J. Find out what angles between the vectors L and
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S are allowed by quantum rules.
Solution. Let us consider the total angular momentum operator defined as
J=L+8, (11.198)

so that A A . o
J*=L*+8*+2L-S. (11.199)

From this, we can express the scalar product between L and S as
A A 1/ 4 ~ ~
L-$=3 <J2—L2—SZ>. (11.200)

Now, the scalar product can also be written in terms of the angle # between L and
S,
L-S=|L||S|cosb, (11.201)

L= VL2, |§]=VS§2

To compute the allowed angles, we consider an eigenstate of total angular momen-
tum |jm), where the quantum numbers satisfy

where

l—s|<j<l+s, m=m+m,.

Taking expectation values in the state |jm), we find

A A 1 ~ - ~
(jml[L18] cos 0ljm) = (jm]5 <J2 . 52) ljm) (11.202)

= 21+ 1)s(s + 1) cos 6 = %[j(j S =0+ 1) —s(s+ V)] F, (11.203)

therefore
JU+1) —ll+1) —s(s+1)

cosf = 11.204
2\/1(1+1)s(s + 1) ( )
The angles allowed by quantum rules between L and S are given by
(J+1) —1l+1)— 1
01s; = arccos JU+ ) —ll+ Y = s(s+1) : (11.205)
2/1(1+ 1)s(s+ 1)

P11.17 Is it possible for one photon to spontaneously decay into two photons?
And into three photons? Explain your answers.

Solution. We make the analysis for two photons first. A photon has spin s = 1
(intrinsic angular momentum £), and its state is described with total angular
momentum quantum numbers j = 1 and negative parity.The final state of two
photons must conserve total angular momentum 5 = 1. However, because photons
are identical bosons, their wave function must be symmetric under exchange. For
two photons, the possible combinations of total angular momentum and parity
that satisfy this symmetry are restricted. In particular, a state with ;7 = 1 for
two photons would have positive parity (given that the parity of a two-photon
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system is (—1)7 = (—1)! = —1if j is odd, but the intrinsic parity of each photon is
—1, resulting in total parity (—1) x (—1) x (—1)? = +1 for odd j, whichleads to a
contradiction). This inconsistency in parity and symmetry implies that two-photon
decay violates conservation of angular momentum and parity, and is therefore

forbidden.

Now, we analyze the three-photon case. The total angular momentum can
couple to 7 = 1 (for example, through combinations of states with m = 0,+1).
The total parity of the system would be (—1)3 x (=1)7 = —1 x (=1)* = +1 for
j = 1, but the initial photon has negative parity. Nevertheless, combinations of
angular momenta for three particles allow adjustments that could reconcile the
total parity with that of the initial state. However, one must additionally consider
conservation of energy and linear momentum. In vacuum, an isolated photon has

energy E = hw and linear momentum p'= hk. For it to decay into three photons,
the sums of energies and linear momenta of the resulting photons would have to
equal those of the initial photon. Since all these particles are massless, the disper-
sion relations (£ = [p]c) impose strict constraints. In conclusion a photon cannot
spontaneously decay into two photons due to violations of angular momentum and
parity, nor into three photons due to the impossibility of conserving energy and
linear momentum in vacuum.

P11.18 The deuteron has spin 1. What are the possible states of spin and total
angular momentum of a system of two deuterons when their total orbital angular
momentum is L7
To determine the possible values of the total spin and total angular momentum
of a system composed of two deuterons (each with spin s = 1), we proceed by
coupling angular momenta.The total spin S results from coupling the individual
spins of the two deuterons,

S =3 + 3. (11.206)
The possible values of the total spin quantum number .S are given by the standard
angular momentum addition rule

’81 — 82| < S < S1 + Sso. (11207)
Since each deuteron has spin s; = sy = 1, we obtain
0<S<2 = S§=0,1, 2. (11.208)

Next, we consider the coupling of the total spin S with the total orbital angular
momentum L = [; + [ to obtain the total angular momentum J,

J=L+S. (11.209)
The allowed values of the total angular momentum quantum number j are then
given by
|IL—-S|<j<L+S. (11.210)
Let us now enumerate the possible values of the total angular momentum j for
each allowed value of total spin S.
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e For S = 0, the allowed values of j are given by
IL|<j<L = j=L (11.211)
e For S =1, the allowed values are
IL-1<j<L+1 (11.212)

—If L =0, then 5 =1,
~-IfL>1,thenj=L—-1, L, L+ 1.
e For S = 2, the allowed values are

L—-2<73<L+2 11.213
J

—If L =0, then j = 2,
—If L=1,then j =1, 2, 3,
-IfL>2 thenj=L—-2, L—1, L, L+1, L+2.
Therefore, for each fixed value of L, the allowed total spin values are S = 0,1, 2,

and for each such S, the allowed total angular momentum j values follow from the
rule |[L -S| <j<L+S.

P11.19 Consider a spin 1/2 particle confined by a central potential. a) Determine
the wave functions that are simultaneously eigenfunctions of the operators L2, J?
and jz = [:z + SZ;

b) If an interaction term of the form 72 . S with ~v small is added to the
Hamiltonian, what are the eigenfunctions of the system?
Solution. a) For a spin-1/2 particle in a central potential, the simultaneous
eigenfunctions of the operators 132, J?, and J, are constructed by coupling the
orbital angular momentum (L) and spin (S) on the basis of the total angular
momentum. The wave function has the form

wn,l,j,mj (Ta 97 ¢7 U) = Rnl (T)Y;l,zrijl/2(97 ¢7 U)? (11214)

where R,,(r) is the radial part, which depends on the central potential and is com-

mon to all spin states, since the potential is central and initially spin-independent,
l,s=1/2
)/rj?mj
grees of freedom, and m; is the total magnetic quantum number, with values
m;=—7,—3+1,...,7].
For orbital angular momentum [ and spin s = 1/2, the total angular momentum
j can take two values if [ > 0,

is the spin spherical harmonic, which couples the angular and spin de-

1
j=l+g. (11.215)

When [ =0, only j = % is possible.
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Spin spherical harmonics are expressed as linear combinations of uncoupled
states [I,my) ® |s,my). For j =1+ 3

L+m; + v l—mj+% il
— [ Ty S T E Y g g)x . (11.216
Yistm, N4l s\ T o G ox- (11216)

For]—l—— (1 >0),

v o [ TRy g gy | e 2y (11217
i—1m A +1 21+1 o)X )

where xy, = (é) and y_ = ((1)) are the Pauli spinors.The corresponding eigen-

values are given by

L2 = B2 + 1)1, (11.218)
J4 =R + 1), (11.219)
Jab = hm . (11.220)

The radial part R,;(r) is not fixed by these operators (it depends on the specific
central potential), but it is the same for all spin states in this basis.
b) When adding a spin-orbit interaction term (with v a small constant), the
total Hamiltonian becomes X X o
H=Hy+~L-8, (11.221)

where Hy is the Hamiltonian without spin-orbit interaction. Using
A oA 1 - A A
L-S= §(J2—L2—SQ). (11.222)

and remembering that H commutes with L2, 52, J2 and J,, and that the spin-
orbit interaction is diagonal in the coupled basis of part a), we conclude that the
eigenfunctions remain the same as in part a),

Yt jan, (1.0, 6,0) = Ru(r)Yym (0,6, 0). (11.223)
Also L - S is diagonal in this basis, with eigenvalue
2 3
5 {j(j +1) =11+ 1) — ﬂ . (11.224)

The radial part R,;(r) does not depend on j because it does not act on r (it is
constant in the subspace of fixed [ and 7). The radial equation remains the same
as without interaction, except for a constant energy shift. The modified energies

are given by
. 3
En; = Ev(@?) + 72 [](] +1)—1(l+1)— ﬂ , (11.225)

where Eq(fl)) is the energy without spin-orbit interaction.



CHAPTER 12
Central Potentials. The Hydrogen Atom

P12.1 Consider a diatomic molecule made up of ions with charge +¢q and
masses my and ma, respectively. Show that:
a) The external gravitational field (near the earth’s surface) produces an effect on
the movement of the CM of the molecule, but not on its internal (relative) motion;
b) An external uniform electric field £ along the z-axis does not affect the CM
motion, but it does affect the internal one, since it induces a dipole electric moment
given by

O GE =g
Hint: study the general case corresponding to the potential
V(r) = fiz1 + fazo

and take the particular case.

Solution. Let us consider a system of two particles that interact through a
potential V(71 — 73), and that are also subjected to a common external potential
of the form

Va(r) = fiz1 + faza, (12.1)
where f; and f; are constants. The stationary Schrodinger equation for this system
is

h? h?
Vi — - Vi+ fizi + faza + V(ry — 1'2):| U(ry,ry). (12.2)
2

BEU(r,,ry) = [ 5

B 2m1
In terms of relative and center-of-mass coordinates (with Z = R,, z = r,), one has

f1m2 - f2m1

fizi + faze = (i + f2)Z + i ;
where M = my + my. Therefore, equation ((12.2)) can be rewritten in the form

2 2
EY(r),ry) = [—%V% - ;—mVE +(fi+ f2)Z+ frz+ V(r)] U(ry,re), (12.4)

(12.3)

where, to simplify the notation, we have introduced the quantity

_ f1m2 - f2m1
—M .

188

/. (12.5)
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This equation is solved using the method of separation of variables, by writing the
wave function in the form W(ry,ry) = ®(R) ¢ (r), which leads to the following
pair of Schrédinger equations,
h2
Er®(R) = —WV%I)(R) +(fi+ f2)Z2(R), (12.6)

Bablr) = 0 G(r) + ) + V() (). (12.7)

We will now study various particular cases. a) When the ions are in a uniform
gravitational field acting in the z direction, the external potential is

Vo= —migzy — magzs. (12.8)

Comparing this expression with ((12.1) we find f; = —mig, fo = —mag, hence
fi+ fo=—Mg and fims — fom; =0, so that f. = 0. Therefore, equations ((12.6)
and ((12.7) reduce to

Er®(R) = —%V%@(R) — MgZ®(R), (12.9)
BA(r) = ~ 2o T20(r) + Vi) (12.10)

These equations show that the gravitational field affects the motion of the center
of mass, but not the relative motion. b) When the ions are in an external electric
field £, constant in the z direction, the potential becomes

Vo =q&z1 — €2, (12.11)

which corresponds to f; = —fs = ¢&; in this case, f1 + fo = 0, and fims — fomq =
fiM = f.M = M€, so that Eqs. (12.6) and (12.7) reduce to

Er®(R) = —%Vé@(m, (12.12)
BA(r) = ~ 1) + gfzir) 4 VO, (1219

We see that the electric field does not affect the motion of the center of mass, but
it does affect the relative motion. This example illustrates the importance of how
the external field couples to the system.

P12.2 Two oscillators interact linearly with each other, in such a way that the
Hamiltonian of the system is
2 2

P P 1 1 1

2—7721 + 2—7;2 + §m1w2x% + Emngxg + Emwgﬁ(xl — 19)2. (12.14)
Show that the relative and CM coordinates coincide with the normal coordinates,
separate these variables, and determine the eigenvalues of the energy. Study the
energy spectrum for the attractive (5 > 0) and repulsive (8 < 0) cases, in the

H =
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limits |5] < 1 and |B] > 1.
Solution. In the proposed Hamiltonian the sign of the coupling constant
[ determines whether the interaction between the oscillators is attractive or repul-
sive, that is, whether the interaction increases or decreases the system’s potential
energy. In terms of the relative and center-of-mass coordinates

mi mo

— == 12.15
YL =T =Ty Y2 = pt + = A ( )
where M = my 4+ my is the total mass of the system, we have
my

= =y — — 12.16
Ty =Yz + Myl, T2 = Yo = 3 YL ( )

o? 02 o? o?
_22212_2+2@ +—, (12.17)

Ozt M? Jy; M 0y10y2 ~ Oyi

92 2 92 92 92
SR + . (12.18)

0r3  M20y; "M Oydy Oy}
The kinetic energy operator is now expressed as
Ao R
2m;  2my  2udy?  2M Oy3’

where p = ™72 is the reduced mass, while the potential energy is

(12.19)

1 1 1 1
§m1w2x% + 2m2w r2+ 2mw2ﬁ (21 — 23)° = SHW 21+ B)y? + 2Mw2 ya. (12.20)
The particular case § = —1 is exceptional, as the relative motion disappears,

neutralized by the interaction effect. In this case, the two oscillators move in

phase, forming a “rigid” system that oscillates around the center of mass. In terms

of the new variables, the Schrodinger equation is
h? 9? R 0% 1 1

S1* (14 Byt | (v, y2).

E = |—-—= M
(Y1, y2) 2107 2o 2 WY + 3
(12.21)
To separate variables, we write
V(y1,y2) = d1(y1)P2(y2)- (12.22)
We decompose the energy into the sum,
E =F, + Es. (12.23)
This leads to the system of Schrédinger equations
h? 92 1
By =5 aﬂl + 5L+ By, (12.24)
n* o? 1
Esypy = 2 Mw Yapo, (12.25)

2M82



12. CENTRAL POTENTIALS. THE HYDROGEN ATOM 191

which describes two independent harmonic oscillators provided that § > —1 (the
case § < —1 will not be analyzed here). Since this is precisely what happens when
transforming to a system of normal coordinates, the pair of relative and center-
of-mass coordinates coincides with the normal coordinates of the problem. This
coincidence is due to the equality of the frequencies of the two original oscillators.
The frequency of the oscillator associated with the relative motion ¥, is affected
by the interaction, and becomes

Wy =wp =wy/1+ 0. (12.26)

The system’s energy is the sum of the energies associated with each of the two
quasiparticles, and is obtained using the equation

1
E = hw -
(n+2)

for the eigenvalues of a harmonic oscillator’s energy. For the relative motion we

have
1
Enlzhw\/ﬁ+1<n1+§>, np=0,1,2,..., (12.27)

while the center-of-mass energy is

1
Eng = hw (n2—|—§) , N9 20,1,2,... (1228)
The total energy of the system becomes
1
Enm:hw[n“/l—l—ﬁ+n2+§<1+ 1+5)}. (12.29)

This result shows that the mutual interaction modifies not only the energy of
excited states but also the zero-point energy, since the oscillation frequency has
been affected. For values of 3 such that /5 4 1 is a rational number, the excited
levels become degenerate; if, on the contrary, /£ + 1 is irrational, there is no
degeneracy.When |5| < 1, the mutual interaction of the oscillators can be treated
as a small correction to the energy values corresponding to the system of two
independent oscillators:

1 1

This energy will be slightly higher or lower than that of the uncoupled oscillators,
depending on the sign of 3. In the opposite limit, 5 > 1, the energy eigenvalues
can be approximated as

E = hw \/Bn1+n2+%\/ﬁ+%+---}. (12.31)
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P12.3 Determine the normalization coefficient of the radial wave function of the

hydrogen-like atom.

Solution. The radial function is given, using the notation p = 2ar, with a =

Vv —2mE/h?, by

Ru(p) = Cup'e Q" (p),

(12.32)

where QF(p) are the associated Laguerre polynomials, which can be defined via

Rodrigues’ formula

dTL
Qnlp) = 1, p g ()

n+m .
z; s‘n—s)(77”3+s)"0'

In terms of the (generalized) Laguerre polynomials L, (x), defined by

1 d"
Lnx:—e—fn”e’x , n=0,1,2,...,
the associated Laguerre polynomials can be written as

dk
Qﬁ(x) = (_1)k@Ln+k($)7 k=0,1,2,...

These polynomials satisfy the orthonormality condition

/ " et QE )@k () dp = LR

= b,
0 .

and also the integral identity
o k)!
/ e QR ()@ (o) dp = ;; R on+k+1)
0 .

Now, using the normalization condition for the radial wave function,

/ TzRil(T) dr =1,
0

and the change of variable p = 2ar, we can write
1=, o [~ —p 2042 20+1 2
83 /. PR, ()dp—83 e PR (p) dp = 1.
Using the identity (12.37)), we obtaln
CZ  2n(n+1)!

. =1.
8a3 (n—1—1)!
Finally, using the expression o = aoin and
A
—=k+I1l+1=n,
Bag

(12.33)

(12.34)

(12.35)

(12.36)

(12.37)

(12.38)

(12.39)

(12.40)
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we find the normalization constant,

= 2 <Z>3M. (12.41)

2\ \ao) (n+1)

P12.4 By comparing the corresponding differential equations, show that the La-
guerre polynomials can be written as confluent hypergeometric functions in the
form

F 1 (p) = 1Fi(=k, 20+ 1); p). (12.42)
Use this result to obtain the physically acceptable values of the quantum number
k.
Solution. The confluent hypergeometric differential equation (sometimes called
Kummer’s equation)
zy" () + (c—2)y () —ay(z) =0 (12.43)
has as its solution the confluent hypergeometric function, commonly denoted as
LF (a,c;x) or M (a,c;z). Specifically,
y(x)=1F (a,c;2) = M (a, c; ) (12.44)
ar a(a+1)2*> a(a+1)(a+2)2®
cll  cle+1)2 " c(c+1)(c+2) 3! ’
with ¢ # 0, —1,—2,.... This function converges for all finite x, and in terms of the
Pochhammer symbols

(12.45)

_(a+n-—1)! _
(a), = W, (a), =1 (12.46)

it can be written as

M(a,c;z) = Z (@)n

R (12.47)

n=0
In turn, the associated Laguerre polynomials y = Qil“(x) are solutions of the
Laguerre equation,

Z
vy (z) + 21+ 1) — 2]y (z) + (a_ —1- 1) y(xz) =0. (12.48)
0
Comparing this equation with ((12.43)) we see that they coincide if we take
Z
c=2(l+1), a:l+1—a—. (12.49)
0

With this correspondence, the associated Laguerre polynomial can be written as
the confluent hypergeometric function

QI () = 1 Fr(—k, 20+ 1); ), (12:50)
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under the condition that
2(14+1)#0,-1,-2,... (12.51)

To determine the physically acceptable values of k we observe from that
M (a,c;x) reduces to a polynomial if and only if the parameter a is a negative
integer, that is, if

a=—k, withk=0,1,2,3,... (12.52)

Since this choice reduces Qz”l(p) to a polynomial, it guarantees the exponential

decay of the hydrogenic wave function at infinity. Under these conditions, it is
natural that the equality (12.52) is equivalent to the quantization condition for
the hydrogenic atom, that is,

z
22 —kti+1=n (12.53)
Qo

P12.5 Show that the eccentricity of the hydrogen-like orbits can be taken as
I(1+1)

—y 1

n2

Note from here that the minimum eccentricity (closest to circular orbits) corre-
sponds to l =n — 1 and is €, = Ln, which tends to zero as n — oo.

Solution. The turning points (which correspond to the maximum and minimum
values of the radial distance vector) in the classical Kepler problem are given by

the values of r that solve the equation
2 VA 62 L2
o, 2

= — 12.54
2myg r 2mqr? ( )
when p, = 0. These solutions are
Ze [y o 2L g (12.55)
Tmax/min = - . .
/ 2|F| Z2etmy

If in this expression we introduce the eigenvalues of the energy of the hydrogen-like
atom,

Z2e*my
bE,=—7>w— 12.
" 2h2n? (12.56)
and of the angular momentum,
(L) = R0+ 1), (12.57)

we obtain

n?ag ((0+1)
A 144/1— . 12.58
T'max/ 7 ( = ( )
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The eccentricity of an elliptical orbit is defined in terms of the major semi-axis a
and the minor semi-axis b as

b2
€ = 1-— E’ (12.59)

and in terms of it, one can write
T'max/min = a(l + 6)- (1260)

Comparing this equation with (12.58]), we obtain the pair of identifications

2 (41
% € = 1_M_

7 - (12.61)

a =
The first of these results shows that the quantum analog of the major semi-axis of
the elliptical orbits is the quantity (ag/Z)n?. The second result gives a possible
definition for the eccentricity, and coincides with the expression proposed in the
problem. Since ¢ < n — 1, the eccentricity defined in this way (which in classical
theory corresponds to circular orbits) can never vanish; the minimum value it can
attain occurs precisely for £ = n — 1, and is €y, = 1/4/n. With this definition,
quantum “circular” orbits correspond to those with the smallest eccentricity for
a given energy (that is, a given n). For finite ¢, the eccentricity defined by Eq.
approaches unity in the limit n — oo, which corresponds to infinitely
elongated orbits; however, €,;,, — 0 when n — o0, as corresponds to circular
orbits.
It is interesting to re-express the above result in terms of the quantum number
k=n—¥0¢—1,

VEE+ 2k +1)(0+1)
€ = .
kE+0+1

For the minimum value & = 0, the minimum eccentricity 1//¢+1 = 1/y/n is
obtained. For the maximum value £k = n — 1 and ¢ = 0, the maximum ¢ = 1
(infinitely elongated ellipses) is reached. These results suggest interpreting the
number k as a measure of the eccentricity of the orbits. Thus, the principal
quantum number is expressed as a contribution of the angular momentum plus
a con&ribution from the eccentricity—this combination defines the energy of the
state

(12.62)

IThe interpretation suggested here is consistent with the ensemble interpre-
tation of quantum mechanics, according to which the particle always retains its
corpuscular (localized) nature, regardless of whether wave-like effects take place.
In the orthodox interpretation, the notion of trajectory for quantum particles is
completely discarded, so within that framework only the formal aspects of the
previous calculation are meaningful.
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An alternate way of viewing this problem is through the so-called eccentricity
vector or Laplace—Runge—Lenz vector, defined aﬁ

(Lxp—pxL). (12.63)

In the classical Kepler problem, it is shown that, due to A - L = 0, the vector A
is fixed in space and points in the direction of the perihelion of the orbit, with a
magnitude equal to the eccentricity, A = e. These properties can be transferred to
the quantum case and lead to a (formal, if preferred) definition of the eccentricity,
very close (although not identical) to Eq. (12.61)).

P12.6 Derive the following results for the expectation value of ™ for the H atom,
where p,; = 7/ap is measured in atomic units (m = h =e = 1), 1. e, pu =
(2n/Z)p

(Par) = % [3n® =1L+ 1)]; (p2) = 2;2 [5n% +1-3I(1+1)], (12.64)

1 A 1 Z? 1 VA
Pat n? Pat n3(l + 5) Pat n3(l + 1)(l + 5)
Solution. The expectation value of 7* for the hydrogen-like atom is
<7‘k> = / dr r*** R (r), (12.66)
0

with R, (p) given in [1], Eq. (12.91). Using p = 2ar we obtain directly, in the
current notation,

(r) = %’2;14 /O " e Q7 1(p))” dp. (12.67)

This integral can be evaluated using the recurrence relation for Laguerre polyno-
mials

pQF =2n+k+1)QF — (n+k)QE_, — (n+1)QE,,, (12.68)

and their properties of orthogonality. Combining them appropriately we arrive at
() = 3ok (6u7 — 2 —21) [ QUL QR (g (12:69
0

(ry = 1(5 1 (6n* — 21* — 21) %

Introducing the value of the normalization constant (see [1], Section 12.5.1) and
a = Z/nag, we obtain

164

(12.70)

Qo 2
=—13n"—Il(l+1 12.71
(r) = 57 [3n* =10+ 1) (12.71)
2[n the literature, it is more commonly known as the Runge—-Lenz vector, but
it was already discussed in the work of Laplace. An introduction to the topic can

be found in [Gold80|, Section 3-9.
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which, when re-expressed in atomic units p,, = r/ao, leads to the requested result,
1

(pa) = 5 [3n* =11+ 1)]. (12.72)
To calculate (r?) we proceed analogously,
C? o _ 2
) = 3305 / P e (@11 () dp. (12.73)
a” Jo
Co 2
= g3n5in [5n* +1—3I(1+1)] (12.74)
< [T ()@ () (12.75)
C? (n+1)!
="y 241 =311+ 1)] ——Fr 12.
32a5n[5n+ 311+ )}(n—l—l)! (12.76)
and use a = Z/nay to arrive at
2 Z ’ 1 2
(r*) = o) amias [5n” +1—3I(1+1)] (12.77)
n2a3 2
=57 [5n* +1 =311+ 1)], (12.78)
or, in atomic units,
2
(p2,) = % [5n2 +1—31(1+1)] . (12.79)

To proceed, we write
1 1 apC? [ _
<E> = ay <;> = / PP QL (P)QR () (12.80)
a 0
~aCl (n+1)

= 12.81
402 (n—1-—1) ( )
which leads to p
1
<—> =—. (12.82)
Pat n
To calculate (r~*), s = 1,2,3,... in a more direct but systematic way, we can

proceed as follows. The expression

1 2-sp2 g 1 2-s 2 l
<7"S> /0 g i (204)35/0 w(7) (1283)

is rewritten as

1 02 00
<7> = G | e @ b (12.84)
02 00
= o) /0 P e [Q (o) dp, (12.85)
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where we set k =n —1—1, m = 2[4+ 1. If we now express one of the polynomials
Q7' (p) explicitly as a power series,

20 = Y (12:56)

and write the other using the corresponding Rodrigues formula as

T, d
a7

m

i (p) = ¢ e Pt (12.87)

we obtain

2 k _1)i m)! 00 dk
<l>: (@ lz ( 1) (k + )‘)'/O pl—s-i—]d_ (e—ppk+m) dp. (12.88)

= )m + ap"

This integral can be solved by parts without difficulty, but we must distinguish
the following possibilities:

a) If 1 — s+ 7 < 0, the integral is non-zero for all values of k.

b) If 1 — s+ 5 > 0, the integral is non-zero only when 1 — s 4+ j > k. For
s=2,1—s+j=7—1,and if j — 1 > 0, the integral only contributes when
j —1 > k, a condition that cannot be satisfied since the maximum value j can
take is precisely k. Therefore, the only term that contributes in for s =2
is the one corresponding to j — 1 < 0, that is, j = 0. We thus obtain

1 Cy 1 (k+m)t (> d*
S) = o [ P g (€T dp. 12.
<7“2> 2a (k)2 m! /0 P (e77p"™) dp (12.89)
Integrating by parts k times,
1\ 4 1 (k+m) | [
S) = oe T R e 12.90
<7’2> 2a0 (EN)?2 ml! /0 proeap ( )
_Chktm)(m-1! Gy (n+D) o
 2a k! m!' 2o (n—1—-1D!20+1) :

Substituting the normalization coefficient value we finally arrive at

1 a? 7% 1
<_2> = <_g> = 7. (12.92)
Pat r n’ i+ 5

In the case s = 3, we have 1 — s+ j = j — 2, and again, if j —2 > 0, it must satisfy
7 — 2 > k, a condition that is not met since the maximum possible value of j is
precisely k. Therefore, possible contributions occur when j — 2 < 0, meaning that
in expression only the terms corresponding to 7 = 0 and j = 1 contribute.

Hence,
1 Co[(k+m)! (> ,d"
<—>ZW[W/O P g (P dp (12.93)

r3
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(k+m)! /"O LA
- — ™) dp| . 12.94
&—Dlim+1) ), 7 dpk(e o) dp (12:94)
Integrating by parts k times,
1 Ca [(k+m)(k+1)! [~ .,
<—> = ﬂ[ Fiml / pretdp (12.95)
(k + m)!k! /°° 1 —p
— " d 12.96
k-—m+1 ), 7 <% (12.96)
C% [(k+m)!(m —2)! (k+m)l(m —1)!
= — kE+1)— k 12.
Rl [ m) (k+1) (m+ 1) (12.97)
o (k4+m)! [ 2k+m+1 | (n+0Dn (12.98)
"oEm (m+D)(m—=1)]  Mm—-1-D200+1)(20+1) '
Substituting the expression for C?% we finally obtain
1 ap A 1
—y=(20)V == : 12.99
(&)= (3) =T ey o

An alternative way to derive (r—2) uses the Feynman-Hellmann theorem. This
theorem is given by equation

Ofn

oF
S = a5 V). (12100

where F' is an operator that depends on a parameter A, and f, is its expectation
value in state n. To use the theorem we consider a generalized central Hamiltonian
of the form

) 1 AN + 1
WO = g vy 4 2O

T o (12.101)

The eigenvalues E,, () of this Hamiltonian correspond to the physical energy values
for A = = integer. Applying the Feynman-Hellmann theorem we obtain

REA+1), 1 0B,

()l

When applied to the hydrogen-like atom with Ey; = —(mgZ2%e*/2R%)(k +1+1)72,
this formula reproduces Eq. (12.92). For the isotropic harmonic oscillator the
energy levels are Fy; = hw (Qk + 1+ %), and (|12.103)) yields the interesting result

<%> _ % (12.104)

oh
(n)\|5]n)\> =

that is,
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Since (r?) = Ej;/mow?, the result can be written in a form similar to ((12.92):
2k +1 + 5
< >< 2) = =- z (12.105)

1

P12.7 Derive the recurrence relation for (r®) for the potential V' = g¢r™. Verify
that the results of Exercise E12.2 [1] are particular cases of this expression.
Solution. We start from the following result, derived in [1] for a general potential
V =V(r),

S s+l s+1 A2 .8 h? 5—2
<prr > +—— () + —s( —1){r?) =0. (12.106)
We now compute p, and p? for the potential V(r) = ¢gr". The Hamiltonian is
~ o pE R+ 1
RG]

H = ", 12.1
2m 2mr? tar ( 07)

ip] - - (% | +alher). (12.108)

since [p,, p?] = 0. We apply the known identity [p,,r"] = —ihinr"~!, and compute,

) ) (h%(é—{—l) ( 2h _3) (f’mr”_l))
pr=—(—— -5 +a| —
h 2m 7 )

R20(0 + 1
= # — gL, (12.109)
mr

Therefore,

pT:

On the other hand, equating H=F and using the radial Hamiltonian, we have
2 R0+ 1
b PO+

n_F 12.110
2m 2mr? a ’ ( )
which implies
R0+ 1)
~2 n
Substituting this expression into Eq. (12.106)), we obtain
20+ 1 200+ 1
(m+ ) <TS_2> —qn <,r,s+1+n—1> 4 2(8 + 1)E <T’S> . (m+ )(S + 1) <7”5_2>

—2(s+ 1)g (r"™) + 4TL—ms(s2 —1){r %)y =0.

We observe that the two terms involving ¢ can be rewritten as
—qn (r — (ngr" ety = — (Vo) (12.112)
—2(s+ 1)g (r**") = =2(s + 1) (¢r"r*) = =2(s + 1) (V*). (12.113)

s+1+n71> —
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Therefore, the recurrence relation becomes
s2—1
4

2(s+ DHE (r*) = 2(s+ 1) (Vr®) — <V’r5+1> + %23 ( — 00+ 1)) <7“8_2> = 0.

(12.114)
Let us now verify that the results from Exercise E12.2 are particular cases of
this general expression. For the hydrogen-like atom potential

V(r) = —g, = Viir)= ¢

r r2’

T.S
— 12.116
o), (12.116)

(12.115)
—2(s+1)(Vr®) =2(s+1)C

(v = _c<

which yields the recurrence relation

T’S+1
5 > (12.117)

s2—1

2s+1)E (r*) +C(2s+1) (r* ") + %23 ( — (0 + 1)) (r°7%) = 0. (12.118)

We now consider the harmonic oscillator potential

V(r) = %merZ = V'(r) = mw?r. (12.119)

Then we have
2(s + 1) (r°V) = mw?(s + 1) (r**?), (12.120)
(r*tV") = mw® (r*?) . (12.121)

Substituting into the general recurrence relation, we obtain

2B(s +1) (") — gm(2s+4) () + g (S et 1)) (r-2) = 0.
(12.122)

P12.8 Show that in the ground state of the H atom the expectation value of r" is
1 n
(100]7"|100) = = (@) (n +2)\.

2\7
Solution. The radial wavefunction for the hydrogenic ground state is
3 3
Z\? Z\?
Rulp) =2 (2) iy —2(2) o (12.123)
ap Qo

With p = 2ar we obtain

Z\* 1 %
100 | 7 | 100) =4 =) ——— Hne=r g 12.124
oo 5+ [100) =4 (2) S [ pnerap (12.124)
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zZ\* 1
=4 — | —— 2)!. 12.125

(&) Tt H2129)
Introducing the relation o« = Z/ag (valid for the ground state) we arrive at the
requested result,

(100 | 7" | 100) = % (%)n (n +2)\. (12.126)

P12.9 Solve the H atom problem with an additional potential v/r? and show that
for any value of the parameter v # 0, the degeneracy with respect to [ is broken.
Solution. It is possible to draw some general conclusions for arbitrary + without
the need to previously solve the problem. Proceeding exactly as with the hydrogen-
like atom problem, one recovers the same result but with an additional term

2
Q"+ <ﬁ _ 1) O + (" it 40‘27) Q=0. (12.127)
P P P
The appearance of this term is essential, since the energy levels now depend ex-
plicitly on the pair of parameters v and n — [ — 1, which breaks the degeneracy in
[. In other words, this degeneracy can be understood as a consequence of the fact
that, when transforming the differential equation for the radial function u,

1 Z l(l+1
u” + (—— + _U t )> u=0, (12.128)
4 aagp P
into Eq. (12.127) with v = 0, for u(p) = p'*'e*/2Q(p), the coefficient of the
last term ~ 1/p® vanishes identically. As this is no longer true when v # 0,
as follows from ([12.127)), the degeneracy is broken.The explicit solution can be
obtained by noting that the effective potential to which the electron is subject is,
with 8 = 2mgy/h?,
Ze? REIl+1)+p Ze? 2 A+ 1)

|4 = — = — 12.129
(r) r * 2mo r2 r * 2mg  r? ( )

where the new constant A is determined (for 8 > 0) by the equation

AA+D) =11+ +8 = )\:—%+\/<l+%) + 8. (12.130)

From this identification, the problem is solved in the usual way, but with A playing
the role previously played by ZELA simple way to deal with this problem is to use
perturbation theory, treating the ~/r? potential as a perturbation applied to the
hydrogen-like atom. It can be shown that the presence of this perturbation breaks
the degeneracy in [, no matter how small the value of the parameter v, as discussed
above.

3The explicit solution of this problem can be found in [LL65]|, §35.
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P12.10 Find the probability that in a hydrogen atom in its ground state, the
electron and the proton separate beyond the value allowed by classical mechanics
at the same energy.

Solution. Given the ground state wavefunction of hydrogen

1
Pr00(r) = —e "/, (12.131)
Tag

where ag is the Bohr radius. The ground state energy is

ke? 1
E=— ith k£ = . 12.132
! 2a¢’ W 4meq ( )
For energy Ej, the classical turning point occurs when E; = V (r)
ke? ke?
- —=— : 12.133
2@0 Tclass ( )
Solving for r¢jass,
1 1
i = Pelass = 200. 12.134
2@0 Tclass T o ( )
The radial probability density for the ground state is
2 2 4r? —2r/a
p(r)dr = |thioo]” - 4mrdr = —-¢ odr. (12.135)
g
and the probability for r > 2a, is given by
> 4r? —2r/a,
P(r > 2ay) = —e odr. (12.136)
2a0 Qg
Introducing v = z—g
1 [e.e]
P(r > 2ay) = 5/ u’e™"du, (12.137)
4
solving by parts
/uQe_“du =—e “(uP+2u+2)+C (12.138)
and evaluating from 4 to oo
/ ule  du = 26, (12.139)
4
we get
1
P(r > 2ay) = 5 X 26e~* = 13e7%. (12.140)

This small value indicates that the electron is tightly bound to the nucleus.
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P12.11 An H atom is in the state n = 2,/ = 1, m = 0. Express the corresponding
electronic wave function in momentum space.
Solution. We start by writing the position-space wavefunction

Ya10(7,0,0) = Ra1 (1)Y(6, ), (12.141)

with )
= —. 12.142
B e ( )

The radial wavefunction for this state is

/1
Ro(r) = p Gare —pr (12.143)
0

so the complete wave function becomes
aro(r,0,0) = B(6a3) "2 re P YL(8, ). (12.144)

The wave function in momentum space is given by the Fourier transform of the
wave function in position space,

U(p) = W / Y(r)e *T dr. (12.145)

The exponential can be expanded in spherical harmonics using the plane wave
expansion,

e~k = 47‘(’2 Ve Ge(kr) Y™ (0, 0) Y™ (O, 1) (12.146)

We then can rewrite the Fourler transform in spherical coordinates of the wave
function as

-~ 47T m/ Ny & . m m/* .
Y(p) = @rh)i > Y (O, ) (=) /0 Rne(T)Jé/(kT)TQdT’/Yz (0,0)Y;" (0, ) sinf df de.
2 m!
(12.147)
Due to the orthonormality relation
/ / n ng/ (Q, QO) sin 6 df ng = 58[’5mm’; (12148)
and with £ = %, the expression simplifies to
i Am o [T p 2
¥(p) = WY (0p, ©p)(—1) /O Ro(r)je ( h> redr, (12.149)

where 60, and ¢, are the spherical angles of the momentum vector p. In our
particular case, n =2, £ =1, m = 0, so we obtain

~ 4
w(p>:w 1 (0ps 0)( / Ro(r) g1 )2617” (12.150)
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We now compute the radial integral explicitly. The spherical Bessel function of

order 1 is ) )
. (pr sin (&) cos (5
i (2 = il YV (12.151)
(%) = @)

The radial integral becomes

g [ s e (S0 () cos ()
=7 6@‘8/0 r’e ( %)2 o) dr, (12.152)

which gives
86p 1 86°h°p
aOh(%—l—ﬁ?) ay (p* + h2(3?)

Thus, the Fourier transform of the hydrogen-like 2p state with m = 0 is

~ 52h5
Y210(p) = %h 3/2\/% 6% s ) = cos 0. (12.154)

Combining all constants and recalling that § = 1/(2ag), we get the final simplified

expression
. 7/2
~ 1 (h cos 6
ar0(p) = —— (a—) PR 3. (12.155)
2

P12.12 In classical electrodynamics the magnetic moment p, produced by an
electric current density J.; is given by

1

pe =5 (r x J.1).d%z. (12.156)
c
Show that for discrete charges ¢ this expression reduces to p, = T L. and,
transferring this result to the quantum case, show that
L. h
() = et (12.157)

2me.c  2mec

for a wave function of the form ¢ = ®(r,0)e"™?, with ® a real function.
Solution. For a continuous charge distribution, the current density is

Jo = / pel(x)v(x)dx. (12.158)

When the current is generated by a set of discrete point charges, this expression

takes the form q
.e = E nUn = E - Pn- 12.159
Jel ~ q ~ m, ( )
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For identical particles, from this expression it follows that
1
T 2c

_ 4 3. 4 3
a 2moc/; (rx ). o = 2mgpc /; (Ln), &, (12.161)

where L,, = r X p,, is the angular momentum of particle n. In terms of the total
angular momentum, L = " L, we obtain

e = d
7 2mye

[y (r X ja), &’z (12.160)

L.. (12.162)

Due to the linearity of this expression, it can be directly transcribed into quantum

terms, with mg — m., ¢ — e = —eg for the electron mass and charge, respectively.
This yields

A

e - L
0, — L. = -2, 12.163
2 2mc Ko 7 ( )
where
po = eoh/2mec (12.164)

is the Bohr magneton. This is precisely the result obtained from a direct applica-
tion of the Schrodinger equation to a particle in a magnetic field, as seen in [1],
Section 13.5. This agreement can be considered as verification of the validity of

the transition from Eq. (12.162)) to Eq. (12.163]). The same result is rederived in

the following problem using a systematic quantum procedure.

Note that Eq. predicts for the orbital gyromagnetic ratio of the elec-
tron the value e/2m.c = —po/h, which coincides with the corresponding classical
ratio.

Now consider the expectation value of ji, calculated for a state of the form
O(r,0)e™#. Tt is immediately verified that this is an eigenstate of the orbital
angular momentum projection along the Oz axis,

L.=—ih=—, (12.165)

which applied to ¢ = ®(r, 0)e™? gives ﬁzzb = mha)p. Therefore, for these states we
have

py = {f1,) = m = —fipm. (12.166)

P12.13 Show that when the quadratic effects of the magnetic field are taken into
account, the magnetic moment of an atom is

e’B

6m.c?

[= —pom (r?). (12.167)
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Notes: The first term represents a permanent magnetic moment (independent of
the external field) and can have any sign; this is the paramagnetic component of
the magnetic moment. The second term (which, because it comes from a quadratic
effect, is generally very small for weak fields) represents an induced magnetic mo-
ment (it vanishes when B = 0). It is always negative and exists for all atoms; this
is the diamagnetic moment.

Solution. The Hamiltonian of the atom in the presence of an electromagnetic
field is obtained by applying the principle of minimal couplz’ngﬂ to the correspond-
ing Hamiltonian in the absence of the field, as discussed in [1], Section 12.7.1.
Using this rule, one gets

1 2

(& €

N e 2 N
= <A——A> &= Hy— A-pip-A A2, (12.168
o \P—2A) Fe 0 e AP TP A) o ( )
where
~ 132
Hy= g — +ed (12.169)

€

is the Hamiltonian in the absence of a magnetic field (but in the presence of the
scalar potential ®). Let us consider the case of a constant and uniform magnetic
field of intensity B; in this case, one can write the vector potential in the particular
form given by

A= %B X7, (12.170)
since it identically satisfies the relation
B =V x A. (12.171)
Since V - A = 0, it follows that with this choice p and A commute,
p-A=—i(V-A)+A-p=A-p, (12.172)
and the Hamiltonian simplifies to
H=H - WZCA P sz02 A2, (12.173)

We choose a coordinate system with the Oz axis aligned along the magnetic field
direction, which gives

B
A= (—jo +iy), (12.174)
and
B2
A% = T (2® + %) . (12.175)

4The neologism minimal refers (analogously to how it is used in the text) to a
theory constructed with a minimal set of elements, that is, structurally minimal; it
does not qualify in any way the value yielded by the theory, as the term minimum
would.
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Another important advantage of writing A this way is that it leads to the following
very useful result,

1 1 1 .
A'ﬁ:§(er)~ﬁ:§B~(r><ﬁ):§B-L. (12.176)
With these expressions, the Hamiltonian (12.173]) becomes
H=H—--—-B f;+6232(2+ ?) (12.177)
T om, 8mec? ey '

We now consider the case in which, in the absence of A, the system possesses
spherical symmetry, so that (z?) = (y*) = (2?), which implies

2
(2 + %) = §<r2>. (12.178)
From Eq. (12.177) it follows that
E={fy)-——(B-L)+ B2y (12.179)
= — . o). .
0 2mec 12m.c?
The magnetic moment is generally defined as
oF
Applying this definition to the energy ([12.179)) we obtain
2
e . e
_ L> _ B (r?), 12.181
® 2mec < 6m.c? <T > ( )
a result which suggests defining the corresponding operator as
2
e = e
L = — Br?. 12.182
" 2mec (e " ( 82)

For eigenstates of L, with eigenvalue hm, one can write in particular

2

€
L= — — B {(r? 12.183
pe = —piom = o5 B (r?), (12.183)

where the definition of the Bohr magneton was introduced.From the last expression
it follows that the diamagnetic susceptibility (per atom) is given by

) audiamag €2N
diamag =N z — 2 12.184
z OB 6m.c? <T >’ ( )

where N is Avogadro’s number. This value is always nonzero (and negative); how-
ever, the diamagnetic properties of materials described by this expression are often
masked by paramagnetism, when present, which tends to dominate.

P12.14 Using
4e?w? s hw?

N = 0) = Au = | (el =

Bok (12.185)
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for the Einstein A coefficient, derive in detail
4e’w? 141

Aninsmt 11 all i = T+ 1|r|nl)|? 12.186
sl = B 'L 1) (12.186)
and -
derw> 1
At 1. all mt = nn T —1|r|nl)|?. 12.187
s’ 11, all 3hs gyl = drind)] ( )

Solution. The Einstein coefficients for allowed spontaneous transitions in the
hydrogen atom must be determined, taking into the previously obtained selection
rule Al = 41 into account. The relevant matrix elements are

(n'l'm/|rinlm) = (n'U'|r|nl) (I'm/|a, |Im), (12.188)
where the angular factor was obtained previously,
(I'm'|a,[lm) = a (A}, 00101 + Bih0vi-1) O meta (12.189)
+a_ (A}, 00141 + Bp0vi-1) Sprm—1 (12.190)
+ a, (Ao 141 + Bimdri-1) 6/ m- (12.191)

Let us first consider transitions from [ to I’ =1 + 1, for which
<l + 1, m'|dT|lm> = CAL_,_A?;n(Sm/’m_;_l + CAL_AZ_m(Sm/,m_l + dzAlmém’,m‘ (12192)

Each of the three components of this result contributes to transitions with different
m/; summing the contributions, we obtain

(I +1,m + 1]a,|lm) + (I + 1,m — 1|a,|lm) + {I + 1,m|a,|lm)|? (12.193)

1 1
= 5 (An)" + 5 (A45)" + (Am)”, (12.194)
where we have taken into account that
1
al = 3 a’=1. (12.195)

This result, combined with the appropriate ones, gives for the decay probability
from state (n,l,m) to state (n,l + 1,m’), for all allowed m/’,

4€2W2n/ 2 1 1 _
Anlmﬁn’,lJrl,m’ = 33 <nl7 I+ 1]r|nl)] 5(‘4;;71)2 + §(Alm)2 + (Alm)2:|
(12.196)
4e?w3 1+ 1
_ 2 S 1) [ (12.197)

3hed 20 +1
This is the equation that was requested. Now consider the transitions (nlm) —
(n',l — 1,m'), for which we have

<l — 1, TTLI’CALT|lm> = CAL+B;n5mlvm+1 + &,Bl:ném/7m,1 + dZBlmém/7m. (12198)
The transition probability becomes

(I —1,m + 1]a,|lm) + (I — 1,m — 1|a.|lm) + (I — 1, m|a,|im)|? (12.199)
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1 1 l
= (B )+ (B )+ (B)* = ——. 12.2
Thus,
4e%w3 1 9
) T nn "= 1rnl)|?. 12.201

P12.15 Calculate the mean lifetime of the hydrogen-like 3s state.

Solution. The hydrogen-like 3s state can spontaneously decay only to the 2p
state, since the transition to the ground state 1s is forbidden. Since this is a
transition [ — [ + 1 (with { = 0), we must apply equation

4 _detwd, 141
Mo LT TR 20+ 1

to determine the transition probability, which gives

[/, 1417 | nl)]?. (12.202)

4e2ws,
3s—2p — 33

121 |r|30)>. (12.203)

The radial wave functions for the hydrogen states |2 1) and |3 0) are:

1/ 1N\"?r
R =— 5] —e 12.204
21(7) 7 (2%) aoe , ( )
1\*? 2r 2r?
Rao(r) =2 — JR— —r/3a 12.205
ao(r) (3@0) ( 3ag * 27@3) ‘ ’ ( )
which gives
(217 30)= / # Rou (r) Roo(r) dr (12.206)
0
1 C>O4—5/60 2 OO5—5/6 2 /006—56 )
= rie—or/6ao g, _ = roe=or/6a0 qp. 1 re r/aod’l“.
9v2a} </0 3ag Jo 2742/,
Using
/ x"e " dr = n!, (12.207)
0
we find
4 (6\°
21(7]30)=——=1=] ao. 12.208
2130 =2 () a (12.205)

On the other hand, since
. E3 - EQ me4 (1 1) 5

— = = — 12.2
W32 h 277,30 RC, ( 09)

49
0% €

- - 12.210
i 2a¢’ @ he’ ( )
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we obtain .
2
Azsyop =3 (5) a’Re. (12.211)
Using the approximate values
1
Re~2x10%s" ~—
c X s, e~

we get
Azsyop = 6.12 x 10°s7".

Therefore, the mean lifetime of the hydrogen 3s state is

1

A35—>2p

Ty = ~ 1.63 x 107 "s. (12.212)

P12.16 Show that when a quantum system has two or more operators that com-
mute with the Hamiltonian but not with each other, in general the states of the
system are degenerate. What general property of the system does this fact reflect?
Solution. Let F' and G be the two non-commuting operators and

Fln) = faln),  Gln) = galn) (12.213)

their eigenvalue equations. Since F' and G do not commute, in general we will
have ¢,, # 1,. However, since both operators commute with the Hamiltonian, it
must have both ¢,, and 1, as eigenfunctions, so

Hpn = Enpn,  Hin = B (12.214)
The way to satisfy both Egs. (12.214)) simultaneously is by writing, for example,
= oo, with He,, = E,n,, (12.215)

where each of the functions ¢, corresponds to the same eigenvalue FE, of H,
but may correspond to different eigenvalues of F. That the expansion
can be made follows from this fact, since the eigenfunctions of the Hamiltonian
form a basis of the correspondlng Hllbert space, which is contained in that of the
operators F' and G, given that these commute with the Hamiltonian. Since in
general the functions ¢, and 1, are different, we should expect that more than
one coefficient ¢, will be non-zero. This expansion means that the eigenfunctions
op, of H require an additional index i for their characterization, and that the
energy does not depend on this index. In other words, in general, the eigenstates
of H are degenerate in this case.

A simple yet illustrative example of such a situation is provided by the angular
momentum in a central potential problem. Since it is a conserved quantity (as
L =r x F =0), each of its Cartesian components commutes with the Hamilton-
ian, although they themselves do not commute with each other. If there were only
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one angular momentum component, which we could denote as [ , the eigenstates of
the system would be characterized by the quantum numbers n for energy and [ for
angular momentum, giving the basis |nl). But the existence of the operator L,, for
example, which also commutes with the Hamiltonian and corresponds to the same
angular momentum [, but does not commute with the other angular momentum
projections, has its specific eigenfunctions of the form ) ¢, Y;™(Q2), which de-
mands the existence of the quantum number m and gives rise to the states |nim).
The system is degenerate with respect to this quantum number, precisely due to
the central symmetry of the problem, which makes the Hamiltonian independent
of any preferred direction and therefore independent of the arbitrary orientation
of the z- axis.As a specific example, consider the rigid rotor, whose general wave
function we write in the form

Y(t) =D o Yye (12.216)

I,m

The expectation values of H, I:Z, and L, in this state are

<H> =Y Elewl. (12.217)
Im
<£Z> =1 mleml, (12.218)
Im

<£i> = —nY VU Em — DI F m) i Cime (12.219)

lym

In general, one might expect that the expectation value of operators for which
Y, is not an eigenfunction would depend on time. However, we see that this
is not the case for ﬁi, since this operator commutes with the Hamiltonian, and
its average value is given by combinations of amplitudes ¢}, ., ¢, that refer to
different states (different m’s) but with the same [, that is, the same energy FE.
Therefore, the eigenvalue Ej generally corresponds to multiple wave functions. It
is clear, however, that the expectation value of an operator that commutes with
L. but not with H depends explicitly on time. For example, we have

(l—m+1){l+m+1) , i it
Z\/ QT @ 13)  Crtmcme
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P12.17 Prove that in the presence of a magnetic field, mo; = p; — £4;, and the
velocities v; satisfy the commutation relations

o ieh

[’UZ‘,UJ'] = m—QCSijkBk. (12220)
Solution. The canonical momentum of quantum particles in the presence of a
magnetic field is given by

p=mv+ A (12.221)
C

Thus, we can solve for the velocity operator mv = p — £A. To derive the commu-
tation relation between velocity components, we write

~ A ]52 € ]3 (&
[Ui, Uj] = E — %Aw EJ — %AJ . (12222)

Expanding this expression yields

o 1 .. . e .. . e?
[0:, 0;] = W[pij] - ([Di, Aj] + [As, ps]) + W[Aw‘lj]
€ R R
=T ([Di, Aj] + [Ai, Bs]) (12.223)
where we used [p;, p;| = 0 and [A;, Aj] = 0. Since A = A(z,y,2) and

dG

di’

[ﬁ,@(i)} — —ih (12.224)

the commutators are
Substituting these results into (12.223)), we obtain

A € ~ ~
[05,0;] = ey ([Di, Aj] + [Ai, Ds])
e , 4
= —% (—Zh&A] + zh(‘?]AZ)
ieh
From V x A = B, we have
Inserting €;;, in both sides, we obtain
ajkekmnam/ln = 5z'jkBk- (12228)
Using the Levi-Civita symbol identity
5ijk5kmn = 5zm5jn — 5in5jm7 (12229)

we find
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Substituting into Eq. ((12.226f), we finally get

o ieh
[Ui,Uj] = m—QC&TZ‘jkBk. (12231)

P12.18 Determine the wavelength of the three Zeeman lines produced at the
3d — 2p transition of an H atom placed in a 10* Gauss magnetic field.
Solution. The transition n = 3 — n = 2 corresponds to the Ha line of the
Balmer series. The wavelength without a magnetic field for Ha is A\g = 656.3 nm
(standard value).The photon energy without a field is, with hc &~ 1240 eV - nm,
hc 1240
Ey=—FEy=—— ~1.8890 eV. 12.232
"N T 6563 ¢ (12.232)
In the normal Zeeman effect (ignoring spin contributions), the magnetic field splits
each level into 2] + 1 sublevels according to the orbital magnetic quantum number
mi,
e 3d level: [ =2, m;=—-2,—-1,0,1,2.
e 2plevel: [ =1, m =—-1,0,1.
The energy shift for each level is

where pp = 5.788 x107° €V /T is the Bohr magneton and B = 1 T. For a transition
with Am; = myupper — Mitower = 0, 1, the photon energy change is

The three Zeeman lines correspond to: 7 component Am; = 0, §E = 0. o*
component Am; = +1, 0E = +ugB (positive energy shift). and o~ component
Am; = —1, 0E = —upB (negative energy shift). For B=1T,

pupB = (5.788 x 107° eV/T) x (1 T) = 5.788 x 107° eV. (12.235)
The wavelength shift is calculated using
)\2
SN = 2|6E 12.236
oA = 5219, (12.236)

where \g = 656.3 nm, hc = 1240 eV - nm, A2 = (656.3)> = 430705.69 nm? and
A2 /he = 430705.69/1240 ~ 347.342 nm/eV. For 6E = upB = 5.788 x 107 oV,

|0A| = 347.342 x 5.788 x 107 &~ 0.0201 nm. (12.237)

The wavelengths of the three lines are:
ot component (Am, = +1, shorter wavelength)

Aot = Ao — |[8A] = 656.3 — 0.0201 = 656.2799 nm ~ 656.280 nm,  (12.238)
7 component (Am; = 0, no shift)
Ar = Ao = 656.300 nm. (12.239)
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o~ component (Am; = —1, longer wavelength)
Ao— = Ao + |0A] = 656.3 4+ 0.0201 = 656.3201 nm ~ 656.320 nm.

215

(12.240)



CHAPTER 13
Stationary Perturbation Theory and the Variational Method

P13.1 Show that if f is a dynamical variable of a perturbed system, its first-
order perturbed matrix elements are

FO Z i +3 Vot (13.1)
O _ g0 '
k#n n k k#m =m k

Solution. To first order in perturbation theory, the wave function is given by Eq.
(13.3), [1]. Therefore, the matrix element f,,, of a generic dynamical variable f
of the system is, to first order,

Jrm = <\Ifn‘fA’\IJm> = <¢7(LO) + Zc(l) (0)
l

ECTY

= (007w + 32 0 (w2 |l + 30 e <wl° ey, a32)
k l
that is,
Fam = FSh 4 D Ot + O fi)- (13.3)
k !
Recalling that c = 0, we have
k#m k#n
Using the formula
1 Vin
Onl ES)) _ El(o)u (135)

we find that, to first order in perturbation theory, the matrix elements of a generic
dynamical variable can be written as

( f<°) (13.6)

It is clear that this result can only be applied when the levels n, m are non-
degenerate, and their energies are sufficiently separated from those of any possible
intermediate state k, such that none of the denominators

EQ —EY or BO — B

216
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becomes so small that the correction terms cease to be small compared to fT(L?%. In
particular, for the expectation value in the state n we obtain (taking into account

that fnk = fl::(n>

Vlm 0 0)*
fon = F0 D~ (quk) + I ) : (13.7)
in En’ — By

while for dynamical variables with diagonal matrices (the constants of motion) it

follows from ((13.6) that

We note that, to first order, all constants of motion remain unchanged,

P13.2 The potential of a one-dimensional anharmonic oscillator can be approxi-
mated by the expression

1
V= émwsz

1 1o’ 48 (1)2], (13.10)

Zo Zo

where o = y/h/mw. Use perturbation theory to determine the corrections to the
energy up to second order and the first-order wave functions. Use your results to

calculate (z), (p), ((Az)?), ((Ap)?).
Solution. The Hamiltonian of the problem can be written as

H=H,+H, (13.11)
where
A Pl
Hy = T §mw2x2 (13.12)
is the Hamiltonian of the one-dimensional harmonic oscillator, and
Ay 1,2 1, 2t

is the remaining part of the Hamiltonian, which will be treated as a perturbation,
assuming that o and [ are sufficiently small parameters. Since this is a one-
dimensional problem, all states are non-degenerate and it is possible to apply
perturbation theory for non-degenerate systems. The eigenfunctions of H, are

PO = g, = (Va2nlzy) Ve 2R, (ﬁ) , (13.14)

Zo
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corresponding to the eigenvalues

1
EY = hw (n + 5) : (13.15)

To obtain the energy corrections to different orders of approximation, we require
the matrix elements of the perturbation Hamiltonian

~ 1
Vi = (n|H'In") = §mw2 (%(n\x3ln’> + %(Mxﬂn’)) : (13.16)
0

To calculate these elements we will use the methods of [1], Chapter 9, which
involve the creation and annihilation operators. From

(a+a), (13.17)

we obtain, using

dwn == \/ﬁwnfla dTwn =vn+ 1wn+1

repeatedly.
zln) = 7% (\/n+1|n—|—1)+\/ﬁ|n— 1>>, (13.18)
w?n) = 2 (Vi + D +2) [n+2) + 2n+ D) +v/nln = 1) n - 2)),

(13.19)

z3|n) = ;—\;ﬁ [\/(n+ Dn+2)(n+3)|n+3)+3n+1)vn+1jn+1)

4 3nvaln—1) + v/ —1)(n—2)|n - 3>], (13.20)

w4n) = %[\/(n—i— D(n+2)(n+3)(n+4) |n +4)

+ (4n+6)y/(n+1)(n+2)|n+2) + (3n> + 3(n+ 1)%) |n)

+ (4n — 2)\/n(n — 1) |n —2) + /n(n — 1)(n — 2)(n — 3) |n —4>].
(13.21)
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Thus, we have

hw
Vo = a_{\/(n’ +1)(n 4+ 2) (0 + 3) Spprgs + 30+ 1) 60 + 3032 61

Wz
+/n'(n (n' —2) 5n,n/_3}

+ gm{ \/(n/ +1)(n +2)(n/ + 3)(n' +4) dnniga

+ (40 +6)y/ (0 + 1) (1! +2) Sz + (307 + 3(0 + 1)) G

4 (A0 — 2 = 1) Sz + /0 — D)1 — 2)(1 — 3) 5,1,,1_4}.

(13.22)

To first order in perturbation theory, the energy correction is given by
SEW = (n|H'|n) = Vi, (13.23)

From (13.22)) we see that (n|H’|n) contains only one term, coming from the part
of the perturbative potential proportional to x*; specifically,

1
SEN = Zﬁm (nQ +n+ 5) : (13.24)

This is the entire first-order energy correction from perturbation theory. Later,
after calculating the first corrections to the wave functions, the second-order cor-
rections to the energy will be determined. The above result can be regarded as a
perturbation if (among other conditions)

2
(SEE— == ( T+ 1) < 1. (13.25)

For the ground state it suffices that 3 18 < 1; but for highly excited states the
condition becomes much more restrlctlve 2 Bn < 1.We write the first-order wave
functions (from perturbation theory) in the form

1
with the coefficients given by
o) = " (13.27)

From (13.22) we see that the only non-zero matrix elements of the perturbative
potential involving the state n, and the corresponding corrections to the wave
function, are the following:
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a) Generated by the perturbation ~ x3:

Vn+3,n o

«

Crinss = =— 1 2 3); 13.28
nt8 = o 12\/5\/(7% )(n+2)(n+3) ( )
C _ Yoin @ 3(n+1)Vn+1,; (13.29)

n,n+1 — hw 4\/5 ) .

Vn—l n «

nn—1 = — = — ; 13.
Copt = =1 4\/§3n\/ﬁ (13.30)
Cong = Dnztn _ O T 9 (13.31)

n,n—3 3hw 12\/§ . .

b) Generated by the perturbation ~ z*:
Cones = Yot _ 0 ) 1 3) (0 1 4); (13.32)
’ —4hw 32 ’
Conrg = Yo2n B 6 ST 10 £ 2): (13.33)
’ —2Hhw 16 ’

Vin = ghw [3n* +3(n+1)*]; (13.34)
C _ Vuozn _ ﬁ(lln —2)y/n(n —1); (13.35)

2T Ohw 16 ’ ‘

. Vn—4,n - 6

Conea = <=5 = 35 Vnln —1)(n —2)(n — 3). (13.36)

The first-order wave function of state n in perturbation theory is given by

U, =, + % {—\/n+ 1 E\/(n +2)(n+ 3) nys + 3(n + 1)¢n+1}
Vi B+ 3T D=2 |
+ S VAT |V B 8 b+ (20 1)

—/(n+1)(n+2) [(zn +3) Py + }L\/m T 3)(n+4) %4] } (13.37)

With the above results we can now compute the second-order correction to the
energy. Using the formula

2
(2) _ |Vnn’|
JEP = O O (13.38)

n'#n n
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Substituting the non-zero matrix elements and simplifying, we find

sEE — {

hS % —l(n+1)(n—l—2)(n+3)—9(n+1)3

3
, 1
+9n° + gn(n —1)(n— 2)}

B2 hw
64

_ %(zm +6)(n+ 1)(n+2) — ;L(n F )+ 2D+ m+4)| (1339

+

En(n )= 2)(n—3) + %(471 —n(n—1)

11
30

15
= ——a’hw (n +n+

1 2 3 2
- = 4 1 21) .
T ) 35 T (34n° + 51n® + 59n + 21)

As expected, this correction is negative for all levels. We now calculate the
requested expectation values using the wave function corrected to first order. Using

Eqgs. (13.18) and ({13.19)), we obtain, to this order,

z n:%{vn+1¢n+1+\/ﬁ¢n1

+ 12% Ve +2)

X <\/(n F3)(n + 4) s + (100 + 12) ;/JM)
—9(2n + 1) ¢, + \/n(n — 1)

x ((10n +12) s+ /(0 — 2)(n — 3) wH)]

(13.40)

ﬁ [ \/n+1)(n—|—2)(n+3)(n+4)(n+5)¢n+5

(
(9n +16)v/(n+ 1)(n +2)(n + 3) Ynys
—42n +3)(n +2)Vn + L,

+42n —1)(n — D)vnbp_y

+(9n —7)/n(n —1)(n — 2)Yp_s

+/n(n =)0 = 2)(n—3)(n - 4) Yns] }
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220, = %%{\/(n—i— D) (n +2) o+ 20+ 1), + /n(n — 1) o
n 120\‘/5 [ VIt D+ 2)(n+3)(n + )1+ 5) s

— (11n +16)/(n + 1)(n +2)(n + 3) tnys

— (10n* 4+ 50n 4+ 33)Vn + 1941

+ (10n* = 30n — T)v/nab,_1 + (11n — 5)y/n(n — 1)(n — 2) ¢, _3
+ v/l = 1) (= 2)(n = 3)(n — 1) Y 3|

n % [ = Vi D+ 2)(n+3)(n+ 0+ 5) (1 + 6) s

— (10n +21)/(n + 1)(n +2)(n + 3)(n + 4) Y14

— (AT + TIn+ 72/ (n + 1)(n + 2) Ypio

— 4(12n% + 120+ 6) ¥, + (170 — 370 + 18)\/n(n — 1) ¢y
+(10n — 11)y/n(n — 1)(n — 2)(n — 3) ¢n_y4

+/(n— 1)(n—2)(n—3)(n—4)(n—5)¢n_6}}. (13.41)

From these expressions we get for the expectation value of x

3 1 52
(U, |z|W,) = %o |a (n® —3n—2) + gaﬁ (9n4 + 18n® + 59n* + 50n + ewik

(13.42)
However, the contribution proportional to af is not reliable, since the second-
order wave functions may contain terms that generate additional contributions of
this nature. The firm conclusion we can draw is that the expectation value of x,
calculated to first order in perturbation theory, is

3
(U, |z|W,) = o0 (n®—3n—2). (13.43)

Similarly, we obtain for the expectation value of 22 calculated to first order, that
is, omitting all non-linear terms in « and S,

(U, |22|V,,) = 7 Kn + %) + zﬁ (n2 +n+ %)} : (13.44)

The variance or spread of the position variable to this order of approximation is

(A)?) = (22) — (2)? = 22 [(n + %) + %5 (n2 ot %)} . (13.45)
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The analogous calculatlon for the momentum can be done starting from the ex-
pression p = s f (aT — a) which leads to

P, = :vo\/_ (\/n 1 — ﬁzbn—l)
ih «
+ xoﬁ{ ™G [—\/(n + 1) (n+2)(n+3)(n+4) Vs

— (8n46)\/(n+1)(n + 2) Ynio +9(2n° +2n+ 1) ¢,

— (8n+2)\/n(n —1) Pus — /n(n — D(n—2)(n —3) wH}

+ 3% [~V D+ 20+ 3+ D0+ 5) s

—(Tn+8)/(n+1)(n+2)(n + 3) Uiz + 420 + 3)(n + 2)vVn + L 1h, 4y
+42n —1)(n — D)vVat_y + (1 = T)/n(n — 1)(n — 2) P, _3

—y/nln = 1)(n = 2)(n = 3)(n — ) 5] }

(13.46)

2

ﬁ2@n:—h—2{\/(n+1)(n+2)@/}n+2 (2n+ 1)1, + v/n(n —2) Y, o

2xg

+ % [~V F 1+ 2)(n+ 3) 0+ (7 +5) Y
—(Tn+2)v/(n+1)(n+2)(n + 3) Ynys + (26n* + 400 + 21)vVn + 1,41
—(26n% + 120 4+ T) VN1 + (Tn +5)v/n(n — 1)(n — 2) ¥,_3

+/n(n =D —2)(n = 3)(n — 4) 5|

+ % [—\/(n—l— D(n+2)(n+3)(n+4)(n+5)(n+6)Ynie

— (604 3)V/(n+1)(n+2)(n +3)(n + 4) Ynys + (150% + 570+ 48)v/(n + 1) (1 + 2) thnys
—24(2n* + 2n + 1)1, — (150 — 2Tn + 6)\/n(n — 1) ¥, _,
+ (60 + 3)v/n(n —1)(n — 2)(n — 3) Yy

= D=2 = 30— D= 5) ) }

(13.47)
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The corresponding first-order expectation values are

. th 3 9 1
h? 1 3 1
U, 102 |0,,) = — - - 2 —1. 13.49
W) =2 (0 5 ) + 55 (w40t 3 ) (13.09)
Finally, for the variance of the momentum operator we obtain
h? 1 3 1 h?
AAZIAZ—AQZ— — — 2 _ — AAQ,
(B0)7) = (%) =) = 5 | (g ) 3P (W +ntg )| = 2 (A2
(13.50)

In the above calculation we have considered the wave function corrected to first
order and have explicitly kept all the terms that appear in various calculations,
which makes the calculation straightforward but laborious.

P13.3 A particle moves on a vertical circle of radius R; neglecting the effects of
friction, but taking into account the force of gravity, the Hamiltonian of the system
is

A

2

~ L
H= Qm;%Q + mgRsin @. (13.51)

Determine the unperturbed solutions, as well as the first- and second- order cor-
rections to the energy, treating the gravitational term as a perturbation. Under
what conditions is this solution valid?

Solution. The Hamiltonian of the problem can be written as

H=Hy+V, (13.52)
where
. % .
H, = 2mOZR2’ V' = mpgRsin . (13.53)

Assuming the gravitational term V is small compared to the Hamiltonian’s kinetic
energy part associated with rotation, it can be treated as a perturbation, and the
problem with Hamiltonian Hy becomes the unperturbed system. Since

£ 9 p 0
L =—-h"— 13.54
] (13.54)
the eigenvalue equation for this unperturbed problem takes the form
B2 a2w(0)
- 7 = EWyO), 13.55
2m0R2 8@2 m wm ( )
The eigenfunctions are
1 )
PO = ——¢eme ;= 0,41,42,. .. (13.56)
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with the corresponding eigenvalues
o _ tm?
m 2m0R2
Note that only the ground state, corresponding to m = 0, is non-degenerate; all
other states exhibit double degeneracy. Therefore, to determine the effects of the

gravitational term, it will be necessary to use perturbation theory for degenerate
systems.The matrix elements of the perturbation are given by

(13.57)

27 27
R -
Vim = mogR Y0 sin wfg,)dgo — Mog / MM sin o dp,  (13.58)
0

0 2m
- m;iRle_ 0% (e — it =me) g (13.59)
_ zm(’QgR (St st — Omrmt) » (13.60)
therefore, the non-zero matrix elements are
Vinm+1 = ismogR,  Vim—1 = —izmogR. (13.61)

The presence of degeneracy for m # 0 requires, in principle, the use of degener-
ate perturbation theory; however, a fortunate circumstance somewhat simplifies
matters. It happens that up to second order in perturbation theory (the approx-
imation used here), the degeneracy is preserved (except for m = 41, where the
levels split), allowing the application of non-degenerate perturbation theory up to
and including this order, as done below. This means, in particular, that the func-
tions ¢,S9’ given in constitute the correct zeroth-order basis functions.Since

SEY — Vium = 0, there are no first-order corrections. To second order we obtain

2 3 2 pd
m mzl;ﬁm EO _ n?’) 2h? m2—(m—12 m?2—(m+1)?
(13.62)

Introducing the rotor’s moment of inertia I = myR?, we have up to second order
in perturbation theory
_ h_2m2 4 m01292 1

21 h?2  4m?2 -1’

The result shows that for m # 0, SEP > 0, but for m = 0, SEX < 0. In other
words, the external field’s effects on the energy of a particle at rest (or, in the
classical limit, rotating very slowly) have the opposite sign to those obtained when
there is rotation. However, the relative importance of these corrections diminishes
as the quantum number m increases.

Eny,

(13.63)

P13.4 Study the normal Zeeman effect of spinless particles using the methods of
perturbation theory.
Solution. The normal Zeeman effect (that is, for spinless particles) occurs in
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atoms immersed in a uniform and constant magnetic field. In the linear approxi-
mation, the Hamiltonian of the system is given by

B.-L, (13.64)

with H, being the atomic Hamiltonian in the absence of the magnetic field. If we
take the z-direction along the field, the last term simplifies and we obtain

[ A

H=H,— BL.. (13.65)

2mgc

We will consider the interaction with the magnetic field as a perturbation. The
unperturbed atomic states are eigenstates of the operator [A/Z, SO we can write
L. |nlm) = hm|nlm); in general, these are degenerate states, since the unper-
turbed energy levels do not depend on the quantum number m. The matrix
elements of the perturbation between these degenerate states are

/
3 B
(nIm|H'|nlm’) = — e Bh{nlm|nlm'y = — ch
2mgc

MOy = o BMOyy 1y, (13.66)
mocC

where 11 is the Bohr magneton. To apply perturbation theory, we must first solve
the corresponding secular equation (see [1], Section 13.3). However, since the
only surviving terms are those found along the main diagonal, the determinant
reduces to a product of factors of the form H! =~ — §EM =0, so for each level at
first order we obtain

This result coincides with that given in the textbook [1].

P13.5 Show that the matrix A defined by ¢ = Aw also satisfies the condition
AAT = 1, which, taken together with AtA = 1, guarantees that Alis unitary.
Solutlon. The matrix A transforms the zeroth—order state vectors corresponding
to a degenerate level into the correct set of state vectors, i.e., those appropriate for
initiating the perturbative calculation. To perform the requested demonstration,
we can start from condition ATA = 1. Then from ¢ = A4, it follows that

Al = AT Ay = o, (13.68)
and, using the orthonormality property of the [i) states,

(1) = (ATp|ATp) = (p|AATIp) = 1. (13.69)
From this, we must take
AAT =1 (13.70)

to guarantee that the new basis is orthonormal.



13. STATIONARY PERTURBATION THEORY AND THE VARIATIONAL METHQR

P13.6 Explain why the linear Stark effect increases with the principal quantum
number n.
Solution. The perturbation potential in the Stark effect is usually written as

V=—e& 7 (13.71)

where & represents the intensity of the uniform and constant electric field to which
the atom is subjected. According to perturbation theory, the linear Stark effect
occurs only for the excited states of the hydrogen atom, since these are the ones
that exhibit degeneracy. The increase with the principal quantum number of the
separation between the energy levels due to the Stark effect can be understood by
considering that for larger n the mean diameter of the electron’s orbit is greater,
and therefore, the difference in potential energy between diametrically opposite
points in that orbit is also greater.

P13.7 Calculate the Stark effect on the H atom for the levels with n = 3. Make
maximum use of the symmetry properties of the system, using spherical coordi-
nates.

Solution. The H atom has 9 degenerate states with n = 3; these correspond
to (I,m) = (0,0),(1,—1),(1,0),(1,1),(2,-2),(2,—1),(2,0),(2,1),(2,2), which we
will label from 1 to 9 in this order; therefore, the secular determinant has dimension
9 x 9. The matrix elements of the perturbation potential,

V =—eEz=—eErcosh, (13.72)

are given by

nlm|Vn'Um'y = —eE | R%,(r)Ruyy (r)rdr [ Y70, p) cos 0 Y, (0, p)dSQ.
nl l

(13.73)
It is possible to determine which of these matrix elements vanish by considering
that the parity of Y;"(6, ) is (—1)!, cos@ is odd under coordinate reflection and
the recurrence relation holds,

- +m'+0)l"'—=m'+1)_ . (I"+mH(U —m')
cos 6" = \/ oD@ @ naren e 13T

and taking into account the orthogonality condition of spherical harmonics,
[ ¥ 0.0V 0,00 = B (13.75)

From these considerations, it follows that only matrix elements of the form (n, [, m|‘~/]n, [+
1,m) can be non-zero. These elements are easily determined by first computing



13. STATIONARY PERTURBATION THEORY AND THE VARIATIONAL METHQR
the angular integral
<nlm\‘~/\nl’m’> = —65/ (1) Ry (1)r3dr

"+m'+1)l"—=m'+1)
(2U'+1)(2U" + 3)

X Onpr41

+\/ <(12' ;—m{igz/ ))m | G (13.76)

The only non-zero matrix elements are

(300|V[310) = (310|V|300) = A, (13.77)
(31—1V|32—1) = (32— 1|V|31 — 1) = B, (13.78)
(310|V[320) = (320|V[310) = C, (13.79)
(311|V|321) = (321|V|311) = D. (13.80)

Since the result in ((13.76]) is invariant under the substitution m’ <» —m/, it addi-
tionally holds that

D = B.
Using and the radial functions given by
Un(z) = Cre ™ /20 H, (z /), (13.81)
we obtain for the coefficient A

£
A=— \ef Ry (r) Ry (r)r® drr

8v2e€ [ 1 \* [ 2r 212 r
_ 2 1— =+ = ) (1= — ) rte2/Baog (13.82
3V3 (3ao) /o ( 300 27a%) ( 6ao) e - (1882

With the change of variable x = 2r/3ay and using the formula

/ e “z"dx = nl, (13.83)
0

we arrive at

1 [e.e]
A=— eé’ao/ (2% = 322" + 2ab — LaT) e do = 6\/>V0, (13.84)
0
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where we set V) = e£ag. Similarly, we obtain
£
B=D= _e_\/g R%, (1) R (r)r® dr (13.85)

16 1\® /> r
— e — 61— — ) e 2/3a0g 13.86
15° <3a0> /0 T( 6a0)€ " (13.86)

eCay [ _z
=130 /0 (2° = L") e " dz = V4, (13.87)
2 2
C= e R (r) Ry (r)rdr = —B = 3v/3V},. (13.88)

VI V3

The secular equation takes the form, with 6F = (SEél),

—§E 0 A 0O 0 0 0 0 0
o —6E 0 0 0 B 0 0 0
A 0 —5E O 0O 0 C 0 0
o 0 0 -6 0 0 0 D 0
o 0 0 0 —5E 0 0 0 0 [=0 — (13.89)
o B 0 0 0 —5E 0 0 0
o o C 0 0 0 -E 0 0
o o0 o0 D 0 0 0 -6E 0
o o0 0 0 0 0 0 0 -=6E

Expanding the determinant yields

(5) | (o50) - 22| (58" - 7] | (55" - (a2 ¢ =00

(13.90)
From this it follows that the first-order energy corrections for the nine degenerate
states corresponding to the n = 3 level due to the electric field are 0 for three
states, £B = j:gvo for two states, £D = ﬂ:%VO for another two states, and

+V A% + C? = £9V; for the remaining two states. In total, the level splits into
five components, symmetrically arranged around the original energy and separated
by j:%VO. The initial degeneracy persists at this order for three states whose
energy remains unchanged; degeneracy also continues for the two pairs of states
whose corrections coincide due to the equality of B and D, a consequence of the
symmetry with respect to inversion of the z-axis. As this example clearly shows,
the method used is not only excessively cumbersome but also makes it difficult to
draw systematic conclusions.

It is preferable to use other approaches, such as employing a system of parabolic
coordinates where the perturbed problem has an exact solution. As noted in the
textbook [1], these more powerful methods yield for the first-order corrections

3
EWY = SknVo, b =0,41,42,.., +(n—1). (13.91)
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P13.8 Calculate the intensities of the components of the H, line of hydrogen, split
by the linear Stark effect.

Solution. The H, line is generated by the transition n = 3 — n = 2; in the
previous problem we saw that, due to the linear Stark effect, the n = 3 level splits
into five levels (to first order in the external electric field). Since the n = 2 level
in turn splits into three components (as follows from ((13.91))), the H, line splits
into 15 closely spaced lines, as detailed below. The external field decomposes the
n = 2 level to first order into the following three energy levels (ay = h%/mge?), as

follows from ((13.91])),
3V
Ey=EY +{0 . Vo=eEay, EY =-
-3V

4
me
5 (13.92)

In turn, for n = 3, the degeneracy (of degree 9) is partially lifted to give rise to
the following five energy levels (as also follows from ((13.91))),

( 9%
2V o

Bs=EY+{0 . BV = e (13.93)

9

\ _9‘/0
With the notationl]
(0) _ 7:(0)
(B -B) 5 v

Wy = S = o, W= EO = ef ua, (13.94)

with 1ua = mge!/h?, the 15 components generated by these splittings result in
(see Fig. |13.1))

3 9 15
Wo, wgiiw’, woE3w’, w0i§w', woEbw’, woj:?w', w9,  wot+12w'.

To calculate the intensities of the new lines we require the first-order corrected
wave functions; their determination is greatly simplified by working with a system
of parabolic coordinates, since, as already noted, the Stark effect problem in these
coordinates is separable, and the calculation of the expressions for the wave func-
tions corresponding to n = 2 and n = 3 is relatively straightforward. In terms of

IThe unit of electric field intensity in atomic units is the field produced by
a proton at a distance ag = h*/(mge?) (Bohr radius), which is equal to 5.142 x
10° V/em.
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the parabolic coordinates &, n, ¢, defined by the relations

1
v = VEncosp, y=Esing, 2= _(€—n), (13.95)

and in atomic units (my = h = e = 1), the eigenfunctions of the hydrogen atom
in the presence of the Stark effect are (see, e.g., [6], p. 315)

¥ = uy (&) ua(n) €™, (13.96)

<_____________________ _— ]

<_ ]

<_ —————— ]

<.-__ ——— e ]

Fi1GURE 13.1. Splitting of the n = 2 and n = 3 levels of the H,, line, due to the
linear Stark effect .

where
nl! —E&. m m m
w(§) = ————me DL (€) (13.97)
[(n1 +m)!]
and an analogous expression for us(n); furthermore,
e=vV—-2E, nyny,m=12,3,... (13.98)
The first-order energy in £ is
7? 3E
EF=——+—n(n—ny), n=n3+ng+m. (13.99)

2n?2 27
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For the calculation of the Einstein A coefficients that determine the probabilities of
spontaneous emission, and hence the line intensities, we need to know the selection
rules that apply in the present case. In the presence of an electric field there is only
one selection rule, which applies to the magnetic quantum number m, which in this
case determines the component of the orbital angular momentum with respect to
the direction of the electric field. This rule establishes that the allowed transitions
correspond to:

e Am = 0 for radiation polarized in the direction parallel to the field;
e Am = +1 for radiation polarized in a direction perpendicular to the field.

There is no selection rule for the parabolic quantum numbers n; and n,. However,
there exists a quasi-selection rule, which states that the most widely separated
components, which one would expect to appear in the line pattern, generally have
unobservable intensities. This happens, for example, for the 78 component of the
H, line, which is shifted by 8 /15620 cm™! with respect to the unperturbed line
and corresponds to the transition from the state n = 3, ny = 2, no = m = 0 to the
staten=2,n=0,na=1, m=0.

The intensities of the Stark components of the Balmer series were first calcu-
lated by Schrodinger in 1926, and since then the predictions have been compared
in detail with experimental data. To determine these intensities, we consider that,
in general, various situations can occur. A simple case occurs when the electrons
remain distributed with equal probability among the states corresponding to a
degenerate level (of the unperturbed system); in this case, the intensity of the line
due to the nl — n'l’ transition is

I = (20 + 1) henp A (13.100)
This expression is called statistical intensity. On the other hand, under natural
conditions, the intensity of the radiation emitted by a given transition is obtained
by multiplying the previous statistical intensity by the lifetime of the state from
which the transition originates. The latter is 7,;, = (3, A,m/)_l, and the emitted
intensity is then given by

Ann/

[ ”’l’} =gl = (204 1) B 55—

ol =Jy (13.101)
This is called the dynamic intensity. At the end of the problem, this topic is
expanded further. The determination of the Einstein coefficients A, requires the
matrix elements of the coordinates x and z. These were obtained by Gordon for
a parabolic coordinate systemﬂ and are given by the following expressions: a) For

2W. Gordon, Ann. d. Phys. 2 (1929) 1031.
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radiation polarized parallel to the field,

nanam 4 (m!)? ny!lng!nf!nb!

y Ann’ \"™2 0=\
(n —n')? n+n'

n? 4+ n'? 4dnn’
X { {2 (n} —nj) CFT O (n1 — n2) CFTOE Wy (nan) ¥ (nany)

z

—2[ny U (ng,n| — 1)U, (nany) — ny W, (ny,n}) Yo (ng, ny — 1)]
(13.102)
b) For radiation with polarization perpendicular to the field,
i (1) 4b

ninam W

" (ny +m)! (ng + m)! (n} +m’)! (n, + m/)!

y dnn’ \" fn -\
(n —n')? n+n'

n—n'
X {\Ifm/(nln'l) U, (nonky) — (

/

2
m) W (1 + 1,m7) W (12 + 1,n/2)} -
(13.103)

In these expressions, m' = m — 1 and V¥,, is the confluent hypergeometric function

/
U, (ng,n) = F(—n —nl,m+1, —(nﬂ‘f—%z) . (13.104)
We now tabulate the transition probabilities originating in the levels (with Stark
effect) forn = 3. In themﬂ, the triplet nynom denotes the quantum numbers of the
initial state, A,y is the transition probability in arbitrary units, A, is in units of
10® s7!, and 7 is the mean lifetime x107% s.

The intensities of the components of the Stark effect for the H, lines are as
follows.

Av denotes the displacement of the line with respect to its position in the
absence of a field, in units of £/15620 cm™!; Jg and Jp express the statistical and
dynamical intensities, respectively, in units such that the most intense component
has a value of 100. The subscripts T and E denote the theoretical and experimental
results, respectively. The first tables allow one to determine the mean lifetime

3These tables are found in the work by Schrodinger and in [6].
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a) For 7 polarization:
ninem Final state  A,q

002 - 0
110 100 729
110 101 729
101 001 1152
200 100 1681
200 010 1

b) For ¢ polarization:
ningm  Final state  Ayq

002 001 2304
110 001 882
101 100 968
101 010 8
200 010 18
c¢) For o + 2
ninom Arel Aabs T

002 4608 0.64 1.56
110 3222 045 2.22
101 3104 0.43 0.80
200 1718 0.24 0.94

TABLE 1. *

a) With polarization parallel to the electric field:
Initial state Statistical weight Final state Av Jsyr Jpr Jsg Jpe

110 1 010 2 32 89 31 79
101 2 001 3 100 100 100 100
200 1 100 4 73 86 76 92
200 1 010 8 0 0 0 0

with Stark effect of the terms with principal quantum number n = 3. The last
two tables are used in the calculation of the intensities of the H, components; for
this purpose, it is customary to consider one of the following situations:

e The occupation of each level is proportional to its statistical weight (that
is, on average each level is occupied by the same number of atoms).

e The production of each level is proportional to its statistical weight (that
is, the same number of atoms per unit time arrives at each level).

Under the first of these assumptions, the emission intensities are statistical, and
are calculated by multiplying the transition probabilities from the tables by the
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TABLE 2. *

b) With polarization perpendicular to the field:
Initial state Statistical weight Final state Av Jsr Jpr Jsg Jpe

002 2 001 0 100 100 100 100
110 1 001 0 100 100 100 100
101 2 100 1 35 17 38 38
101 2 010 ) 0 0 0 0
200 1 001 6 0 0 0 0

statistical weight of the initial state. The results correspond, in this case, to those

of Schrodinger.

The experimental results tabulated above were obtained using two different
procedures. In the first, a mixture of hydrogen and nitrogen was maintained at a
(relatively) high pressure (0.02 to 0.03 mm Hg) to increase the probability of con-
tinuous excitation of hydrogen atoms by collision. In the second case, the emission
was carried out essentially in vacuum (107 mm Hg), so that only atoms that
entered already excited into the region under observation contributed. The data
obtained with the first type of experiment agree satisfactorily with the statistical
intensities of Schrodinger, whereas those obtained with the second method agree
satisfactorily with the dynamical intensities. This is to be expected, since in the
experiments carried out under pressure the continuous collisions ensured a uniform
distribution of the atoms among the different Stark levels, whereas in the experi-
ments in vacuum it would not be correct to assume a uniform distribution among
levels.

P13.9 Two coupled oscillators have the Hamiltonian

° . . 1 1

H= %(pf +p3) + 5mw%xf + gmwgaz% + mw? B2,
where w? = wjw, and 3 is arbitrary. Study this problem with perturbative methods
when: a) w;/wsy is an irrational number; b) w;/ws is a rational number. Solve the
problem exactly and compare results.
Solution. We write the Hamiltonian in the standard form of perturbation theory,

H=Hy+ H', H =mwBzs. (13.105)
A P b
Hy = ﬁ + ﬁ + Imwia? + tmwiz) (13.106)

is the unperturbed system Hamiltonian, describing two independent harmonic os-
cillators. The unperturbed wave functions are

¢n1n2 (.1'1, 1’2) = ¢n1 (ml)an (1’2), (13107)

with ¥, (x;) and energy eigenvalues

E(O) :hu}l (n1+%) +hw2 (n2+%)7 ni, ng :071727"‘ (13108)

nin2
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When the frequency ratio ( = wy/w; is an irrational number, these energy levels
are non-degenerate; but when ( is rational we can write, setting ( = Ny/N; with
N1, Ny integers,

© _

heoy
ning Nl (Nlnl + NZTLQ) + 2_]V1 (Nl + NQ) (13109)

This expression shows that (apart from parameters) Efﬂ)m actually depends on a
single integer Nyny+ Nong, which can be constructed through various combinations
of ny and ny, making the energy level degenerate.We will first focus on the non-
degenerate case with irrational frequency ratio. Denoting by |nins) = |n1)|ns) the
eigenstates, the perturbation matrix elements are

(nyng|H'|n!inb) = mw?B{nyng|zyas|n)nb) (13.110)
= mw?B{ny|z1|n)) (ng]aa|nk). (13.111)
We determine the non-zero matrix elements
(nng|H'|ng + 1,0 +1) = 1Bhw\/(n1 + 1) (na + 1), (
(nana| H'|ny — 1,ny + 1) = 18hwy/ny (n + 1), (
(nina| H'|ny + 1,0y — 1) = L8hw\/(ny + 1)na, (13.114
{ ) = 3Bhwy/mins, (

plus the corresponding elements of the transposed matrix. At first order of per-
turbation theory there is no energy correction, since the diagonal matrix elements
vanish, (ninq|H'|ning) = 0, so we must proceed to second order,

n1n2|ﬁ/|n1 — 1,712 —1

2 K n1n2|H’]n1n2>|2
SEP) = Z o (13.116)
n1n2 - En/ n/2
1 1 1
— 162hu? [— (m+ Dz 1) | mlnz 1) (13.117)
w1 + wo W1 — Wa
1
_(mAlny | mans } (13.118)
W1 — Wy w1 + wa

or, simplified,

SER) = 152hw? ( (13.119)

To find the first-order wave functions, we determine the first-order superposition
coefficients

— N9 1—|—n1+n2
W1 — Wo w1 + Wa ’

C o, — <”'1”'2|f:—"|”1”2>
E?&?ltz - E( )

TLTL2

(13.120)
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to obtain

Vi + (e +1) (g
- ¢n1+1,n2+1

1
n1n2 wnlnz 560}

wl‘i‘(.UQ
Vil 1) o N(CTEST
+MT%1 Lng+1 meﬂmz)_l
VInz (o)
+m¢m—l,n2—1 . (13.121)

This solution is obtained by using as variables x and X the pair corresponding to
the system’s normal modes, which are found through an orthogonal transformation
with a matrix a of elements a,;, such that we can write

X = a1121 + a12T9, T = a21T1 + a992T9, (13122)

ap = ai;p = ag9, apgp = Q12 = —Aa9y, CL% + CL% =1. (13123)

We see that there remains one free real parameter, which is precisely determined by
the requirement of normal mode independence. In these coordinates, the potential
energy takes the form

V= % [(w%ag + wia? — 2w?®Bagay )x?
+ (wia} + wiaj + 2w®Bagar) X 2]
+m|(wi — wiaga, + w?B(as — ao)}xX (13.124)

To decouple the oscillators, it suffices to require that the coefficient of the cross
term vanishes, i.e., that the following condition is satisfied,

(w3 — wiaga; + w?B(af — ad) = 0. (13.125)

This condition determines the following value for the coefficient v = a;/ag, as a
function of the system frequencies and the coupling coefficient /3 (it’s sufficient to
use one of the signs; the other simply exchanges the solutions),

L wi—wit (Wi —wd)? —|—4w452
T 25w?

(13.126)

We can then take the values

1
U= ———, g = ——. (13.127)
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The solution also determines the normal mode frequencies, which from the expres-
sion for V' are given by
Q] = w? = wial + wial — 2w*Baga
= ap(wy + w3y’ — 2w BY),
05 = wy = wia} +wiag + 2w’ Baga
= ag(wivy? + w; + 2w BY).

The new Hamiltonian becomes

~ n: [ 0 0? m m
H=—-— — | + Wi X+ —wia? 13.132
2m(0X2+6x2)+2wX +2wx:)3, (13.132)
with corresponding wave function
VUnn = On(X)Pn(), (13.133)

where each factor is a harmonic oscillator wave function. The energy eigenvalues
are, with N =nq, n = no,

Enn = hwx (n1 + 3) + hw, (n2 + 3) - (13.134)
To compare with the results from perturbation theory, we will study the case where

w1 /we is a rational number (leading to the degenerate case) and, in particular, take
w1 = wy. For this case we obtain

’)/ = 1, CLO = a’l = \/Lij (13135)
wp =wi(l—f), wy=uwi(l+pP), (13.136)
By = oy [T 8 (m1+3) + 1= 5 (ma + 3)] (13.137)

Defining n; =7 — 1 and ny = n — ¢ + 1, this expression can be rewritten as

o=ty [VIFB(i=3) +VI=B(n-i+3)], (13.138)

Expanding this expression in a Taylor series around § = 0, for small values of
we obtain

E,=hw [n+1-18(n+2-2i)—L1p°(n+1)+--] (13.139)
or, rearranged,
EV =E" (1 -1+ - )—1Bhwi(n+2—2i)+ -+, i=1,2,...,n+1. (13.140)
The first-order corrections (linear in 3) range from (—31)Bhw;, (for i = 1) to

(%)Bhwln (for i = n+ 1), in equal steps of Shw;, and completely break the origi-
nal degeneracy. In contrast, the second-order corrections (proportional to 3?) are
independent of 7, i.e., equal for all degenerate states. For the case n = 1 we obtain

JE\) = +1Bhw,, (13.141)
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while the case n = 2 gives

OB 5 = —Bhuwn,0, Bl (13.142)

P13.10 Determine the emission spectrum of the coupled oscillators of the previous
problem, and compare it with the corresponding spectrum of two independent
oscillators.

Solution. We will consider the non-degenerate case, that is, when the ratio of
the frequencies is an irrational number. Since there are no first-order corrections,
the transition frequencies between the states nyny, njnj are

1

W' = Wnyngmint, = - (Bring — Enry) (13.143)
1 1
r_ L (o) (0)> _( @ (2)>
W= (Enm E )+ . OEy i, = 0B ) - (13.144)

It follows from here that the coupling produces the frequency shift

5 = % (652, - 9B, ) (13.145)
4 W1 — Wa w1 + wa
1 2 w2 / /
== 5 lwa(ny — n) —wi(ng —ny)). (13.147)

2

In the absence of perturbation, the absorption spectrum would contain only the
lines that correspond to the selection rule n, —n; = 1 (n} — n; = 0 corresponds
to the case in which the oscillator makes no transition). However, in the general
case the coupling between oscillators slightly affects the selection rules (because it
affects the matrix elements and the frequencies), so the spectrum is considerably
enriched, although the additional lines would normally be of very low intensity. It
is clear that from the study of the new frequencies (which are shifted with respect
to the unperturbed ones) one can obtain information about the parameters that
characterize the perturbation potential, that is, about the form of the interaction.
In the present case, however, with the bilinear coupling considered in the previous
problems, the usual selection rules of the harmonic oscillator remain valid for the
normal modes.

P13.11 Consider a particle inside a 3D square well of side L. Find the corrections
to the energy levels and wave functions when perturbed by gravity.

Solution. For a particle of mass m confined in a 3D infinite square well with side
length L, the potential is

Viz,y,2) = {

0 if0<zyz<L

oo otherwise

(13.148)
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The gravitational perturbation is
H' =mygz, (13.149)
where ¢ is the acceleration due to gravity. The unperturbed Hamiltonian is
A h?
Hy = —%W +Vi(x,y,2). (13.150)
The eigenfunctions and eigenvalues are

8 :1: . . .
Ui (2.5, 2) = [ 75 sin (n[im) sin (%) sin <n22> , (13.151)

232

0) mh B
B . = v L2(n +nl+nd), ngngn, =123, .. (13.152)

The first-order energy correction is
m (0) _
E < nxnynz| |77Z)nlnynz> - mg<Z> (13153)

For the calculation of (z

///zsm2 (nﬂm>sm< 7ry> sin? (nzﬂz
L3 L L

) drdydz (13.154)

we use
L L
/ sin? dx = 0 (13.155)
0
and )
. L
/ 2z sin? (ngrz> dz = T (13.156)

0

Thus,

=555 T (13.157)
The first-order energy correction is state-independent,
EW = %mgL. (13.158)
The first-order correction to the wave function is
0,00 = 3 'Hl'%’”"y””lw”)» (1.159)

(0)
ki L —

Since H' = mgz only depends on z, it only connects states with the same n,,n,
but different n.,

The matrix element gives

2 [F n’mz n,mz
(' |2|n.) = —/ zsin( : )sin( : )dz. (13.161)
L J, L L
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This is non-zero only when n, and n/, have opposite parity. The integral evaluates
to

8Ln,n,
T — i

The energy difference is

(n’|zn.) = — (for n’, # n, and opposite parity). (13.162)

(0) (0) m*h? 2 12
The coeflicients for the wave function correction are
/ ; 16 2 L3 . /
= R (13169
E; _Ek ﬂ-h(nz_nz>
and the corrected wave function is therefore
_ (0 (0)
Ynengne = U0+ Dty (13.165)
opp:szizz%arity
P13.13 Consider the Hamiltonian
. 1 1
H=a'a+ 5+ n(a'a’ +aa), |n| < 3 (13.166)

representing an oscillator perturbed by an interaction with coupling constant 7.
Consider the linear transformation

a=ar+ BN, al = a4+ 8, (13.167)

with real o, 3, and a® — 32 = 1, where 5\, A are two new operators that comply
with the usual commutation rule (which allows us to equate them with creation

and annihilation operators), [\, Af] = I. This leads to a Hamiltonian without
interaction

N oo 1

H=+/1—4n? (AU\ + 5) : (13.168)
if

o + B2 +4naf = /1 — 4n2, (13.169)
1 1

This is the so-called canonical Bogolyubov transformation. Determine the operator
that performs this transformation.
Solution. Substituting these results into the Hamiltonian, it transforms into

H=/T— 4 (XTX + %) . (13.171)
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~

Thus the problem has been reduced to that of a harmonic oscillator in the A
representation. The eigenstates and corresponding eigenenergies are

In) = \/—% (AT)n 0), A0y =0, (13.172)
E,=1—4p?(n+1). (13.173)

It can be shown that this transformation is unitary, which justifies its name.

P13.14 To solve the harmonic oscillator problem with the variational method, the
following test functions are proposed: i) Ape™** for the ground state; i) Ajzeor’
for the first excited state; iii) Aa(14bx2)e~**" for the second excited state. Justify
this selection and determine the wave functions and the energy eigenvalues for the
first three states.

Solution. The basic characteristics of the ground state wave function of the
harmonic oscillator are: it vanishes exponentially as || — oo, it is even, and it
has no nodes. The proposed trial function,

V() = Age ™ (13.174)

has these properties. The proposed functions for the excited states vanish at
infinity, each of them has one additional node compared to the previous state,
they alternate their parity, and their coefficients can be chosen to ensure that each
is orthogonal to the other two functions. In addition to this, one can note the
simplicity of the three proposed functions. For all these reasons, they are excellent
trial functions to investigate the first three states of the oscillator. In each case
the constants A; (which we will take to be real and positive) are determined from
the normalization condition.
i) For the ground state we have

/_00 ¥ (z)(x) de = Ag /_00 e~ 20 (o — AS\/% =1, (13.175)

which gives

W(z) = <2?0‘) . e, (13.176)

The constant « is fixed using the variational procedure so that the trial function
minimizes the energy. The expectation value of H for the ground state, calculated
with this trial function, is

3 a2 R d* 1 —a?
<H> = A%/ e (—%@ + §mw2x2) e " dx

o0

B2 oo 1 20282\ [
= A2 {&_/ e 2% g + (—mwz— c )/ $2€_2a$2d95]7 (13.177)

m 2 m 0o

—00
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. ah?  mw?
H)=— . 13.178
< > 2m + 8a ( )

To minimize this value with respect to the parameter «, we impose the condition

d(H) h mw?

“do " om  saz 0 (13.179)
from which we obtain
a= ”;—;” (13.180)
Since
?(H 2 23
d< 2> - ZM - >, (13.181)
a a=mw/2f @ a=mw/2h maw

this is indeed a minimum, whose value is

<ﬁ[>min - <H (a - %» - %m (13.182)

It follows that for the ground state energy of the harmonic oscillator
. 1
By < <H> = hw. (13.183)

The bound obtained by taking the equality sign coincides with the exact value of
the ground state energy; this is because the trial function with a given by (13.180))
coincides with the exact solution of the problem,

mw /4 mw
=|— —— . 13.184
Yo() (m) eXp( 271”7) (13.184)
ii) For the first excited state, the proposed trial function is
Ui (z) = Ayre . (13.185)
This function is orthogonal to ¢y(x), since
/ 3 (x) Yo(x) dr o / ze 2% dz = 0. (13.186)
From the normalization condition
o * & _ axQ ]_ T
/_OO Vi) Yy (z) do = A3 /_OO e dy = A%Z 508 = 1 (13.187)

it follows that
2 3 1/4
A =2 <i> . (13.188)
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The expectation value of H calculated with the trial function 1y (z) is

R e8] 2 2 1
<H> = A%/ ze (—h—d— + —mw2x2> ze " du

oo 2mdx? 2
h2 [e8) 1 2 2h2 oo
= A2 [304 / 22e 2% dy + (—mwz— a )/ :c4e_zax2dx},
m  J_o 2 m oo
(13.189)
~ 3ah?  3mw?
<H>: ;m + Tg: . (13.190)
This energy is minimized if
d(H) 3h* 3mw?
= =5 T R =0, (13.191)
which gives
a= % (13.192)

Note that this value coincides with that obtained previously, Eq. (13.180f), which
suggests a common exponential for the wave functions (as is indeed the case).
Once again,

d?(H) 3mw? 6h°
To? = = >0 (13.193)
a=mw/2h a=mw/2h
so this is indeed a minimum; its value is
Hyi = <H (a - %» - ghw (13.194)

which yields an upper bound for the energy of the first excited state of the harmonic
oscillator,

3
E < §hw (13.195)
The trial function ((13.185]) coincides with the eigenfunction of the first excited

state when the value of the parameters determined by the above procedure is
inserted, which gives

4mh3 2h

It follows that, also in this case, the bound given by the equality in
coincides with the exact eigenvalue.

iii) The proposed trial function for the second excited state of the 1D harmonic
oscillator is

Pi(x) =2 (m3w3> 1Macexp (—@ﬁ) : (13.196)

() = Ay (14 ba?) e, (13.197)
This function is orthogonal to the wave function of the first excited state for
any selection of parameters b and «, since they are functions of different parity.
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However, since it must also be orthogonal to the ground state function, we must
have

o 1
/ (14 b2?) e 2% dz = /7(20) 7% + Eﬁb(Za)_?’ﬂ =0, (13.198)
which gives
b= —4a. (13.199)
As in the previous cases, As is fixed by normalization. We obtain
1= / Y3 (x)ho(x) do = Ag/ (1- 4ax2)2 e 2" dp
= A2 (/ e 20 g — 8a/ 22e™20% dy 4 16042/ x4e_2‘”2dm)
27
— A2, /22 13.200
2 a ) ( )
so that ”
o
Ay = (—) . 13.201
? 2 ( )
The expectation value of the Hamiltonian with this trial function is
<f]> = A2 /OO (1 — 4a$2) e —h—Zd—Z + lmwa2 (1 — 4ax2) e~ dx
o 2mdx? 2

h? 00
= A {— / (10a — 84a*z* 4 1920’z — 64a'20) o202 .

2m J_
1 o 2
+ §mw2/ (2° — 8az® + 16a°z%) e~ dx} , (13.202)
~ S5ah?  Hmw?
<H> - Qam + Z: . (13.203)

Minimizing (H) as a function of «,

d(H) _ 5n? B Smw?

N T =0 13.204
do 2m 8ar? ’ ( )
we again obtain
mw
= 13.205
a=5r ( )
It is easy to verify that this is a minimum, with value
A mw )
il ( - —>> = 2 hw. 13.206
< “T on 2 ( )

For the second excited state of the harmonic oscillator, the upper bound is thus
obtained as

B, < ghw. (13.207)



13. STATIONARY PERTURBATION THEORY AND THE VARIATIONAL METHQI»

With the value of a from ((13.205]), the optimal proposal for the wave function of
the second excited state of the 1D harmonic oscillator is

mw\ 1/4 2mw mw
= (I (- 2 (—— 2) . 13.208
v2(@) (47rh> ( ho ) FPAT o (13.208)
This is the exact eigenfunction; for the same reason, Fy = ghw coincides with

the maximum value allowed by the bound .The excellent quality of the
above results should not be misleading. The relative simplicity of the example has
allowed us to propose trial functions that reproduce the exact results. Clearly, this
cannot be expected in more complex situations. Nevertheless, the example clearly
shows that the judicious selection of trial functions is essential for the success of
the variational procedure.

P13.15 Study the problem of a particle bound by the Yukawa potential,

670{7‘

V(r)=—g°

_— (13.209)
using the variational method. Find the maximum value of o for which there is at
least one bound state. Go to the limit of the Coulomb potential and show that for
this potential there is always a discrete spectrum. Find the optimal ground-state
energy and wave function in the Coulomb limit.

Hint: For Coulomb solutions to be exact, it is convenient to use ¥(r) = Ae™?"
as a test function.
Solution. The trial wave function suggested is

Y(r) = Ae™P", (13.210)

where [ is the variational parameter. This function satisfies all requirements for
a good trial wave function to study the ground state of the given system (it is
square-integrable, decays exponentially at infinity, has no nodes, approaches the
Coulomb solution as a limit, is simple to handle, and contains only one parameter).
The normalization constant A is determined by

wA?

47TA2/0 r2e 2P dr = F

A= @ (13.212)

The expectation value of the energy calculated with this trial function is

=1, (13.211)

o) 2 —ar
R (_h_w R )6_% (13.213)
0 2m T
2 00 2 o0
4 {_M / o202 (5 _ _) dr — ¢ / re—@ﬁwﬁ"dr} (13.214)
2m J, r 0

2 2 2
48| 13 - s~ e

amB  8mfB (28 + a)? (13.215)
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which simplifies to

R h2 492ﬁ3 hQOéQ 920&\3
HY=—p3°— = A2 — . 13.216
() 2m6 (286+a)?  8m 2(14+X)? ( )

We introduce the dimensionless parameter

A= % (13.217)
a
Defining
2 2
_ g;g , (13.218)
«
we can express (13.216)) in dimensionless form,
Hy X A3
() _ (13.219)

o T AK 2050

Taking A as the variational parameter, the optimal value Ay that minimizes the

energy is obtained from
d ((H)
d\ \ ag?

Qo 372 A3

— 0, (13.220)

A=Xo
which yields

— =0 13.221
2K 2(14+Xg)?2 (14 Xo)? ’ ( )
or, equivalently,
(14 Xo)?
K=——" 13.222
Ao(Ao +3) ( )

Substituting into ((13.219) and solving, we obtain the minimized energy £ =

A~

(H (X)),

AN — 1)
E=—-ag 0~ 13.223
From (|13.217)), since Ay > 0, we see that at least one bound state exists, provided
Ao > 1, (13.224)
which in turn requires that
2mg> (1+Xo)?
K = = > 2 13.225
o /\0(/\0 + 3) - ( )
or, equivalently,
2
o< (13.226)

— hZ .
Therefore, the maximum value that o can take for at least one bound state to
exist, is given by
2
mg
Omax = 72 . (13227)
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If o exceeds this limit, the binding potential differs from zero in a spatial region
insufficient to keep the particle bound. From the potential expression

—ar

(&

V=—¢°

— (13.228)
we observe that the spatial extent of the potential becomes too narrow when
Q > Quay, preventing the formation of bound states. The effective range of the
potential is of order Rt = a™!, so the previous condition requires Re > h%/mg?.
When written in the form

20— a2t = i =L (13.229)

r ar ar Rt

V=—g

the condition becomes VoR% > h?/m. Comparing with result for delta-potential
bound particles, we see that in this limit the Yukawa potential can be considered
essentially equivalent to a Dirac delta function, with the same constraints.The
Coulomb limit is obtained by taking o — 0 and ¢?> — 2. In this limit \g =
2fp/a > 1, so we can approximate

———x —c"a— = —=¢e“ . 13.230
4(1+ X)? 4 7€ Po ( )
Since this value is negative, there is always a discrete spectrum in this case, inde-
pendent of a. Furthermore, in this limit

2me* (e +23)° 2B

E = —¢e’a

K = = ~ 13.231
Ra  2aBy(3a+ 25) a’ ( )
from which we find the § that minimizes the energy expectation value,
me? 1

=— =— 13.232

where ag is the Bohr radius. The ground state energy in the Coulomb limit becomes
| 2604260 — )] ¢ e?
B = tim | -2 =——fo=——. 13.233
amo | € d(a+26p)3 2 o 2a9 ( )

This result exactly reproduces the H atom ground state energy. The best wave

function approximation is obtained by substituting (13.232)) into (|13.210)),

1
bo(r) = —=e "/, (13.234)

ay

which matches the exact solution for this case.
P13.16 In nuclear physics, a truncated harmonic-oscillator potential
1
V = —mw? (22 — a2
5w (x a )

for || <aand V =0 for |z| > a, is often used as a model for an attractive well.
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a) Use the variational method to estimate the energy of the ground state and
the first excited state.

b) Estimate the above eigenvalues using the WKB method. Under what con-
ditions can the well contain only one bound state?” Compare the results and
determine which are more reliable.

Solution. a) The potential

120,22 <
V(g = 2™ @ @), el <a (13.235)
0, lz| > a,
is attractive in the interval |z| < @ and has a minimum value Vi, = —%muﬂa2

at the point x = 0, so that stationary solutions with V;, < E < 0 correspond to
bound states. Since the trial function to study the ground state must be even, with
no nodes, and decay sufficiently fast outside the well, a reasonable approximation
is given by the function

b(z) = {(b2 -a®), el <b, (13.236)

0’ |ZZ'| Z b?

which decreases smoothly in the “inner” region |z| < b; b* will be taken as the
variational parameter. The expectation value of the energy is

o _ (WA
iy ) -
with
’ 2 2\4 2° 9
= b — dr = b”. 13.238
R N G (13.23%)
We shall assume that b < a when performing the integrals, which yields
R b 2 2 1
it} = [0 =) |- et (0 = )| 02 - o)
_ m dx
;7 PR (13.239)
_ ot L 99 9 29
_5-7-9(mb2+11me mwa>b.
Therefore, the expectation value of the energy is
W) 30 1 s, 1,
H) = == — b* — = . 13.24
(H) ) 5 s T oy 5w a (13.240)

The legitimacy of the hypothesis b < a can be verified at the end, noting that
must be consistent with the condition (H) < 0, which determines a
maximum acceptable value for the quantity /i/(mwa?). Differentiating with respect
to the variational parameter b? and setting the derivative to zero, one finds that
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the expectation value of the energy is minimized when
h
b = V33 —. (13.241)
mw

In this approximation, the estimated value (taken as the upper bound) of the
ground-state energy is, using ({13.240)),

112 I 1 5,
Ey = 2\/ th 5w a” = 0.522 hw 5w a. (13.242)
For the first excited state, we propose the trial function
z (b2 —22)%, |z| <b,
= - 13.243
vt {o, 2l > b, 2

which is odd (and therefore orthogonal to the trial function for the ground state),
decreases smoothly at the ends of the region || < b and has a node inside the
well. In this case

b 28
- 22— a?) dr = —=——p'. 13.244
e B N B (13.24)
Again assuming b < a,
- b R d: 1
(| H|p) = /_bx (v? —x2)2 [—%@ + §mw2 (2 —az)] z (b° — %) do

o7 1R 3,
— -~ b2 . 2 2 bll.
5-7-9-11(m62+13mw mwa)

(13.245)
From this, the expectation value of the energy calculated with this trial function
is

W) 1R 3 o, 1,

H) = - — - = . 13.246
) =y~ 2 T g™V T gmwa ( )
This <I:I ) takes a minimum value for
11-13 h
b= —— — 13.247
TR ( )

which gives for the first excited-state energy (equal to the upper bound)

/33 1 1
E, = 1—3hw — émwzcﬂ ~ 1.593 hw — 5moﬂaz. (13.248)

b) Let us now analyze this problem with the WKB method. The quantization
condition is

o 1
/ p(z)dx = wh <n + §> , n=012... (13.249)
1
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where x; and xo > x; are the turning points determined by the condition V' (z;) =

V(zs) = E. For V() = 3mw? (2* — a?) these points are

2F
To = —I1 = a? + —- (13250)
mw
In the semiclassical approximation, the momentum is
p = V2mE + m2w?a? — m2w2a?, (13.251)

and the energy levels are given by the condition

X2 T2 2,42
/ de:\/QmE+m2w2a2/ \/1— e x2dx
z1

o 2mFE + m2w?a?

w 2

2E 2. 2 1 1
_ 2B+ mute? / JITEdt — rh (+) (13.252)
-1

where we set

2,42
t= \/ e @ (13.253)

2mE + m2w?a?
Considering that

1
/ VI—£2dt = g (13.254)
-1

we obtain -
2E + mw*a 1
- = —h - =0,1,2,... 13.2
9 (n+2), n=0,1,2, (13.255)
and the discrete energy levels result in
1 1
EWVEB — hy <n + 5) — §mw2a2. (13.256)

The condition £ < 0 implies that there cannot be an infinite number of bound
states. The maximum possible value of n, Ny, is given by the largest integer n
satisfying

1 1
Fiw (Nmax + 5) — §mw2a2 <0, (13.257)

that is,

mwa® 1
- = 13.258
2h 2 ( )
In the present approximation, the energies of the ground state and first excited

state are

Nmax - Sup(n € Z) <

1 1
EVEB = §hw — émwzag,
EWKB §h¢u _ lmw2a2
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For a bound state to exist (compare with the turning points) we must have

1 1
§mw2a2 > Ehw,

that is, a®> > -, and for it to be unique, we must also have a®> < 3L so that
mw mw

the first excited state cannot occur. Therefore, the condition for having a single
bound state is
h 3h
— <a’ < —. (13.259)
mw mw
It is straightforward to verify that these values for a? are consistent with the

condition b < a assumed when employing the variational method.

The results obtained with the WKB method are more reliable than those ob-
tained with the variational method, since the latter depend largely on the quality
of the proposed trial function, which is essentially arbitrary. Moreover, the vari-
ational method provides upper bounds for the energy, not its exact values. In
the present case, one may also add the consideration that the harmonic oscillator
potential is truncated in a region where the wave function is small (due to the ex-
ponential decay outside the turning points), so it is to be expected that the WKB
calculation, which gives exact results for the harmonic oscillator, is very reliable,
even though we are dealing with low-lying excited states.

P13.17 Use the variational method to show that every purely attractive 1D po-
tential has at least one bound state, regardless of its depth.

Hint: A Gaussian test function works well for this purpose.
Solution. For a system with at least one bound state (which will be an s-state
with no nodes), a Gaussian trial function centered at the origin is sufficiently
general due to its rapid decay. Using

2

(x) =Ae ™, a>0, (13.260)

the normalization condition

/_Oo U (@)(x) do = A® /_OO e 20" dy = A2\/% =1 (13.261)

yields the normalized trial function

W(z) = (2—0‘) . e, (13.262)

™

Let Ey be the ground state energy. From the Rayleigh-Ritz variational method,
we know that

Ey< E = /_OO O* (2) Ho(x) da. (13.263)
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For our case,

B - /_ Z W (x) [—%d‘l—; + V(x)] () da (13.264)

2 2 o 2
= h—a\ / _a/ e 2 (1 — 2a2?) dw (13.265)
mV 7 )
20& > —2air?
+14/— Vix)e dx (13.266)
™ —0oQ
h? [2a0 [ >
S _a/ V(z)e 2 dg. (13.267)
m T J oo

The minimum value of E’ is obtained for a,,;, satisfying
dE'
do

= 0. (13.268)

Gmin

Explicitly, this condition becomes

h? 1 o 2
— ) 1 —daz®)V(x)e *** dx = 0. :
+ Sres /_OO( azx”)V(z)e dr =0 (13.269)

From the minimization condition, a,,;, must satisfy

\/; / (1 — daz?)V (x)e 2 da. (13.270)

Substituting this result into ( 7)) yields

2 2
,/—O‘ Y ] e~20" gy (13.271)
2m
—|—4a,/2—/ 22V (z)e 2 da (13.272)
™ —0o0

[e.9]

== | V(@) dx (13.273)

+ 4oy | 22 / 22V (2)e 2" dr, (13.274)
T J -
= 4 /21/ (1+ 404:62)‘/(36)6’20“2 dx. (13.275)
m —00

We conclude that the ground-state energy must satisfy

Ey < FE' = 1/%/ (1 +4az?)V(z)e 2 dz, a > 0. (13.276)

which simplifies to
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For purely attractive potentials (negative for all z), the integrand is negative and
Ey < E' <0. (13.277)

These results demonstrate that for purely attractive potentials (V(z) < 0 for all
x), there always exists an a > 0 for which the integral in ((13.276]) is negative. This
proves that at least one bound state exists, regardless of the potential’s depth.



CHAPTER 14
The Electron Spin. Entangled States

P14.1 Show that
[L-8,J]=0, (14.1)
Solution. The components of the spin operator S commute with the components
of the orbital angular momentum operator L, since they act in different spaces.

Moreover, because L, S, and J are all angular-momentum operators, they satisfy
the standard commutation relations:

(L%, L)) =0,  [Li,L;] = ihejily, (14.2)

[52,8] =0,  [S:,8;] = iheyuS (14.3

[jz, jl} = O, [jl, j]] =ih Ez’jkjk~ (144)
From these relations and J = L + S, it follows that

A A

[isa Jz] = [ijg +S] [EH[:J]S’J —i][SZ,SJ]
= —ih(eijkLij + Eijkf/jgk). (145)

If we interchange the dummy indices in the first term on the right-hand side and
reverse their order in the second, the expression cancels, giving

(L -8, J] = —ili(ew; LSk — einjLiSk) =0, (14.6)
and by extension,
L-S,J%=[L-8, JJ]=J[L-8,J]+[L-8,J]J; =0. (14.7)
On the other hand, a direct use of yields
[L- S, 1% =[L;S;, L?) = [L;, LY S; = 0, (14.8)
and from ((14.3) it follows that
[L-8,5% = [L;S;, S% = Li[S;, 8% = 0. (14.9)

IFor simplicity, throughout this chapter we also omit the summation signs over
repeated indices.

255



12. THE ELECTRON SPIN. ENTANGLED STATES 256

P14.2 Any analytic function of the Pauli matrices can be written as a linear ex-
pression of these matrices plus the unit 2 x 2 matrix. Give the following expressions
this form,

(14+0.)", (L4+0,)"? (a0, +bo,)?, (14.10)
o " (a+o0.)"t (a#£1). (14.11)

Note: For the last term the correct condition is a # £1 (rather than a # 1), since
o, has eigenvalues £1.
Solution. We begin by recalling the fundamental properties of Pauli matrices

[5’1', 6']] = 2i€ijk6k7 (1412)
In particular, for ¢ = j,
oo=0.=06=1 (14.15)
From this last equality it immediately follows that:
I+ 6,)° =1+26, + 62 =2+ 6,), (14.16)
I+ 6,)° =21+ 6,)* = 2*(1 + 6,.). (14.17)

After n — 1 similar successive steps, we obtain:
I+ 6,)" = 2"+ 6,), (14.18)

which is indeed a linear expression in I and ,. Hereafter, for simplicity, we will
write simply 1 to denote the identity matrix when no confusion arises. Taking the

square root of ({14.16)) and solving gives:
(1+6,)"% = (1 +62). (14.19)

This result shows that (14.18) applies to non-integer values of n. Now let a and b
be two real numbers. Using (14.14]) we can write

(a0, + b6,)* = a°67 + ab(6,0, + 6,0,) + b*6, = a® + b (14.20)

Incidentally, note that with ¢ constant this implies
(aby + b6, + c5.)* = a* + b* + 2. (14.21)

Defining the vector q = (a, b, ¢), (14.21)) establishes a very useful result in electron
spin theory:

q-6)°=q¢, (14.22)
Observing that 6% = 68262 = 652 = 6k~ = || we obtain the important results:

= 0, if k is an odd integer,

I, if k is an even integer. (14.23)
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Since the eigenvalues of &, are &1, the inverse 6,1 exists. In fact, from 62 = 1 it
follows that 6! = 6,, and more generally, combining with the previous equalities:
& = 5, for kodd;
Ak

o,% = 1, for k even.

Finally, from the identity valid for |a| # 1,

( 0. _a )(&x+a):1 (14.25)

1—a?2 1—a2

it immediately follows that

>

(14.24)

O, — Q
1—a?’

(a+6,) " = la] # 1. (14.26)
P14.3 Show in detail that
e — cosf + i - sing, (14.27)

Solution. We place the z-axis of the reference system along the n axis, so that
the directions n and a, coincide, so that

on=6-n — &,
With this choice, the problem reduces to proving (without loss of generality) that
= cosf +i0,sin6. (14.28)

Since any analytic function of 6, can be reduced to a linear function of 7., it is
possible to write

67L&Z0

e = f(0) +16.9(0), (14.29)
where f and g are two functions to be determined, which must satisfy the initial
conditions f(0) =1, g(0) = 0. Differentiating ((14.29)) with respect to 6 and taking
into account (|14.15)), we obtain

i (£(0) +i6:9(0)) = —g(0) +i6-£(0) = f'(0) + i6-g'(9), (14.30)
that is,
ff==9, d=f f(0)=0 4(0)=1 (14.31)
Differentiating a second time, we obtain
"n_ _g/ _ _f7 g// _ f/ = —q. (14.32)

We see that both functions satisfy the differential equation f” 4+ f = 0. The
solutions that satisfy the given initial conditions are f(f) = cosf, g(f) = sin6.
Substituting into (|14.29)), we obtain the expected result,

G- 0

e =cosf +i6 - n sinb. (14.33)
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P14.4 Construct the spinors that are eigenfunctions of the operator
5 =25, cos0+ §y sin 6 (14.34)

and show that their eigenvalues are \ = :I:’—;l. Apply your result to the particular
cases 0 =0, 7, m,2m.
Solution. The explicit matrix form of the required spin operator is obtained by
introducing the Pauli matrices,

5~ h . L hi(0 e

Sy = 5(03, cosf + 6, sinf) = B <e"9 0 ) (14.35)
To find the eigenvectors and eigenvalues of this operator, we must determine values
a, b, and X that satisfy the eigenvalue equation

S (Z) = Ag (Z) , (14.36)
(699 6?) (‘Z) — ) (Z) . (14.37)

Expanding this yields the homogeneous system

which explicitly becomes

e b — Xa =0, (14.38)
¢?a— \b=0. (14.39)
For non-trivial solutions to exist, the determinant must vanish,
- 6—1‘9
gh | = 0. (14.40)

An alternative, faster and more direct (though somewhat more formal) approach

consists in diagonalizing the matrix Sp from the outset. Starting from (|14.35)), we
write:

=0, (14.41)

i0
€ H
to determine the eigenvalues u. With u = — A\, this equation coincides with ((14.40)).
Solving yields A = +1, showing that the eigenvalues of Sy are 2 (as expected for

spin operators). For A = +1, we substitute into (14.38) and ({14.39)),
e b =a, (14.42)
¢?a=b. (14.43)

We express a in the convenient form a = ve~*/2 (with v and 6 real), obtaining
b= ~e’? and

a a . o—i0/2 o—i0/2
Yy = <b) = (€i9a> = ae'/? (ei9/2 =T\ o2 |- (14.44)



12. THE ELECTRON SPIN. ENTANGLED STATES 259

After normalization to unity, this eigenvector becomes

1 e—z‘@/Z
Y+ = E ei0/2 |- (14.45)
For A = —1, we proceed analogously to obtain

1 e—z‘@/Z
For the requested particular cases:
1 /1 1 1
s 1/1—1 1/1—1
v (-1 —1 (1
0=m: @+:E<1), @zﬁ(l); (14.49)

0—or: o, — ;—; G) e = ;—; (_11) | (14.50)

Comparing the last result (14.50) with , we see that —as expected— the
transformation 6 — 6 + 27 changes the sign of these spinors. The spinors (14.45)-
(14.46]) remain invariant only under § — ¢ = 6 + 47 (two complete rotations of
the reference system).

P14.5 Solve the Pauli equation for a free particle. Which are the conserved quan-
tities?
Solution. The Pauli equation for a free electron can be written as

ov 1 ,
— = —(6-p)°Y 14.51

where ¢ are the Pauli matrices. We look for a solution of the form ¥ = T'(¢)y,
where T'(t) is a function that only depends on time, and

_ ("
V= (wQ
is a two-component spinor that only depends on position. With this, Eq. ((14.51])
is separated in the form

oT
(@h%a) (IS %(6’ -P)*p = const ¢ = Enp. (14.52)

The time dependence of the wave function is then given by the equation ihT = ET,
with solution

T(t) = e BN, (14.53)
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In turn, the spinorial wavefunction is the solution of the equation

E (Z;) = %(& -p)? @2) : (14.54)

It is convenient to symmetrize the operator (& - p)? to obtain (see (14.22))

(6 D) = 6:6,pip; = % (66, + 656:) pipj = 04;Did; = P°- (14.55)
which leads to two Schrédinger equations for a free particle,
(G L o (i
E S , 14.56
(wz om? \Ws ( )
or, separating components,
1
By = —p? 14.57
¢1 m wla ( )
L.
Evpy = 2—P2¢2- (14.58)
m

The most general explicit solution is
P = i(-EtHPx)/h (g;) : |C1|? +|Ca)? = 1. (14.59)

It is clear that this is an eigenfunction of p (and consequently of H ), since it
is a solution of the Schrédinger equation for a free particle. However, it is not
necessarily an eigenfunction of, say, 7., since we have

6,0 = e (-EtHpx)/h ( Ccl, ) # const. - U if Cy # 0 or Cy # 0. (14.60)
—C2
Furthermore, the eigenvalue of 7, is
(]3| W) = |Cy[2 — o (14.61)

This result shows that [¢1|? gives the probability that the electron has its spin
pointing upwards (at point 7 and time t), and [¢5|* gives the probability that the
spin is pointing downwards. With the polarization (along the z-axis) defined as

P=(5.), (14.62)

the solution corresponds in general to states of partial polarization along the z-axis
(that is, —1 < P < 1). This solution will be an eigenfunction of &, (with total
polarization along the z-axis, i.e., P = +1) when one of the coefficients C}, Cy
vanishes (and the other reduces to unity in absolute value). It is clear that by
choosing adequately the coefficients C, Cy, one can construct solutions that cor-
respond to the same linear momentum and energy as the previous solution, but
that are eigenstates of other spin operators, which would represent the integral of
the corresponding motion. The reduction that led to can be carried out
without difficulty even in the presence of an external potential V'(7), as long as no
(or negligible) magnetic effects exist. This means that it is possible to interpret
the Schrodinger equation as the one governing the behavior of each one of the two
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spinor components (including all factors), in the absence of forces that affect the
spin.

P14.6 Show that if the magnetic field varies only with time, the Pauli wave func-
tion can be factored into a spatial part that satisfies the Schrodinger equation with
no magnetic field and a spinorial part |x(¢)), solution of the equation

L O|x(t .
n ) o By, (1463
Solution. The Pauli equation for a spin-1/2 particle in a magnetic field is
(9 .
n? MO o By (14.64)
When B depends only on time, it is convenient to write the Pauli equation as:
o|¥)  he 1 e \2
S B(t) 3| = |5 (B-A) +V||w). 14.65
W4 e B0 o 1) = [ (- 24) + v | w) (1465)
We propose a solution of the form
0) = p(r)e B x(1)) (14.66)

where |x(t)) is a normalized spinor ((x|x) = 1) with time-dependent components,
and ¢(r) is a scalar position-dependent function. Substituting into the equation
and multiplying from the left by (x| yields

dlx) = he 1 [ 1

ih(x|—=+ 5 —B(t) - (xlo |x) = —

- - —E| . 14.
ot 2me % (p A> v } o (1467)

2m

Applying the method of separation of variables, we consider each side of the equa-
tion equal to a constant E’(x|x) = E’. The spinor part satisfies (for an electron
with e = —e)

L0 |x(t .

w2 By 5 ) = ') (1468
where g = heg/2moc is the Bohr magneton. The spatial part satisfies the
Schrodinger equation without magnetic field,

(E+ Ep = [an <p — —A> + V] p. (14.69)

The proposed solution in the statement corresponds to taking the separation con-
stant E' = 0, effectively absorbing it into the constant E.

P14.7 Show that
(JJ|S.|JT) =

(14.70)

Hint: First prove that
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in units A = 1.
Solution. We start from

J-8§=J.8+J.S +J.8S,. (14.71)

We use the commutation rule between components j+ and j,, but applied to the
spin, that is,

1S4, 5_] = hS., (14.72)
so that we can write (we will take & = 1 in what follows)
JoS m(fa 4808 =8 D188 =6+ h.  (4T3)
Substituting into we obtain
J-S=(+1)S. +5 J, +J.5,. (14.74)

With the help of this expression we calculate the expectation value of the operator
J - § in the eigenstate |jm;) which corresponds to the maximum possible value of
m;, |77). We have
(31 - 8li5) = Gil(Je + 1)S:155) = 3GA1S:175) + (515:15) = (G + 1){415:157),
(14.75)
since the last two terms of do not contribute because J|jj) = 0, (jj|J_ =

0. On the other hand, we can also write, by squaring the expression L = J —
and solving,

»n>

Jj.§=1 (j2+5*2—i2>. (14.76)
Taking the expectation value in the same state |jj) and combining with (14.75)),
we obtain
Gild - 8137) = 5 (G0 +1) +s(s +1) =L+ 1)) = (G + DGdIS:lig),  (14.77)
that is,
JU+1)+s(s+1)—ll+1)
2(+1) ’

(415:147) = (14.78)

which is the desired result.

P14.8 Show that the mass appearing in the relativistic correction to the kinetic
energy of the electron of a hydrogen-like atom, —875—362, is the mass of the electron
and not the reduced mass.

Solution. In the non-relativistic treatment of the H atom, the kinetic energy of
the electron-proton system in the center-of-mass frame is

p: P 1 1 p?
2m, * 2m,, <2me * 2mp> 2m’ ( )
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where m = m.m,/(m. +m,) represents the reduced mass. In the relativistic case,
the kinetic energy must be written as

K = (P2 +mlc")? + (P2 + mc')? (14.80)
2 P2\ 2 P2\
e p
— mec (1 + m202> +mye (1 n m202> . (14.81)
e p

To determine the relativistic correction predicted by (|[14.81]), we perform a series
expansion keeping terms to the desired order. Given the small ratio m,./m,,, proton
motion corrections are negligible, so we approximate,

) 1 P2 1/ P2\’
K ~m.” |1+ Sm2E 8 \m2c2 + - (14.82)
1 2
2 P
1+ = . 14.83
+ myc ( +2m§cz+ ), ( )
P? pP? P4
— e 2 _ : 14.84
MeC™ + Mmypc” + o + 2wy, Smic : ( )
P? P4
K ~m.? +myc® + — — - (14.85)

2m  8m3c?

where we took P? = P? = P? in the center-of-mass frame. The (m, + m,)c* term

represents the rest mass energy and is dynamically irrelevant in non-relativistic
treatments (serving only as an energy reference). The result shows that the rela-
tivistic correction to the kinetic energy depends on the electron mass but not on
the nuclear mass.

P14.9 Show that the correction to the energy of a hydrogen-like atom whose
nucleus is modeled as a sphere of radius Ry with uniform charge distribution is
given by

_2ZeRy
5 agn?

SE 510 (14.86)

Note: in the nuclear region we can make the approximation |1 (r)[* =~ |1(0)[%.
Solution. The potential energy of the electron immersed in the field generated
by the extended nucleus, taken as a uniformly charged sphere of radius Ry, is

Ze* (312
_R_6<§_§];_2)’ d=7 = B,
V(r) = N N (14.87)
Ze?
- r > Ry.
.
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This potential can be taken as the sum of the Coulomb potential due to a point

nucleus, plus a perturbation H’ given by

Ze? (3 112 Ze?

~ T |97 9 p2 I 0<r<R ’

H@r)={ Ry (2 2R§V)+ r =r=aw
0, T Z RN.

(14.88)

We see that the perturbation is nonzero only in the region occupied by the nucleus,
so it should be expected that only s electrons are affected by it, since these are
the only ones that have a nonzero probability of visiting the nuclear region, due to
the centrifugal barrier vanishing for them. To first order in perturbation theory,
the energy correction is

Zer 3Ze*  Ze*r?

OFE = (n| " SRn + 2R In), (14.89)
where the integrals must be taken only within a sphere of radius Ry. Because of
the smallness of the nucleus, we can approximate the wave function in the nuclear
region by its value at the origin and write [¢,;(r)|? ~ |¢;(0)|?>. Since the radial
wave function is proportional to 7!, 1,,(0) is different from zero only for [ = 0;
furthermore, at the origin the associated Legendre polynomials equal 1, so that
finally we obtain that the electron density at the origin is

G (O)f? = = (5)3&0. (14.90)

~ Arnd \ag
With all this taken into account, we obtain

3
sE—t 4 (Z) 5

4w nd \ ag
14 (Z\° Bxv o103 1
SE=—— 2= 60 4nZe? -+ — )%
47t n? (ao) o= 6/0 (7“ 2RN+2R§VT)T "

that is,

2 74 R 2 Z4
5 ain? T Ems
The factor d;9 shows that, as expected, only the s states are perturbed. For hydro-
gen (Z = 1) in its ground state (n = 1) one obtains 6F = 2R3}, in atomic units,

a result that is similar in structure and order of magnitude to that obtained with
an exponential distribution.

0F = R3,01 a.u. (14.91)

P14.10 Calculate the relativistic and spin-orbit coupling effects on the energy of
an isotropic 3D harmonic oscillator of mass m and frequency w.

Solution. These effects can be summarized in three corrections for central sys-
tems:
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a) The relativistic correction to kinetic energy

N ]54
H =—— 14.92
! 8mic?’ ( )

where p is the momentum operator, my is the electron rest mass and c is the speed
of light. This term represents the first-order relativistic correction to the kinetic
energy operator, arising from the expansion of the relativistic energy-momentum
relation.

b) The Darwin term, arising from quantum fluctuations around the orbit

N h?

H, = V*V. 14.93
2 8mac? ( )
¢) The direct spin-orbit coupling between orbital and spin angular momenta
. 1 1dV'\ 4 =+
Hy=——(-——|S: L. 14.94
3 2mac? (r dr) ( )
When using the |jlsm;) eigenstates as a basis, Hj can be replaced by the effective
Hamiltonian 2 o
. 1
Hy=——5—q| —— 14.95
5 4m3c2q<r d’r) ’ ( )
where ¢ is
q=7(+1) —1(l+1)—s(s+1). (14.96)

These expressions apply to an isotropic harmonic oscillator when treated as time-
independent perturbations. For the relativistic correction from H;, using |n) =
Inlm) and the approximation p* ~ 2m(E, — V),

1

1
T 2m? (EZ —2E,(n|V|n) + tmiw*(n|r|n)) . (14.98)

Since for a harmonic oscillator in a stationary state the quantum virial theorem

gives <T > = (V) = 1 (E), it follows that the first two terms of the last equality

cancel each other out, so the correction d 1 reduces to

4
SE, — —”;0” (n|r*|n), (14.99)

c2

a result that can be obtained directly from ({14.92)) with the substitution <B4> —

{(mowr)?). To evaluate §E; we use the recurrence relation derived in Problem
P12.7 for stationary states and central potential V'(r), which we write in the form

2(k+1)E (") =2(k+1) (r*V) = (#"1V') + :72/@ <k24_ Lo I+ 1)) (") =0.
0 (14.100)
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For the harmonic oscillator we must take k = 2 and E, = hw(n + 2); solving we
obtain

3E h? 3
4 n 2
3/ E, \> 1/ h\°[3
== " - | — - —ll+1)]. 14.102
2 <m0w2> * 2 <m0w> {4 I+ >} (14.102)
30 0\ 5 1
=—-| — ——=l(l+1)]. 14.1
5 (maw) <n(n+3)+2 3 (I + )) (14.103)
The relativistic correction to the kinetic energy then results, from ((14.98)),
3 h*w? 5 1
0, = —— 3)+-—=l({l+1)]. 14.104
=gz (43 + 5 - 3104 D) (14.104)
The Darwin term reduces for the isotropic oscillator to
- h? 3 h2w?
6B = (n| My | n) = S (11 VTV ) = 5, (14.105)

and affects all levels equally, so it does not modify the emission spectrum of the
oscillator. The energy correction due to spin-orbit coupling, if dealing with states
with well-defined j and [, is

- h? 1dV h?w?
O <n | Hs | n> 4m302q<n| (r dr) ) 4m002q (14.106)
If the oscillator is an electron, we can take s = 1/2 and write
h*w? 3
Es; = (7 +1)— 1)—-). 14.1
o= 3 (G + -1+ 1) - 2) (14107)

The simultaneous effect of the three corrections, that is, the sum of terms ((14.104))-
14.106|), depends in a complicated way on the set of quantum numbers n, j, [, s,
generally breaking the original degeneracy of the oscillator.

P14.11 Determine the energy eigenvalues and eigenfunctions for a charged particle
(without spin) moving in a space occupied by an electric field and a magnetic field,
both uniform and constant, whose directions are perpendicular to each other.

Solution. The Schrodinger equation for a charged particle in the presence of an
electromagnetic field, described by the scalar potential ® and the vector potential

A, is given by
N N 1 2
iy =By, = (p - §A> +ed. (14.108)

We set the electric field along the z direction and the magnetic field along the
Z direction. For this, we choose the following gauge for the potentials. Scalar
potential (electric field):

d=Er =  —Vb=(£0,0)=E. (14.109)
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Vector potential (magnetic field):

A = (0, Bzx,0) = VxA=(0,0,B)=B. (14.110)
Therefore E | B. The Hamiltonian takes the form
R 1 o eB . 2

H = 5 (pm, by =%, pz> —efux, (14.111)

which expands to

—efu. (14.112)

We note that the Hamiltonian has the form
H = H(py, py, b2, ). (14.113)
From the commutation relations we know that [p;, p;] =0, [z, p;] = ihd;;. There-

fore, H commutes with py and p,. This implies that the eigenfunctions of the

system can be taken as simultaneous eigenfunctions of H, Dy, and p,. The eigen-
value equation for the momentum operators p; is

V2mE; h2k2
i = Bk, k=Y eR = By= ot (14.114)
h 2m
with eigenfunctions of the form
Wy = et (14.115)
Thus, the wave function of the full Hamiltonian can be written as
U(z,y, 2) = ¢(x) ' Fvvthe=), (14.116)

where k, and k. are the eigenvalues associated with p, and p.. Substituting this
ansatz into the Hamiltonian, we obtain

o1 B \? h22
Zp—x—i——(hky—e—x) +22—e<‘,’x
C

2m  2m m
P2 1 - eB e?B?
:%+% hky—QhkyquL L + E, —efx
~2 2 22
D eh e“B* ,
Grouping terms, this becomes
~2 2 32
~ Py e“B® eh
H=-—"*= — | —k,B £ E,+ FE,. 14.118
o T 92 <mcy +e):1:+ y + ( )
To simplify notation, let us define
e?B? eh
= — b=—%k,B E. 14.119
T omer me "’ te ( )
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We now complete the square,

) b\> b2
—bxr = —— ] - —. 14.120
ax T =a (x 2@) 1 ( )
Substituting back into (14.118]), the Hamiltonian becomes

~9 2 2

- D b b
H=* —— ) ——+E,+ E,, 14.121
2m+a(x Qa) 4a+ v ( )

which corresponds to a displaced harmonic oscillator. To identify the frequency,

we recall that
1 2

gmw” = a, (14.122)
which gives
2 B
w= /2 =2 (14.123)
m  mc

This is precisely the Larmor frequency. The displacement of the oscillator is given
by
b hk,e — mc*E

=— = ) 14.124
=0 eB + eB? ( )
We now evaluate the constant term
b? mc* [ eh > k2 hk,Ec mc* &2
—=—— | —k,B+ef) = Y Y —. 14.125
da 262D <mc e ) om B 2 B ( )
Therefore, the Hamiltonian takes the form
~2 2 02
~ Py 1 9 hk,Ec  mc® &
H="+— — E, — - 14.12
The Schrodinger equation now reads
i + lmw2(x —10)*| U = E'U (14.127)
2m 2 ’
with -
hk,Ec  mc* €
E'=F—-F Y —_— 14.12
-+ —5 5 g (14.128)
This is the equation of a shifted harmonic oscillator, whose eigenvalues are
E' =hw(n+1), n=0,1,2,... (14.129)
Thus, the total energy spectrum is
h2k?  hk,cE€  mc* E
E = hw 1 2 _ ¥ _ —. 14.130
(n+3)+ 50~ 75 2 B2 ( )

Finally, the eigenfunctions are given by

U(z,y,2) = ¢p(x — o) e Fvvhe=)] (14.131)
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where ¢, (x) are the normalized eigenfunctions of the 1D harmonic oscillator.

P14.12 Determine exactly the energy spectrum of a charged (spinless) isotropic
oscillator immersed in a constant, uniform magnetic field.

Solution. For a particle of mass m and charge ¢ (without spin), subject to 3D
isotropic harmonic oscillator potential

1
V(r) = imwg(xZ +y? + 2% (14.132)

and a uniform magnetic field B = BZ (aligned along the z-axis), the total Hamil-
tonian is given by

. 1 1

H= %(ﬁ —qA)? + §mw§(g§2 + 9% + 2%), (14.133)

where the symmetric gauge is used, A = %(—yﬁv +27). The motion decouples into
parallel (z) and perpendicular (xy) components relative to B,

H=H,, +H.. (14.134)
The oscillating motion in thez-direction (unaffected by B)
A2
N D 1 R
H. ==+ §mw§z2 (14.135)
has an associated energy
1
E, = hwy (nz+§) , n,=0,1,2,... (14.136)
The motion on the zy-plane is governed by the Hamiltonian
- 1 . qB 2 . qB 2 1 . R
ny = % (pm + 7y> + (py - 7.77 + §mw§(x2 + y2), (14137)
which simplifies into
52 | 2
. prtpy 1 2, oy 4B
H, = ——2 4+ —mw(2* + §°) — —L 14.1
w= T (i 4 ) - L (14.135)

where

aIB”
Weff = wg + (%) (14139)

is the effective frequency and the angular momentum operator is L, = TDy — YD
The Hamiltonian H,, is diagonalized using the radial quantum number n,:

n, =0,1,2,... and magnetic quantum number m;: m; = 0,+1,£2, ... (eigenval-
ues of L,: myh). This gives for the energy in the xy-plane
Bh
By = hweg(2n, + [my| + 1) — L. (14.140)

2m
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Combining the contributions from z and zy, we get

1 Bh
E=thwo (ns + = | + hwea(2n, + Jmy| + 1) — L%, (14.141)
2 2m
2
with wy = \/% , the natural oscillator frequency, weg = {/wg + (%) the effective
frequency in the xy-plane, and w, = % the cyclotron frequency. The quantum
number n, = 0,1,2,... is the oscillator quantum number in z. n, =0,1,2,... is

the radial quantum number in zy (analogous to n in 1D), and m; = 0, £1,£2, ...
is the magnetic quantum number. In the limit B — 0 weg — wo, and the Zeeman
term vanishes. Total energy is given by

2

where N = n, + 2n, + |my| is the total quantum number of the 3D isotropic oscil-
lator.

3 3
E = hwy <nz + 2n, + |my| + 5) = hwy (N + —) , (14.142)

P14.13 An electron is in a magnetic field that varies with time according to the
law

B, = Bsinflcoswt, By, = BcosfOsinwt, B,= Bcos. (14.143)
At time ¢ = 0 the projection of the spin in the direction of the field is +1/2. Find
the probability as a function of time that the particle is in the —1/2 spin state in
the direction of the field, for ¢t > 0.
Solution. The magnetic field is given by

B = B (sinfcoswt, cosfsinwt, cosh). (14.144)
The Hamiltonian for a spin immersed in a magnetic field is
H=poB -3, (14.145)
where & = (6,,6,,06.). Therefore, the Hamiltonian becomes
H = poBsinf coswt 6, + g B cos §sinwt &, + pigB cosf 6. (14.146)
We define
a = cosb, f =siné, wr, = %, (14.147)

and wwrite the Hamiltonian as
H = hwpaé, + hwi 3 cos(wt)o, + hwpasin(wt)a,,. (14.148)
Thus we separate
H = Hy+ Hy, (14.149)
with Hy = hwraé, and the perturbation H, given by the oscillating terms. We
now write H; in the interaction representation

Hy = efot/h f, ¢=iHot/h (14.150)
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Explicitly,
ﬁ[ = thﬁ COS(Wt) (eiwLat&Z5'$e_iwLat6Z) + MLB Sin(wt) (eiwLat&za.ye—iwLoctéz) )
(14.151)
We compute
iwrpotd, o —iwr até O e?iath
e Wrotoz g oLt — <62mm 0 ) ; (14.152)
iwraté, ~  —iwpoté 0 _Z'GZiath
elwrot Foye Lotz (Z.em'ath 0 ) . (14.153)

Using the identities

cos(wt) = 5 (7 + "), sin(wt) = L (—e ™ + ™), (14.154)

and defining
Qg = wrp, Q. = wra, (14.155)
the interaction Hamiltonian can be simplified using the rotating-wave approxi-

mation, for this we neglect the rapidly oscillating terms (e @22 and thus
obtain

hQB 0 e—i(w—QQa)t hQa 0 e—i(w—ZQa)t
Hy~ T (ei(wZQa)t 0 + 9 jeiw—20a)t 0 : (14156)
Collecting terms, this can be written as
hQ 0 6iAwt
HI = 7 (e—iAwt 0 ) ; (14157)
where we defined
Q=Q5+Q,, Aw =20, — w. (14.158)
The spinor evolves according to (see Problem P14.6)
0
ihaX(t) = Hrx(t), (14.159)

with
() = (Zg))) . (14.160)

From the interaction Hamiltonian we obtain

ih% (Zg))) _ ? (eiom eigm> (Zg;) . (14.161)

This gives the system of coupled differential equations

ia(t) = %b(t)em“’t, (14.162)
ib(t) = 9a(zﬁ)e*m“’t. (14.163)
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Given that at ¢ = 0, x is in the +1/2 state in the field direction, the initial

condition is x(0) = x4 = (1), ie.

0
a0)=1,  b0)=0, (14.164)
Differentiating Eq.
ia(t) = % (b(wemm + iAwb(t)eiAWt> (14.165)
and using Eqgs. and
ia(t) = —%Qa(t) + 1Awal(t), (14.166)

we obtain the second-order differential equation
2

Q
a(t) —iAwal(t) + Za(t) = 0. (14.167)
To solve this equation we introduce the ansatz a(t) = ¢!, for which
a(t) = iwal(t), i(t) = —@%al(t).
Substituting into (|14.167)) gives the characteristic equation

Q2
0 — Awd — - =0 (14.168)
which has solutions .
G = 5 <Aw + /(Aw)? + 92) . (14.169)

We define A
w
A:T, 5:%\/ (AW)2+QZ

Thus the general solution for a(t) is

iyt iw_t

a(t) = a e+ + age”
= a,e AT | gm0 A, (14.170)
The initial condition a(0) = 1 imposes
a; +as = 1. (14.171)

To determine b(t) we differentiate ((14.170))
at) = iay (A 4 0)e' A 4jay(A — §)eO-A)
and substitute in ((14.162)), hence

2 . .
b(t) = —ﬁe_ZA“’t [al(A +6)e" 4+ ag(A — 5)6_2&} . (14.172)

Imposing the initial condition b(0) = 0 determines the relation between a; and as,
al(A+5)+a2(A—5) :0, a) + as = 1, (14173)
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A A
aq :%(1—3) s &2:%(14—3) . (14174)

Finally, for the amplitudes a(t) and b(t) we obtain
alt) = § (1= 8) 04} (14 3) erio-an

— [% (eiét + ef'th) 4 % % (ef'th - eiét)] eiAt’

which gives

that is,
a(t) = [cos(at) —ia sin(ét)] et (14.175)
For b(t),
b(t) = -3 (3(1—5) (A +8)e™ +5 (1+ ) (A—de ™) e ™
= L[5~ M)A+ ) — (54 )5 — A)e ]

62 — A?

Q6

— _‘52 - A? (eiat . efizSt) eTIA

Q0

2i sin(wt)e A1,
Recall that
P2 -A?=HAP+ ) - AT=AT L A=

T
Therefore,

Q )
b(t) = —i %5 sin(0t) e A, (14.176)

The probability that the spin is in the state y_ (—% along the field direction) is
Q2
b)) = e sin?(6t).
Substituting the definitions of the parameters 2, and § we obtain
1 + sin(260)
(2cosf — ) +sin

[b(t)]* =

00+ 1 sin? (‘%\/(2 cos — 2)? +sin(26) + 1 t) :

-1

sin? (“’TL V/(2cos — 212 4 5in(20) + 1 t) . (14.177)

2cosf — )2
= [( or) +1

sin(20) + 1

P14.14 Three particles with spin 1/2, placed at the corners of an equilateral
triangle, are described by the interaction Hamiltonian

N
H = SM81 62+ 61 63+ 62 63). (14.178)
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List the energy levels and their degeneracy.
Solution. The Hamiltonian can be written as

N A o
H= gzai.aj. (14.179)
1<)
However, it is more useful to express H in terms of 32, defined as
3
X2 =) 67+2) 6,65 (14.180)
i=1 i<j

Since 67 = 31 (for spin 1/2),

1
22:9[ 2 Ai'A' Ai'A':— 2 _ . .
+ Za & — Za G; = 5(%? =9I (14.181)
1<j 1<)
so that )
H= g(232 —9I). (14.182)
The eigenvalues of 3? are 4s(s + 1), where s is the total spin. The symmet-
ric quartet (s = 3/2) has an eigenvalue 4 - % . g = 15 and a degeneracy 4
(mg = —3/2,—1/2,1/2,3/2). There are two independent doublets (s = 1/2, total
dimension 4) having an eigenvalue 4 - % . % = 3. These eigenvalues of X? introduced
into H give, for s = 3/2,
A
E = 6(15 —9) =\, (14.183)
and for s = 1/2,
A
E = 6(3 —-9)= -\ (14.184)

The energy level E = X\ corresponds to the symmetric quartet (s = 3/2), and the
energy level £ = —\ corresponds to the two doublets (s = 1/2).

P14.15 Consider a neutron interference experiment in which the two beams have
opposite polarizations on the z-axis, so that the superposition of the beams at the
output of the instrument has the spin in the xy-plane. Under these conditions, if
the spin of one of the two branches is inverted by means of a magnetic field, the
final spin will be completely polarised on the z-axis. Show that this is so.
Solution. In a neutron interference experiment, the incoming beam is divided
into two beams. In the present case, the two beams have originally opposite spin
polarizations, with total spin projection S, = 0. We call 1 the beam with positive
spin along the z axis and 2 the beam with negative spin along the z axis. The
initial state is therefore

0) = [+, =), (14.185)

The general formula for the spin projetion operator is T, (6) = exp(—in - 66/2),
where n is the axis of rotation and 6 is the rotation angle. To invert the spin
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polarization of beam 2 we apply a rotation of § = 7 around an axis on the xy
plane, say the x-axis,

T,(0 = 7) = exp(—id,m/2) (14.186)
to the state vector |—),. Taking into account that 62* = 1 and 62! = 6,, a

Taylor series expansion of (14.186) gives T, (7) = —d,, so that

Tp(m)|0) = = [4+), 0z | =)o = = [F)y [+)y = — [1) .
This confirms that the final spin is polarized on the z-axis.



CHAPTER 15
Identical-Particle Systems. Quantum Statistics. The Density Matrix

P15.1 Show that the particle exchange operator 131-3- is Hermitian and that it

commutes with P, only when (,7) and (n,m) refer to different pairs of particles
(there is no common particle).
Solution. A projector P is a Hermitian idempotent operator, P =pt p2=p.
If P, and Pj are two projectors onto their respective subspaces H; and H; of the
corresponding Hilbert space, their product is a projector (if the subspaces com(zlde)
or null (if the subspaces are disjoint),

In short, if 7 # j, then P, and ]SJ are orthogonal and ]%PJ = 0; but if 7 = j, (|15.15))
is simply the idempotency property. From this latter property it follows that the
eigenvalues of a projector are 0 or 1. A set of projectors is complete if . P=1,
where the sum extends over the entire Hilbert space of the problem.Now consider
the operators

~

1 o
Pr=s (1 + Bj> . (15.2)

Since ]52-]- is Hermitian, it is clear that these operators are also Hermitian. Moreover,
each of them is idempotent,

(Pi) L(12b,+P2) =1 (12 5;) = P (15.3)

and P+ and P@] are mutually orthogonal,

Pip; =1 (1 + 1%) (1 - 1%) =1 (1 - 155) —0. (15.4)

These properties show that Pj are projection operators, mutually orthogonal. We

will now determine the subspace onto which they project.Let W9 (&1,...,&,&, ..., &N)
be a wave function symmetric under the exchange of any pair of indices (in short:
totally symmetric). This means that for any pair i, j,

S(r, . 6 &5En) = U5 (6, 65 6 EN). (15.5)

276
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It immediately follows that in this case we can write the equalities
U9 (&, 6y G ) = Py 0% (&, 608, EN)
=05 (&,.. ., 6,8, EN), (15.6)
from which it follows that
PIUS (&, 6,6, ) = 21+ Py) W% (&, .., 6, &, En) (15.7)
=07 (&, 6,6, EN) (15.8)
Similarly, it can be shown that
PrU%(&,...,&,&, ... &n) = 0. (15.9)
These results show that ﬁ’;{ projects totally symmetric wave functions onto them-

selves, while ]55 cancels the totally symmetric component of the function it op-

erates on. Now let U4 (&,...,&.&;,...,&y) be totally antisymmetric functions,
characterized by the fact that for any pair 7, j,
UA (&, 5,6y ) = =0 (&, 606, ). (15.10)
It immediately follows that
Pij\IJA <§17"'7£i7§j7"‘7£N) = _\I[A (517"‘751'75]'7"'75]\7)7 (1511)
PZ—;\IIA (517"'757275]'7"'76]\7) - %(]—_F-pz])‘le <§17“'7€7§7€j7"'7£N) - 07 (1512)
PO (&, &G, ) =V (&, 606 e (15.13)

These results show that 157; projects totally antisymmetric wave functions onto

themselves, while }3;; cancels these components. In short, }5;; is the projector for
symmetric states and eliminates the antisymmetric component, while 157; is the
projector for antisymmetric states and eliminates the symmetric component.

P15.2 Show that the operators
pr=1 (1 + aj) (15.14)

)

are projectors. What is the effect of these operators on a fully symmetric state
function (&, ..., &,& ..., €En)?

A projector P is a Hermitian idempotent operator, satisfying P = P! and
P2 =P If P, and ﬁ] are two projectors onto the respective subspaces H; and H;
of the corresponding Hilbert space, their product is a projector (if the subspaces
coincide), or vanishes (if the subspaces are disjoint):

P,P; = P,P, = P;§;. (15.15)

In short, if ¢ # j then P, and ]5] are orthogonal and Pl]-:’j = 0; if ¢ = 7, (15.15)
is simply the idempotency property. From this last property it follows that the
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eigenvalues of a projector are 0 or 1. A set of projectors is complete if ) . P = 1,
where the sum extends over the entire Hilbert space of the problem. Let us now
consider the operators

pr=1 (1 + J%j) . (15.16)

Since Isij is Hermitian, it is clear that these operators are as well. Moreover, each
one of them is idempotent:

ij

1 N1 .
(Pi) 7 (1 + 9P, + Pi‘j) =3 (1 + R-j> P (15.17)

and PZ}L and PZ] are mutually orthogonal:

N . N1 .
PPy = (1 n R-j) (1 - Bj> =3 <1 - Pé) —0. (15.18)

These properties show that P are projection operators, mutually orthogonal. We

will now find out what subspace they project onto. Let W¥(&1,...,&,&, ..., EN)
be a symmetric wave function under the exchange of any pair of indices (in short:
totally symmetric). This means that for any pair ¢, j one has

T & ) = T (€ 6 G ) (15.19)
It follows immediately that in this case we can write the equalities
Ws(flv"‘vghgja'”’g]\f) = qujs(ghﬂf’wé']?af]\f) = \Ijs(fla"‘agj7£iv"‘7§]\7)7

(15.20)
from which it follows that

PIUS(&, .. 6.6, En)
= % (1 -+ Pz]) \Ijs(fb PN ,5i7§j7 e ,5]\7) = qjs<£1, . a€i7€j7 PN 7€N)7 (1521)

and similarly one proves that
PU5(&,. . 6.6, En) = 0. (15.22)

In words: PJr projects totally symmetric wave functions onto themselves, while P
cancels the totally symmetric component of the function upon which it acts. Now
let UA(&,...,&,&, ..., &) be totally antisymmetric functions, characterized by
the fact that for any pair 7, j one has

UAG, ... &8s, 6N) = —UAG, ... &5y &iv o EN). (15.23)
It follows immediately that
pij\DA(fla s e 76’&'75]'7 s 75]\7) - _\IJA(fla s 76’&'75]'7 s 75]\7)7 (1524)

E;WA(§17---7fi,fja---afN) 1( +Pz]>\IJA<€17-"7§i7£j7'"7§N):07 (1525)
PruMEn, . &6 ) = TG, L6 ). (15.26)
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These results show that 157; projects totally antisymmetric wave functions onto

themselves, while ]5;; cancels these components.In short, ]5; is the projector of

symmetric states and eliminates the antisymmetric component, while 1513 is the
projector of antisymmetric states and eliminates the symmetric component.

P15.3 Obtain the solution [1] Eq. (15.49) using perturbation theory for degen-
erate systems. The degenerate wave functions are considered to be 9.

Solution. In [1], Section 15.3, it is shown that the perturbation of a two-
electron system by a symmetric potential V (71, 72) = V (72, 71) shifts the initial
energy eigenvalue £ to the value £ + J £+ K, where the sign of the last term

depends on the symmetry or antisymmetry of the wave function with respect to
particle exchange. The quantities J and K are given by

J = (mn|V(ry,ry)|mn) = / U0 (2) )2 [0 (D) PV (71, 7)) dr 1 dirs, (15.27)

K = [ 6,000V (1 73) 0 2) i (Vi (15.28)

Since the potential is symmetric, exchanging r; and 7, in (15.27]) does not affect
the value of J, and we can write this quantity in the form:

J= %/|¢n(2)|2|¢m(1)|2\/(r1,r2>dr1dr2 (15.29)
45 [ W@ Plom (DY (ra ), (15.30)
=5 | 2P (OPV (1. ra)drsdr, (15.31)
+%/|¢m(2)|2|¢n(1)|2‘/(r1,'rg)d'rld’rg. (15.32)

This expression suggests interpreting J as the contribution to the energy due to
the fact that in half of the cases electron 1 is in state m and electron 2 in state
n, and in the remaining half of cases the roles of the two electrons are exchanged:
electron 1 ends up in state n and electron 2 in state m. Then in the classical
analogue, J would equate to the entire first-order energy correction, assuming
both configurations are equally probable. However, the term K also appears, the
so-called exchange energy, which has no classical analogue, as it is generated by
the superposition of amplitudes for the statistical description; in this term, the
electron with label 1 appears simultaneously partly in state m and partly in state
n, and something similar occurs with electron 2, which also appears as if it were
simultaneously in both states. As we already know, these quantum interference
phenomena characteristically appear when the wave functions are not factorizable.

Considering the potential V(|r; — ry|) as a perturbation, we will treat the
problem with the perturbation theory of degenerate systems. Being symmetric,
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the potential commutes with the exchange operator ]512, which means that the
perturbation does not mix states of different permutational symmetry. The un-
perturbed system has as symmetric eigenstates the non-factorizable orbital wave
functions

1
Yy = 7 [¥n(2)hm(1) £ ¢ (1)1hm(2)] - (15.33)

Since we are dealing with electrons, the total wave function is obtained by mul-
tiplying ¢+ by the corresponding spinor, such that the resulting wave function is
antisymmetric. The + sign therefore corresponds to the spin-0 state (antisymmet-
ric spinor), while the — sign is associated with the spin-1 state (symmetric spinor).
The states 14 are degenerate, since

Hypy = By (15.34)

We obtain the first-order energy corrections from perturbation theory by solving
the secular equation

Vip —0EW Vi

V_+ V__ B 6E(1) - O, (1535)

where we have set V. = (¢ |[V]1h1), ete. Explicitly, for V,, or V__ we obtain

Vs =5 [ B1@000) £ 000NV Ba(2n() (15.30)
4 (1)t (2)] dr1diy (15.37)

1 2 2 2 2
= —{/I%@)I | (1)] Vdrldr2+/|¢n(1)| |t (2)[2Vdrydr,  (15.38)
£ [0V ) (Vi (15.30)
/1/) (HV,(1 )wm(2)dr1dr2}. (15.40)

Exchanging indices 1 <+ 2 does not affect the value of these integrals (it is merely
a renaming of the integration variables), so we can write

Vii — %(w LK) = J+ K. (15.41)

Similarly, we obtain
_= /¢1V¢_dr1dr2 =0, (15.42)
Vo, =0. (15.43)

This confirms the observation that the symmetric perturbation does not mix states
of different symmetry. Consequently, the determinant of the secular equation turns
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out to be diagonal and the problem can be treated as non-degenerate,

J + KO— SEM . KO_ | = 0, (15.44)
that is,
(J+ K —6EW)(J - K —-§EW) =0. (15.45)
Hence, the first-order energy corrections are
SEVY = J+ K, (15.46)

an consequently, the energy is given to the first order by
E,=FE9 +J+K, (15.47)

which is the requested result. This result shows that the presence of an interac-
tion that explicitly involves the electron spin is not necessary for it to manifest:
the antisymmetrization of the wave function naturally leads to an energy difference
of value 2K between the spin states S = 0 and S = 1, known as exchange splitting.

P15.4 Show that if ¢y, (21, 22) is the wave function of the two linearly coupled
oscillators (see problem P12.2), then

Prothnm = (=1)"nn, (15.48)

where N, n represent the excitation quantum number of the center of mass and
relative motion, respectively.

Solution. Problem P12.2 was solved using the relative and center-of-mass coor-
dinates,

Y=y =T — Ta, (15.49)
1
Y =y, = M<m1x1 + moxs), (15.50)

where M = mj+msy is the total mass of the system. In terms of these coordinates,
the Hamiltonian reduces to that of two decoupled oscillators, and the wave function
of the system factorizes as

where each factor is a harmonic oscillator wave function. In particular,
1
7h 2 muwi Muw,y
() = 2p) (— 2) H, , 15.52
Un(y) ( — n) exp (— 5y ( > y) (15.52)

where w? = w?(1 + ) (8 measures the coupling strength). Upon an exchange of
particles 1 and 2, the relative coordinate changes its sign, while the center-of-mass
coordinate remains invariant. Therefore,

Protnn (Y2, y1) = Un (Y2) Yn(—11). (15.53)
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The parity of 1, (y) given by (15.52)) corresponds to that of the Hermite polynomial
H,, and it is (—1)" (since it is an even or odd polynomial depending on whether
n is even or odd, respectively). Hence,

P12¢n(y1) = wn(_yl) = (_1>nwn(y1> (1554)
Substituting into equation ((15.53)), the desired result is obtained,
Prothnn = (—1) "y (15.55)

P15.5 The Hamiltonian of a system of three linearly coupled identical spin-zero
bosons is

2 2

—mw — x;)*

3 ~9
HZ;QZ’

In terms of the normal coordinates

= 7>1 1=1

1 1
Z=§(9€1+$2+I3); 21 = X1 — Xa; Z2=$3—§(171+$2);

the Hamiltonian takes the form

N =2 P2 1 P2 1
H=_——+ M222 L Cmgwizt + 2+ Smaws 2,
oM omy | 2 AT T g, Tl
where
S e A L 2 Pty
P=pi+ps+pPs; Doy =501 —D2); D=7 (D3~ ;
2 3 2
wi = ws = w?(1 + 3p);
m 2m
]\4:37717 mlzg, mgz?
a) Find the solutions of the Schrodinger equation;
b) determine the eigenvalues of the Hamiltonian;
c) indicate which states are physically realizable;
d) show that solutions with exchange degeneracy are not necessarily or-

thogonal.

Solution. This Hamiltonian describes three coupled identical linear harmonic os-
cillators, but they can be decoupled by expressing it in terms of normal modes.
We aim to show that these are given by the transformation

1
Z==:

1
3 (.1?1 + o + .’1,’3) y 21 = T1 — X, Z9 = I3 — = (x1 + 132) ) (1556)

2

A . . . 1. . . 2(. 1 . )
P=p1+po+ps, Doy =701 —D2)s Pow=2(D3—=P1+D2) ). (15.57)
2 3 2
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The inverse transformation yields

r = Z —+ %Zl — %22, To = J — %Zl - %227 T3 = Z + %Zz. (1558)
ﬁl - %p +ﬁzl - %ﬁzza ]52 = %p _ﬁzl - %ﬁzw ﬁ?) = %p +]522 (1559)
The Hamiltonian expressed in terms of these variables becomes
~ 1 ~ R R
A= o (3P + 2%, + 3%, (15.60)
+ imw® (327 + 327 + 223) + smw?B (327 + 223) . (15.61)
If we introduce here the masses
1 2
M =3m, m;= M M2 =gm, (15.62)
we obtain
H= Ly v, + lMchZ2 + 1m w?2? + 1m w?22 (15.63)
OM ' 2my | 2my 2 g T LT TR ’
3 3
+ §m1w26zf + §m2w2ﬁz§, (15.64)

which can be identified as the Hamiltonian of three independent oscillators with
frequencies w?, w? = w3 = w?(1 + 3f). Thus, the new coordinates indeed corres-
pond to the normal modes of the system. The coordinate Z directly describes the
CM (center of mass) of the system; z; describes the relative position of particles
1 and 2, and z, corresponds to the relative position of particle 3 with respect to
the CM of the 1-2 system. It is clear that an arbitrary permutation of these labels

can be made without changing the result.

P15.6 Consider a system of four uncoupled, equal and collinear harmonic osci-
llators. Construct the wave functions and specify the energy eigenvalues of the
physically realizable steady states when:(a) All four particles are bosons with spin
zero.(b) All four particles are fermions with spin 1/2.

Solution. The stationary Schrédinger equation for the problem is

4 . 4
~ 1
( E bi + g 5mw%?> U (21, 29,3, 24) = BV (21, 29, 23,24) . (15.65)
=1

The orbital wave functions that are solutions of this equation are the product of
four harmonic oscillator wave functions,

Uimn (21, T2, T3, T4) = Vg (1) Y1 (T2) U (23) P (24) (15.66)

with the 1, (z;) harmonic oscillator eigenfunctions of the form

mh 2 mwy o mwy
= n! —_—
¥n(y) ( mw12 n) exp( on 7 ) Hy ( h y> ’
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with total energies given by
Eklmn:hw(k+l+m+n+2), k,l,m,nzo,l,Q, (1567)

From these solutions, those describing bosons or fermions are constructed as fo-
llows.
a) For four spin-0 bosons, the wave function is totally symmetric, and the

following cases can occur:
i) k =1 = m = n. The function ([15.66|) is already symmetric, so we simply have

U (21, w2, 03, 74) = U (21) U (22) P, (23) P (34) (15.68)
corresponding to the energy
E=2hw2n+1), n=0,1,2,... (15.69)

These states are non-degenerate, regardless of the value of n; among them is the
ground state of the system (with n = 0).
ii) k =1, but n # | and m # [. The only totally symmetric wave function is

1

V12

corresponding to the energy
E=mR2k+m+n+2), kmn=01,2... (15.71)
iii) £ = [ = m # n. The only realizable state is
1
U = — (Virrn + Yrrnk + Yanik + Vinnr) (15.72)

V4

corresponding to the energy
E=hmwBk+n+2), kn=0,1,2,... (15.73)

iv) k = and m = n. The only realizable state is

1
U = % (Yokkn + Yoknk + Yonkt + Yiknn + Yinkn + Vokkk) (15.74)

corresponding to the energy
E=2hw(k+n+1), kn=0,12... (15.75)

v) k,l,m,n all different. The only realizable state is

1
\IIS = _<\I]klmn + \Ilklnm + \I[kmln + \Ijkmnl + \I/kmnl + \Ilknlm

T (15.76)
+ Wikmn + Yiknm + VYinkn + Yimnk + Yinkm + Yinmek (15.77)
+ Wokim + Yakmi + Yatkm + Yaimk + VYamie + Yamk (15.78)
+ Wonktn + Yoknt + Yonikn + Yonink + Yonkt + Yonnik) (15.79)
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corresponding to the energy
E=hwlk+1l+m+n+2). (15.80)

b) When dealing with four spin 1/2 fermions, one must choose the totally antisym-
metric solutions, including, besides the spatial coordinates x;, the spin coordinate,
a set of variables that we denote with &;. Since for Hamiltonians that do not de-
pend on spin, as is the present case, the wave functions of a single particle reduce
to the product of the spin function x4 by the orbital function ), (z;), one can
alternatively write

wi[ (l‘z) = wn (61) = wn (371) X+- (15.81)
The spin orientation 4+ of each of the four particles will be denoted by a, b, ¢, d,
so the unsymmetrized wave function that replaces can be written in the
synthetic form
Ui = Vi (@0) 97 (22) U, (3) ¥, () - (15.82)
The totally antisymmetric wave function constructed from this basis is given by
the Slater determinant

[0 96 9 9

abed \A 1 (1 1 (T2 1 (T3 1 (T4

(Vi)™ = 53 |, (o) v () 05 () 05, ()| (15.83)
Vi (z1) () vl (x3) 2 (24)

or explicitly,

aoc A 1 aoc aoac aci aaoc ac adci
(o = 8 o, - ot + i+ o vitl (080

_q]bacd + \I,bade + \I,cabd o \I]adbc o \I]cadbl + \I/dacb (1585)

lkmn lkmn mkln nklm mkn nkml
bead bdec cbad dbac cdab dcab
+\I}lmkn - qjlnkm - \Pmlkn + \Ijnlkm + \Pmmkl - qjmmkl (1586)

ol 98+~ VL - 93 ). (15
However, while the quantum numbers &, [, m, n may be equal or different, the
spin quantum numbers, a, b, ¢, d, cannot all be different, since they can only take
one of the values + or -. This reduces the possibilities to the following cases:

i) I = n = m = k. As there will necessarily be equal spin indices, the Slater
determinant has at least two equal rows and vanishes. This means that this state
is not realized.

ii) k =1 = m # n. The same consideration as the previous case applies, since here
too at least two of the indices a, b, ¢, d have to be equal.

iii) k = [ # m = n. The conditions for the Slater determinant to be different from
zero are a # b, ¢ # d. It follows that the following four states are realizable,

(abed) = (+ — —+), (= ++=),(+ = +=), (= +— +). (15.88)
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The energy corresponding to these states is
E=2ho(n+k+1), kn=0,1,2,...,n#k. (15.89)

Among these states are those of minimum energy, with £k =0, n =1, or k = 1,
n = 0. Therefore, in this case the ground state is degenerate and its energy is
higher than that of the corresponding ground state of four similar bosons. As an
example, one of these four realizable states is

1
+— —A _ bt gt b gt

15.90
V24

( )
W T T W, T v T (15.91)
T U R T S U T T (15.92)

AT U T T T U (15.93)
+%E£+—WEJ_—W%ﬂ_+W$ﬁ+) (15.94)

iv) k =1, but m,n # [,m # n. In this case a and b must be different, but ¢ and d
can take any value. There are 8 realizable states, characterized by

(abed) = (+ — ++), (+— =), (+ = +=), (+ — —+), (15.95)
(—+++),(=+—), (= ++=), (= +—+) (15.96)
and their energy is
E=hmhR2k+m+n+2), kmmn=0,12... (15.97)
An example of these states is

1
(T ) = 755 (Wit = Wit = WL+ W 4 UL (15,98

~ Vit = Yion + Yhon + Yot — Vo (1599

)
)
_ \I/;zn—k-ﬁ- + \I/++_+ + \I/l;n—:lj;z—i— . \If_+++ o \IJ+_++ (15‘100)
)
)

nkmk knkm mkkn
P U~ L~ W+ WL (1501
ERLTE AR A A | (15.102

v) k, I, m, n different. All possible combinations of the spin indices are accep-
table, so there are 2* realizable spin states. Among these states there are those
with defined symmetry with respect to the exchange of spatial or spin coordinates
separately. The energy of these states is

E=hk+l+m+n+2). (15.103)
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These 16 realizable states correspond to

(abed) = (++ ++), (= + ++4), (+ = ++), (++ —+), (+ + +—),  (15.104)
(= =)=+ =) (= = +=) (= = =) (b + =), (15.105)

(== ++), (= ++=), (+ = =+), (= +—+), (+—+-),  (15.106)
(———-) (15.107)

For example, one of these states is

1
(T ) = 75 (%ﬁiﬁ = Ynm = Yenim' + Yinim ' + Y (15.108)

b b b b gt (15 109)

kmnl lkmn lkmn mkln nklm
++++ ++++ ++++ ++++ ++++

_\Ijmknl + \I[nk:ml + \Ijlmkn - \Illnkm - qjmlkn (15110)
++++ ++++ ++++ ++++ ++++

+\I[nlk:m + \Ijmnk:l - \Ijnmkl - \Ijlmnk + \I[lnmk (15111)

mink nlmk nmlk

The states of maximum spin belong to this category, whose minimum energy is
very high (Fym = 8fw), and from which a large number of possible orbital sta-
tes are excluded due to the restriction that the four quantum numbers k, [, m, n
have to be different. The example shows once again the impact of the presence of
electron spin on the energy spectrum, even in the absence of any direct coupling
of the spin to the rest of the system.

P15.7 The deuteron (consisting of a proton and a neutron) has spin 1. List the
possible states of spin and total angular momentum of a system of two deuterons
in a state of angular momentum L.

Solution. The deuteron is a spin—1 composite particle, hence two deuterons are
identical bosons. Therefore the total two—particle state must be symmetric under
particle exchange,

PoU =+, (15.113)

We write the total state as (orbital)x (spin), ¥ = \If(()fk), x'¥). Under exchange, the
relative coordinate changes as » — —r, so the orbital factor acquires the phase

Pt = (1)t g (15.114)

orb*
For two spin—1 particles the addition 1®1 = 261640 splits into exchange—symmetry
sectors,

+1, §=0,2 (symmetric),

Nspin(S) = { (15.115)

Bosonic symmetry requires the product of orbital and spin parities to be +1,
(—1)  npin(S) = +1. (15.116)

-1, S=1 (antisymmetric).
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Hence the allowed spin values are

Leven = §=0,2; Lodd = S=1. (15.117)
For each allowed S, the possible total angular momenta follow from vector addition,
J=|L-S|,|L-S|+1,...,L+S5. (15.118)

The explicit possible values are already given in P11.18.

P15.8 Three particles of spin zero are rigidly joined to form an equilateral triangle
that rotates on a circle of radius r. Determine the rotational levels of this system.
Solution. The system rotates in a plane around an axis perpendicular to it and
passing through its center of mass (CM), with each particle at a fixed distance r
from the CM. The moment of inertia I of the system with respect to the axis of
rotation (z-axis) is

3
I=> mr]=3m", (15.119)
=1

since each particle contributes m? and there are three particles. The Hamiltonian
for a rigid rotor in 2D (rotation in the xy-plane) is
L2
H=—=
21
where L, is the angular momentum operator along the z-axis. The eigenfunctions
of the operator L, are plane waves:

(15.120)

Vi (p) = \/%e”“’, (15.121)

where ¢ is the azimuthal angle and K is an integer quantum number (positive or
negative) representing the angular momentum in units of 4. The corresponding
eigenvalues are

Li(9) = Kb (9). (15.122)
By applying the Hamiltonian operator to the eigenfunctions,
. L2 K212
Hyg(6) = 57¢K(9) = Vi (9), (15.123)
21 21
we obtain for the rotational energies
K?h?
Ex = ot (using I = 3mr?). (15.124)

The allowed energies are

(3n)’h* _ 3n*h?
6mr2  2mr?’

For n = 0 there is only one possible state (K = 0), with a constant wave function

Yo = .

E, = n=012... (15.125)
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For n > 1 there are two independent states: K = 4+3n and K = —3n, correspon-
ding to €®"® and e~®"?, as shown in the table below.

Quantum number n | Angular momentum K | Energy F, | Degeneracy
0 0 0 1
1 +3 A 2
2 +6 roz = 2
3 +9 2 2

P15.9 Let F be an operator of the form

~ ~

F(1,2,... N) = f(1)+ f2) + -+ F(N) =D f(i), (15.126)

i=1

where f (1) operates only on the coordinates of particle 7 in a system of N identical
particles. Show that

(v Flet) = S CAFOIEDE (15.127)

=1

where U4 is the antisymmetric wave function and the one-particle wave functions
1; are orthonormal.
Solution. The antisymmetric wave function for N particles can be written as

Ya = \/_Z PPl (€0)12(&) - - ¥ (En)], (15.128)

where P runs over all permutations of the particles and (—1)” is the parity of the
permutation. The operator F' is a sum of single-particle operators,

N
=> 79, (15.129)
=1

where f (@) acts only on particle i. The expectation value is

N

(WalFla) = (Wal fO0a). (15.130)

=1

Due to the symmetry of 14 under a permutation of identical particles, each term
(1ha| fD]1p4) is independent of . Therefore, it is sufficient to compute the term for
i = 1 and multiply by N. Substituting ¥ 4:

(Wl D) = N,ZZ D742 [ dey (Q21) FO (), (15.131)
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where ® = 11(&1)Y2(&2) - - - ¥y (ny) and O* is its complex conjugate. The integral
is factored as follows,

N
[ i@ V0 T [ de vy (610, &) (15.132)
=2

where p; and ¢; are the indices determined by the permutations P and ). Due to
the orthonormality of the functions 1;, the integrals for 7 = 2 to N satisfy

/ 4307 (€, (&) = By, (15.133)

Therefore, the total integral is nonzero only if p; = ¢; for all j = 2,..., N, which
implies that P = (). Thus, the sum reduces to

alflen) = 57 3 [ des i€ F Vom0, (15.134)
P

since (—=1)P*? = 1 when P = @, and the integrals for j > 2 are 1. For each
permutation P, the term [ d&; Upy[¥pa) depends on the index k = P(1). There
are (N — 1)! permutations that fix P(1) = k for each k = 1,..., N. Therefore,

N
> [ et fromey = SN = 1)t (15.135)
k=1
and
1 & 1 &
(Wl V) = F; ) (@l flvoe) = Nkz:: Vil flr).- (15.136)
For F, we have A
(ValFYa)
N » R 1N ) N X
=D WalfOla) = N - @alfVla) = N - = D> Wl ) = D (wnl Fluse),
=1 k=1 k=1

(15.137)
since f@ is the same operator for each particle. Thus, it is shown that the ex-
pectation value of F' in the antisymmetric state 14 is the sum of the expectation
values of f in the individual states ;.

P15.10 Prove that the lattice Hamiltonian introduced in [1]|, Section 5.4.1, na-
mely Eq. (15.76), transforms into (15.80) in the reciprocal space.
Solution. We are asked to prove that the lattice Hamiltonian

Zpﬂr Smw Z — zi41)% (15.138)
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becomes

1 m
k k
under the discrete Fourier transformation
1 ) 1 )
Qr=—=) %y P=—=) *ip. (15.140)
VR 2 VR 2

Because the k’s are the discrete wave numbers compatible with periodic boundary
conditions, the inverse relations follow from orthogonality,

1 —ikal 1 —ikal 1 i(k—k')al
x:—gel“ , :—Ee’aP, —Ee’ @ = O
l \/N k o b \/N - k N : k.k

For the kinetic term of the Hamiltonian we get

L ikl b 1 A

k‘ k' kK
1 1
= 5 2w kPPl = 5 > PiPoy (15.141)
e,k %
For the potential term first we write
1 —ika —ikal ﬂka 1 o~ thal *“w ika _ika
T — X1 = —F— e —e e k—— 2_6 2 )Qp

ka
— " 2 kalits sin—Qk (15.142)
Z )

so that
5w ;(IH-I —x) = ——mw Z %4 ilk+kall+3 )sm?sm “20iQw
2 1 . , k k'
- (NZ‘?—M o )46_2(k sin < sin = QuQ
kok! !
_mw? (k) o KA
_ 2R gin Z sin —QQu
2 2
kok!
= — Z (Qwsm —) Qi = — ZkakQ ks
(15.143)
where
k
Wi = 2w |sin ?“ . (15.144)
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Substituting in ((15.138)) we obtain exactly the reciprocal-space Hamiltonian, a sum
of uncoupled harmonic oscillators (phonons) with the frequencies wj, determined
by the dispersion relation ([15.144)),

1 m
H=— PP, + — 2 . 15.145
Zm; Kk + 2 ;WkaQ k ( )

P15.11 Prove that in the limit my — m, the equation

wi:K<i+i) iK\/<i+i)2—M. (15.146)

ma mo my mo mime

is reduced to
ka

sin; . (15.147)

w_ = 2w

Solution. We start from the general expression for vibration frequencies in a
diatomic chain (with masses m; and my, spring constant K, and spacing a), Eq.

(15.146)). Substituting m; = mo = m into the diatomic expression

11 1 1\* 4sin? (%
2o (L D e (L) S (B) (15.148)
+ m m m m m2
2 2 (ka
4 ka
W= K <3> + K\/(3> . Sm—2(2> (15.149)
m m m
wi=K (—) + K| — - — 2t (15.150)
2 4 ) ka
Wi =K E) + K\/W (1 — sin? (7» (15.151)
2 4 ka
2

wi =K (3) + K2 |cos (%) ‘ : (15.153)

m
We thus obtain two solutions, the optical branch (w.)

2K k
Wt = — <1 + |cos (g) ) : (15.154)

m
or, using the identity 1 + cosz = 2cos? (%),

Kcos @
4

wy =24/ — , (15.155)

m
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o () 45150

or, using the identity 1 — cosz = 2sin? (%),

/K | . ka
_=2 E sm(z) .

The acoustic branch (w_) of the diatomic chain (with m; = msy) exactly matches
the monatomic relation if we rescale the wave vector k. The factor of 1/2 in the
sine argument arises because in the diatomic chain, the unit cell has length 2a (two
atoms) and in the monatomic chain, it has length a. To compare them directly,
we redefine & in the diatomic chain as k' = 2k, where k' is the wavevector in the

equivalent monatomic chain,
| K ! | K
_ =24/ —|sin @ = 24/ — |sin @
m 4 m 2

which is identical to the monatomic dispersion relation.

and the acoustic branch (w_),

(15.157)

: (15.158)

P15.12 Prove that tr ABC' = tr CAB and that tr [A, B|C' = tr A[B, C].
Solution. The matrix element 75 of the product of three square matrices A, B
and C with elements a;;, b;;, ¢;;, respectively, is

(ABC),; Zam (BO)y, (15.159)

= Z Z aikbklclj. (15160)
koo
The trace of this product is obtained by summing all the diagonal elements,
tr(ABC) = Z ABC); Z Z Z airbricii- (15.161)

Rearranging, it becomes

tr ABC Zzz%azkbkl ZZQZ(AB)” = Z(éAB)ll (15162)
i l

l

Hence o o
tr(ABC) = tr(CAB). (15.163)
Applying this same result to the term on the right we obtain
tr(ABC) = tr(CAB) = tr(BCA). (15.164)

A simple generalization of this result allows us to conclude that in the calculation
of the trace of the product of any number of matrices, the factors can be rearran-
ged in cyclic order without affecting the result.
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P15.13 Specify whether the following operators can be taken as density matrices
and whether they describe or can describe pure states, and under what conditions:

1 a 4 e 03 iZB3
O — 2 D = 1+b 0 — ’
P1 ( —io % P2 e—la 1_1:_12 y  P3 ZZﬁ 077 :

P15.1

The parameters «, b, Z, a are real, but S can be complex.

Solution. For a matrix to be considered as a density operator, it must be Her-
mitian, positive definite, and of unit trace. For it to also represent a pure state, it
must be idempotent, and therefore p? = p. To answer the questions, it is enough
to check whether the above matrices satisfy these requirements or not. The adjoint
of matrix p; is

NI AT % 1a ~
Pr=prm =\ _5, L] =Ps (15.165)

2
and p; is Hermitian; it is also immediate that tr p; = 1. The eigenvalues of this

matrix are given by the solutions of the equation
(1-N-a’=0, = r=l+a (15.166)

Both roots are nonnegative for —1/2 < a < 1/2. The eigenvalues of a density ma-
trix play the role of statistical weights of the corresponding state in the ensemble,
and therefore they must lie within [0, 1]. From this consideration it follows that
only if the condition |a| < 1/2 is satisfied, p; can be regarded as a density matrix.

On the other hand,
1 2 ;
7= (4_+.“ v ) . (15.167)

1a 411 + a?
We see that only for a = 1/2, p; = p? as corresponds to a pure state. For py, with
a and b real numbers, it also holds that

ph = (@Y 6,:) = Py, trpy =1 (15.168)
€ 1402
The eigenvalues of this matrix are given by the solutions of the equation
(it =N (2 —2) —1=0. (15.169)
A bit of algebra shows that both roots are nonnegative only if the condition
V4P +1<0 (15.170)

is met. Since this cannot be true for real b, p, does not represent a density matrix
for any real value of b.
Matrix p3 is Hermitian only if —Zif* = Zif, that is, if f* = —f, so that
must be of the form
B =1ib, (15.171)
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with b a real number. In this case, the resulting matrix

by = (_Og’b Bib) (15.172)
is of unit trace and its eigenvalues are the roots of the equation
(0,3 —=X\)(0,7—\) — Z%* =0, (15.173)
which are nonnegative when
7Z7h* < 0,21. (15.174)

If we also require the matrix to be idempotent, the following conditions must be
satisfied
0,09 + (Zb)* = 0,3, (15.175)
0,049 + (Zb)* = 0,7. (15.176)

Since the difference of these two equations leads to a contradiction, ps does not
describe a pure state.

P15.14 A physical system can be in two independent states. Show that the most
general density matrix describing this situation has the form

N a be'
p= ( be-i# 1— 4 ) : (15.177)

Determine the requirements that a and b must satisfy in general, and the condi-
tions under which the described state is pure.

Solution. The two independent states, i.e., orthonormal states, in which the sys-
tem can be found are denoted as |1) and |2). Using as a basis for this space the

vectors " ( (1J ) )= ( (1) ) 7 (15.178)

and calling w; and ws the relative probabilities of states 1 and 2, the density
operator is written as
wy |1) (1] + w2 |2) (2] (15.179)

w1<€ (1 o)+w2($)(o 1) (15.180)

B 10 00\ [w 0
_w1(00>+w2(01>—(0 w2). (15.181)

This p is in its own representation; to switch to an arbitrary representation it
suffices to perform a unitary transformation, after which the matrix is no longer
diagonal but preserves its Hermitian character. Since the trace is invariant under
unitary transformation, the new matrix will have the same trace, tr p = wy; +wsy =
1. Therefore, the result of the operation will have the general form

. bei
P < Ba* lfa): < be(iw 1‘3_¢a)’ (15.182)

~— |l
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where we have written the complex number 5 in terms of its magnitude and
phase, 3 = be'?. An alternative way to obtain this result comes from considering
that, since we are dealing with a two-dimensional Hilbert space, the most general
operator can be written in terms of the three Pauli matrices and the identity
matrix. Therefore, using the notation

~2
[L p—} — 0, (15.183)

"2m

we can write

N - A A Qg + a3 \/§a+
= apl o = : 15.184
p=all+oai0, +a_0_+ as0s ( V2o ap— a (15.184)
The conditions on the trace and Hermiticity yield, with a3 = a — 1/2,
1
a=ap+a;, o—az=1l—a, o =a}, o= Y (15.185)

thus recovering the previous result. The parameters a and b are not entirely arbi-
trary, since the eigenvalues of the matrix p must be non-negative. To obtain the
corresponding constraints, we observe that from the characteristic equation

(a—N(1—a—X)—b*=0 (15.186)
that determines the eigenvalues, it follows that they will be non-negative if
a® +b* <a. (15.187)

Naturally, this condition is satisfied by the matrix written in its original diagonal
form , since in this case a = wy, b = 0 and the condition reduces to
w? < wy, ie., wy < 1, as expected for a statistical weight.

For the matrix to describe a pure state, it must be idempotent, which
requires that

2 2 ; .
A2 a® + b bew A a bez‘P
p= ( be % b? + (1 — a>2 ) =pP= ( be~® 1—a ) (15188)

from which we obtain the condition a® + b* = a, that is, |b| = y/a(1 — a), which
is consistent with (15.187]), as expected. The interesting point is that it represents
precisely the limiting case.

P15.15 Prove that the operators A = % are idempotent and mutually ort-
hogonal, i.e. that they are projection operators. Study their action on a density
matrix, both for pure states and for mixtures.

Solution. The square of A¥ is

~.\2 1 1
(Af) = o0 = 12260+ (-0)]. (15.189)
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In previous problems we have shown that (6 - n)? = 1; using this result we get

SN2 1
(Aﬁ) =5 (%5-0), (15.190)
that is, both matrices are idempotent,
~ 2 «
(Af) = AF, (15.191)
It is also immediate to show that they are mutually orthogonal,
A A 1 1
APA- = AZAF = ;Ao n)(1-6-0)=" [1-(6-0)*=0. (15.192)
We have also shown that
tr (e -n) =0, (15.193)
from which it follows that )
uAfzzéuﬂzl. (15.194)

Since /A\f{ and A; are Hermitian, idempotent operators, with trace 1 and orthogo-
nal, both are projection operators. The diagonal form of these matrices is (with n

in the z-direction)
A 1 10 0 0
+_ 2 Ay
AZ—2(1:I:J3)_(OO),(01>, (15.195)

so that their eigenvalues are 0 and 1, as corresponds to projectors. In particular,
since AT and A operate in a two-dimensional Hilbert space, they can be taken as
the spin-1/2 projection operators in the direction n. To study the action of these
operators on a density matrix, we consider the case of a mixture described by the
operator

(DG 1)
(146 0) <w1 0 > (15.196)

1+ng noe ™\ (wy 0
(nw*” 1— ng) ( 0 1-— wl) (15.197)

(15.198)
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The case A; p is similar and is obtained from the previous result with the substi-
tution n — —n, that is, ng — —ng, v — —7. To see more clearly the meaning of
the previous result, let us consider the case ng = 0, ng = 1, that is, n = n, = k.

From ([15.198)) it follows for these values that

N + A 'lU1 0

Ajp= ( 0 O) : (15.199)
that is, the operator A;{ has suppressed the states with spin down, leaving unchan-
ged those that have spin up. This is precisely the action that one would expect
from the operator AJ, since it is known that

. 1 X .
A1y = 51 +a9)1) = 1), Aff2) =o. (15.200)

The case of pure states is analogous and it would suffice to take w; = 1 in the
previous example. An interesting difference between the two cases is that, while

A;{ﬁ given by Eq. (15.199)) with w; < 1 is not a density matrix (for example, its
trace is less than unity), it is in the case of the pure state. This is clear, since for

wy; < 1, A;j p represents only a part of the ensemble, leaving aside the members of
the ensemble with spin down.

P15.16 Construct the density operator and the polarization vector that corres-
pond to the pure state described by the spinor

Solution. In terms of the basis

H=(p) =(9). (15.201)

the pure state represented by the proposed spinor is written as

_ \@!H n \/§|_>_ (15.202)

Its density matrix is therefore given by

smael= (V) V=1 ( ) s

o) =

S ﬁy

W=

V2 2

Since this is a pure state, the matrix must be idempotent, and indeed it is,

Y LG N RS 15.204
p—§<3\/§ 6)—5(\/5 2)—/?- (15.204)
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On the other hand, the density matrix can be written in terms of the polarization

vector P in the form
1+P; P —1ib
) (15.205)

[y

p=LI+P-6)=

N

2

P +iP, 1—P;
By comparing ((15.203)) and (15.205)) we get

s(1+ P3) =3, s(1—Py) =2, (15.206)
WP —iR) =¥, NP +iR) =¥ (15.207)
From this it follows that the components of the polarization vector are
P=22  P=0 P=-1 (15.208)
that is, the polarization vector is
D (22 1
P— (220 -1). (15.209)

This vector lies in the zz-plane and its magnitude is P? = 1. This was to be ex-
pected, since every pure spin-1/2 state is fully polarized in some direction.

P15.17 A physical system can be in three states |1),|2),|3) with probabilities
1/2,3/8,1/8, respectively. Build the corresponding density matrix. How many ad-
ditional conditions can be imposed?

Solution. We consider that the three states in question are orthogonal and write

1 0 0
=10, 2=(1], B=(0]. (15.210)
0 0 1

If the state in question is pure, its most general form consistent with the given
probabilities can be characterized by the vector

a
b | =all)+0]2) +cl3), (15.211)
c
with . 5 )
2 2 2
= — bl = = = - 15.212
that is,

1 . 3 . 1 .
a = \/;ela’ b = \/%615’ C = \v/;el’y (15213)

where «, (3, v are real. The density matrix describing this state is

a aa® ab* ac*
p=10b |(a" b ¢ )= ba* bb* bc* |. (15.214)

* %

c ca* ¢cb* cc
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One of the phases a, 3, v can be fixed arbitrarily (it is absorbed in the normali-
zation constant). The other two remain as free parameters, which means we can
still impose two conditions. For example, consider the case with a, b, and ¢ real

and positive, i.e., a = 1/v/2, b = \/3/8, ¢ = 1/1/8; p takes the form

) 4 23 2
p= 5 273 3 V3 ]. (15.215)
2 V3 1

This matrix naturally satisfies the conditions corresponding to a pure state: 7 = p,
trp = 1, p> = p. On the other hand, if the corresponding state is a mixture, the
density matrix is

!1><1!+ |2><2!+ 3)(3| = (15.216)

O ONI=
Owlw O
w= O O

This expression contains no free parameters and leaves no room for additional
conditions.

P15.18 Show that the free-particle density matrix in the momentum representa-
tion is

p(p,p)) = 6(p — p')e />, (15.217)
Solution. A Fourier transformation must be performed to pass from the coordi-

nate representation to the momentum representation. In particular, for the matrix
elements of an operator F' the transformation law is

(p| F' ') = F(p, 1) =5 h/ dx/ da’ PP TV/IE (o 1) (15.218)

Inserting into this expression the density matrix for the free particle determined
in previous problems we obtain

! i(px— px)/h —m(z—a")%/2h23
plp 15 ) = 27rh \ 27?712 / dx/ dr'e

AV )
/ dx’ exp Y

27rh 27T7i2 h25 h

m:z: m
X/Oodxexp< FLQB 27125 )
Since

o0 ma? mx’  ip 2mh? 3 n*p "op
/oodxeXp[_%?BJr(h?ﬁ ﬁH: m exp[ (ﬁ25+ >]

(15.219)




15. IDENTICAL-PARTICLE SYSTEMS. QUANTUM STATISTICS. THE DENSITY MATREX

we obtain for the density matrix of the free particle in momentum space

1 o0 . AYW;
p(p,p'; B) = %e‘ﬁp” am / da! /PPN — 5 (p— pl) e PPPm o (15.220)

P15.19 Show that it always holds that

(p) = 0.
Solution. The evolution equation of the density operator is
dp -
h— = —|p, H|. 15.221
ik = ~[p, ] (15.221)
It follows immediately that
. 0p 1 A
o) =trp—=——1trp|p,H 15.222
(p) =trp 5 =——trp[p, H] (15.222)
1 1 . .
= —Titr(p H— pHp) = —%tr(ﬁHﬁ—ﬁHﬁ) =0. (15.223)
i i

To obtain the penultimate expression the trace property studied in problem P15.12
was used, that is, a cyclic reordering of the factors in the calculation of the trace
was carried out. The above result is general, and it holds even for Hamiltonians
that depend on time.

P15.20 Consider a mixture of the form p = A\p; + (1 — A)po, 0 < A < 1. Prove
that the dispersion of a generic dynamic variable A satisfies the condition

<<A,,A)2> >\ <(Ap121)2> +(1—\) <(Ap2121)2> . (15.224)
When does the equality hold?
Solution. We consider the density matrix p = Ap; + (1 — X)pg, with 0 < A\ < 1,
and a generic dynamical operator A. The dispersion of A under p is defined as:

((A,4)%) = (4%), — (4); (15.225)

p?
where (B), = tr(pB) for any operator B. Similarly, for 5, and py, we have the
dispersions ((A,, A)?) and ((A,,A)?). We compute the expectation values under
P

(A), = tr(pA) = Mr(prA) + (1= Ntr(p2A) = MA)p + (1= N)(A),,,  (15.226)
(42), = tr(pA%) = Mr(py A2)+ (1= \tr(pyA2) = A(A2), +(1-N)(42),,,. (15.227)

Therefore, the dispersion under p is
(ApA)%) = MA%) 4+ (1= N)(A%),, = A, + (1= N)(A), ] (15.228)

The linear combination of the dispersions under p; and p, is

M2 AP + (1= (20 A)%) = A(A%),, = (A)7) + (1= N((A%),, = (A)3,).
(15.229)



15. IDENTICAL-PARTICLE SYSTEMS. QUANTUM STATISTICS. THE DENSITY MATREX

Simplifying, we obtain

AA%Y, + (1= N)(A%),, — MA)2 — (1 - M\(A)2,. (15.230)
The difference between ((A,A)?) and this linear combination is
(ApA)%) = IM(A, A)%) + (1= N)((A,,4)%)] = (15.231)
= A £ (=AY~ O + (0= N (15252
A%, + (1= M) (A%, = XA, — (1= N)(A),],
or canceling the common terms )\(1212) +(1- A)(fp} 0o, €xpanding the square,

= —[NA), 221N (A), (A, H(L-AP (A JHAMA) +(1-)(A)7,. (15.233)

and grouping terms,
= A1 = VA, + (A);, = 2(A),, (A),] = A1 = N ((A),, = (A),)% (15.234)

P1 P2

A

Since A(1 = A) >0 for 0 < A <1 and ((4), — (A4 ) ,)* > 0, we conclude that
(ApA)%) = (A, A)%) + (1= A){(A,,A)%)] > 0 (15.235)
that is,
(DpA)%) = M8y, A)%) + (1= (A, A)%). (15.236)

Equality holds if and only if A1 = N((A),, — (A),,)? = 0, which occurs when

(A>p1 = (A>p2, that is, when the expectation value of A is the same for both
density matrices p; and Do



Capitulo 16

Atoms and Molecules

P16.1 The neutral atoms F, Ca, and Rb have 9, 20, and 37 electrons, respecti-
vely. What is their electronic configuration in the ground state? What fundamental
physical and chemical properties can be predicted for them?

Solution. The empirical order in which the atomic electron levels are filled is

1s 25 2p 3s 3p (4s 3d) 4p (5s 4d) bp (6s 5d 4f 5d) 6p (7s 6d 5f 6d), (16.1)

where the parentheses indicate inversions with respect to the natural order. As
usual, the subshells s,p,d, f correspond to the angular momentum values [ =
0,1, 2,3, respectively.
Since the maximum number of electrons in each subshell is 2(2] 4 1) (that is,
2, 6, 10, 14, etc.), for fluorine (F), with its 9 electrons, the ground-state electronic
configuration is
15225%2p°. (16.2)
Hence, since it lacks one electron to complete the outer shell, fluorine belongs to
the class of nonmetals and, more specifically, to the group of halogens. By acquiring
an extra electron, halogens participate in chemical reactions with negative ionic
valence. In fact, fluorine is the most electronegative element in the periodic table.
Because it needs only one electron to complete its outer shell, it tends to form
ionic compounds with alkali metals.
Calcium (Ca) has 20 electrons, so in its ground state its electronic configuration
is
15225%2p535%3p%452. (16.3)
The outer shell contains two electrons, which can be easily lost in an electrovalent
bond, whereupon calcium is transformed into an ion with a noble-gas configuration.
Because of these two valence electrons, calcium must be considered a metal, and
more specifically, an alkaline earth metal.
Rubidium (Rb) has 37 electrons. Its electronic configuration is therefore

1522522p%3523p%45%3d"4p°5s" . (16.4)
Since its 3d subshell is filled, rubidium belongs to the group of metals. Its outer

shell has a single electron, making it monovalent, so it belongs to the group of
alkali metals.

P16.2 Prove directly that (ortho|r; + ry|para) = 0 for the He atom.
Solution. We will construct the zeroth-order wave functions of the helium atom

303
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assuming that one electron is in the 1s state, while the other is in an nl state
with n # 1. The orbital wave function of orthohelium, whose electrons are coupled
to total spin S = 0, must then be the symmetric combination of Wyoy and W,,;,,;
conversely, for parahelium with S = 1, the correct combination is antisymmetric.
Therefore, we write

\I]nl = \/Li [\11100 (Tl) \I[nlm (7“2) + \Ijlo() (,rQ) \Ilnlm (T1>] XO (165)
for S =0, and
Wy = \/% [W100 (1) Wi (12) — W00 (72) Yo (71)] X1 (16.6)

for S = 1. The orbital matrix element (ortho | 7 + 7 | para) for the helium atom
is

EPrid’ry [V (11) Wy (72) 4+ Wiog (72) Uy (1)
X (r1+72) [Wi00 (1) Vi (12) — Y100 (T2) Wit (71)]

= % dPrid’ry [Wigo (’1“1)|2 (r1 +72) [Woim (T2)|2

(ortho | r + ry | para) = 31

—

N =

/ BridPry [Wrgo (12)[2 (71 4+ 1) [ Ui (1) 2

N[ —=

/d3r1d3r2\1q‘00 (r1) Yo (r2) (11 + 72)

X U100 (T2) Yyt (71)

+3 / PridP eV, (1) U5, (11) (11 + 75)

X W100 (1) Wi (12) - (16.7)

Since in each of the integrals the variables r; and ry can be interchanged without
affecting the results, they cancel in pairs, leading to the final result

(ortho | 71 + vy | para) = 0, (16.8)

which can be extended to all matrix elements of functions symmetric in r; and
5. This means, in particular, that no dipole transitions occur between ortho- and
parahelium states. It is worth mentioning that the result becomes obvious
when considering the complete wave functions, including spin, since the spinors
|x0) and |x1) are mutually orthogonal.

P16.3 In [1], Section 16.3.3 we used the variational method to find the ground-
state energy of helium using the trial function,

Y = Lg exp (_7“1 i T2> , (16.9)

Tayg ap

where ag is the variational parameter. Try to modify this test function so that the
error in the ground-state energy does not exceed 0.5% of the experimental value,
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—78,97¢eV.

Solution. To reduce the error below 0.5 %, we need a trial function that captures
electron correlation, that is, the dependence of the energy on the interelectronic
distance r15 = |r; — r3|. We propose a modification, based on the variational
methods mentioned in [1], Section 16.3.3, to add a linear term in 715 to the test
function. So, the proposed modified function is

1
Vnew = exp(—ary — ary)(1 + brig), (16.10)

where o and b are variational parameters and /N is a normalization constant en-
Suring (Ynew|¥new) = 1. With this trial function, we repeat the process followed in
[1] for the original function, beginning with the normalization,

1
<wnew|¢new> - m/dgrl d3T2 6_20”16_20”2(1 -+ b?”12)2 =1. (1611)
The normalization integral can be separated into three terms,
Lorm = I + 2015 + b* I, (16.12)
where
I = / e 2omem2or2 (B PPy, (16.13)
]2 = /6_20”16_20”27’12 d3'f’1 d3’l"2, (1614)
Iy = / e 2omem2or2pd Py diry, (16.15)

The calculation of I; is straightforward and yields

I = </ =20 d3r)2 - (%P(z&)f - (% : 2)2 - (%)2 (16.16)

The integrals I, and I3 are more complicated, but can be evaluated using elliptic
coordinates or standard methods of atomic theory. The results are:

572 32
I, = — = — 16.17
2T 8adt P 2408 ( )
Therefore,
2 572 32
N%= <1> 2. 2 1. 2 16.18
o * 8ad * 208 ( )
Given the Hamiltonian
~ h? Ze?  Ze*  e?
H=——WV}+V)H - —— - — 4+ — 16.19
2m( 1+ V3) " = +7“127 ( )
the expectation value of the energy is
(E) = m[T1+T2+V1+V2+V12], (16.20)
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where T} + T5 is the total kinetic energy, V; + V5 the electron-nucleus attraction
and V5 the interelectronic repulsion energy. A procedure similar to that followed
for the calculation of I, Is and I3, although somewhat more lengthy, can be used
to calculate, one by one, the terms that contribute to (E). For Z = 2 (helium) one
thus obtains for the optimal values for o and b,

o~ 1,850, b~ 0,366. (16.21)

With these parameters, the mean energy has a minimum value given approximately
by

(E) ~ —2,8911 a.u.~-78.638 V. (16.22)
This result is within the 0.5 % of the experimental value of —78,97 ¢V, es required
by the problem.

P16.4 Use the wave function [1], Eq. (16.131),

1 T+ T2
’l/}:_gexp(_ >7

Tayg agp

to determine the electrostatic field generated by the helium atom in the space
around it.
Solution. The charge density in the atom is given by

p(r) = Zed(r) — € pelec(T), (16.23)

where the first term corresponds to the contribution of the nucleus, taken as a point
charge at the origin, and the second term corresponds to the charge distribution
due to the orbital electrons. The square modulus |¥|? of the two-electron wave
function gives the joint probability density on the six-dimensional configuration
space R? x R? (spin variables suppressed) and is normalized to one. The spatial
electron density peiec(7)—the one-particle marginal density on physical space R?—
is obtained by fixing one electron at r and integrating over the coordinates of the
other electron. For the helium ground state, the contribution of the two electrons
gives a factor of 2. Therefore,

pelec<'r') = 2/ ‘\IJ(T‘, 7“2)‘2 d3’l“2.
2 2 2
= — 5 €XP (——T) /exp (—2> d>rs.

2 2 2m ™ 00 9

= 5 €XP = / / / 72 sin 0 exp e dry df do.
mag ao/ Jo Jo Jo ao

2 2r 3 2 2r

= 7T2a8 exXp (—a—o) C Qo = ﬂ_—a% exp (—a—o) . (1624)
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This pelec(r) is a number density (electrons per unit volume) and satisfies [ perec () d*r =
2. The total charge density (for Z = 2) is

2e 2r
=2ed(r) — — —— . 16.25
o(r) = 2¢6(r) mgexp( ) (16.25)
Once the charge density is known, the next step is to solve the Poisson equation

for the electric potential

v =L (16.26)
€o
However, due to the spherical symmetry we can directly apply Gauss’s law with a

spherical Gaussian surface, that is,

I N
E(r)= Treor? 7. (16.27)
where
2 2r'

Q= / " d? ':/<265( )——c;exp (——T)>d3r’
—26——/ / / "% sin @ exp (——) dr' df d¢
—26——/7' exp( )dr
= 2e — CL_% [1 <ag ap exp (——g) (ag + 2aor + 2r2)>]

2
= 2e —2e + = 5 €Xp (——g) (ag + 2aor + 27‘2)
ag
— 2¢ exp (—2—0) (1 +2y %) . (16.28)
The electric field is then
2e 2r 2r 212\ 4
E(r)= 3 Xp <—%> (1 +o T Tg) T. (16.29)

The electric field of the helium nucleus is partially shielded by the electrons over
short distances, relative to the Bohr radius ag. At large distances, the electric fields
of the nucleus and electrons cancel each other out, as expected.

P16.5 Consider an isotropic 3D harmonic oscillator. Prove that in the N shell (N
is the principal quantum number) there are (N + 1)(N + 2) equal particles with
spin 1/2. Use this information to show that the nuclear magic numbers predicted
by the harmonic oscillator model are 2, 8, 20, 40, 70, and 112.
Solution. The isotropic three-dimensional harmonic oscillator was studied before,
where it was shown that the degeneracy of a level with principal quantum number
N, where

N=2n+1, nl=0,1,2,..., (16.30)
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is gy = 3(N +1)(N +2). In the calculation of gy, the electron spin was not taken
into account, so the total degeneracy of level N, including spin, is

gns =29y = (N + 1)(N +2). (16.31)

It is customary to denote the stationary states of the three-dimensional harmonic
oscillator by placing before the letters s, p,d, f, etc., corresponding to the angular
momentum value [ = 0,1,2,3,..., a number equal to n + 1. For example, the 1s
state corresponds to n = [ = 0; the 2p state corresponds to n = 1,1 = 1, and so
on. The calculation of magic numbers is based on the fact that in an eigenstate
with given n and [, it is possible to accommodate 2(2] + 1) spin-1/2 particles,
and that the magic numbers represent the total number of electrons that can be
accommodated among the various shells.

In the N = 0 shell, 2 electrons can fit, and the first magic number is 2. In the
N = 1 shell (I = 1), 6 different states can fit, and the second magic number is
246 = 8. For N = 2, 12 particles can be accommodated (since it contains the
2s and 1d states), so the third magic number is 8 + 12 = 20. In the N = 3 shell
(states 2p and 1f), we can accommodate 20 particles, and the next magic number
is 20 + 20 = 40. In the N = 4 shell, 30 electrons can fit, yielding the next magic
number 40 4+ 30 = 70. In the N = 5 shell, 42 additional particles can fit, and the
next magic number is 70442 = 112. The above data, as well as the corresponding
energy eigenvalues, are listed in Table [16.1]

E/ hw N (l’l + 1)] Nelec Nmag

320 Is 2 2
512 1 1p 6 8
772 2 251d 12 20
924 3 2p1f 20 40
11/2 4 3s2d1g 30 70

132 5 3p2f1h 42 112

F1GURA 16.1. Magic numbers for the harmonic oscillator model.

P16.6 At large distances the binding potential of the Hy molecule decreases expo-
nentially, while the van der Waals force decreases as R~". What is the reason for
this apparent discrepancy?

Solution. Such apparent disparity does not actually exist, since we are talking
about different things. When two neutral molecules are very close, such that their
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electronic clouds overlap, electrostatic forces appear between them. An example of
this phenomenon is the interaction term between the electrons that appears in the
Hamiltonian of the previous problem. It is clear that these forces can be attractive
or repulsive, and that they must decrease very rapidly with distance, since as the
distance increases the overlap is lost and neutral atoms produce average electros-
tatic fields in their exterior that decay exponentially with distance, since the wave

function itself decays exponentially in that region.

On the other hand, van der Waals forces are due to the coupling between the
instantaneous multipoles of neutral molecules when they are separated by large
distances, as explained in [1], Section16.6. In this case the potential energy of
interaction decreases with distance as corresponds to the product of the coupling
multipoles, which typically gives a power of the distance. For example, for the case
of coupling between electric dipoles, the dependence ~ (R73)? = R is obtained
for the average potential; the corresponding van der Waals force decreases as R™".

P16.7 Find the coefficients of the expansion of the electronic energy £(R) when
it is modeled with the Morse potential

5(R) - D [efQ(RfRo)/a B 267(R7R0)/a] ’ (16,32)

up to and including the fourth order.
Solution. In the formula for the Morse potential,

E&(R)=-D+D (ef(RfRo)/a _ 1)2 - D (672(R7Ro)/a _ Qef(RfRo)/a) . (16.33)

D is the dissociation energy and R is the equilibrium distance, at which the poten-
tial reaches its minimum value —D. In a diatomic molecule the vibrational motion
of the nuclei occurs around this equilibrium distance, as long as the amplitude
remains small. When this is the case, it is legitimate to expand the potential in a
Taylor series around Ry. From , and using that &'(Ry) = 0, we have

R — Ry)? R — Ry)? R— Ry)*

S(R) :g(Ro)—i—( S 0) g”(Ro)—{—( 2 0) g”’(Ro)—F( i 0) g(zv)(R0)+... .
' ' ' (16.34)

From ([16.33)) and its derivatives one obtains

2D
g(Ro) == —D, g//(Ro) = ?, (1635)
6D iv 14D

8/”<R0) - —F, g( )(Ro) == 7, e (1636)

Inserting these coefficients into the previous expansion, we obtain up to fourth
order

D D 7D
E(R) =D+ 5(R— Ry)? (R — Ro)® + (R Ro)™. (16.37)

a3
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This potential can be identified with that of a perturbed harmonic oscillator, whose

vibrational frequency satisfies

1 D

§Mw§ == (16.38)
With this identification we finally get
| R ,  Muw? 5 TMuw? A
E(R)=—-D + 5MWO(R — Ro)* — o (R — Ro)’ + 5107 (R— Ry)*. (16.39)

A slightly more transparent form of this result is

B 1o, ) R—Ry 7 (R—Ry\’
E(R) = D+ g Mwi(R — Ro)* | 1 . +12( - >

(16.40)

We see that as long as the quantity (R — Ry)/a remains small, the correction to
the harmonic potential stays small.

P16.8 Find the order of magnitude of the wavelength of the radiation emitted
during a K = 1 — K = 0 vibrational transition in a LiH molecule. Assume that
the equilibrium distance between the atoms in a diatomic molecule is similar to
the distance between the atoms in a crystal of the same substance. Note: The
LiH lattice is cubic and the crystal has an approximate density of 0.83 g/cm?.
(Solution: A ~ 1,8 x 1073 cm)

Solution. Consider a simple cubic crystal of LiH, with molecular weight M’ equal
to 7.947 g/g-mol and density p of 0.83 g/cm?. The mass of a LiH molecule is

M 7,947 g/g-mol
~ Nai 6,023 x 1023 molecules/g-mol

where N4 is Avogadro’s number. The number of molecules per unit volume is

P 0,83 g/cm® ” ;
“m = 6,293 x 10°* molecul 16.42
m 1,319 x 10~2 g/molecule % molecule/cm”, )

= 1,319 x 107** g/molecule, (16.41)

m

and since each LiH molecule contains two atoms, the number of atoms per cm? is
2N = 1,259 x 10% atoms/cm®. (16.43)

If there are n atoms along the edge of a cube of volume 1 cm?, from n3 = 1,259 x
102 atoms,/cm” we obtain that

n = 5,012 x 107 atoms/cm. (16.44)

The distance between atoms is
1
Ry = ~—cm = 1,995 x 10" % cm. (16.45)
n

This estimate is not far from the tabulated value, Ry = 1,595 x 10~8 cm. During
a vibrational transition K = 1 — K = 0 the rotational quantum number may
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change, so the radiated frequencies are given by

. E(1,L)-E(0,L+1) 2BL,
w — - CL)O )
h —2B(L + 1),

where

~h_h
T O2MRZ 20
with M the reduced mass of the molecule. In the present case we have
MMy 1,00797 x 6,939
My + My 7,947
1,0546 x 103 kg - m? /s
2(1,461 x 10727kg)(1,995 x 10~10m)?
Additionally, since

m m h? m h?
Evib ~ hw() ~ M ’Eelectl ~ M@ ~ Mm—R[%a

with D = |Egect|, we have that

uam = 1,461 x 10727 kg;

B = =0,068 x 10* 7L

311

(16.46)

(16.47)

(16.48)

(16.49)

(16.50)

(16.51)

(16.52)

with m the electron mass and a the characteristic intermolecular distance, which

we will take as Ry in a first approximation. With this, we obtain
(1,0546 x 103" kg - m?/s)?

(9,1091 x 10—31 kg) (1,995 x 10710 m)?

= 3,068 x 107" kg - m?/s* = 1,915¢eV.

D ~

(16.53)

(16.54)

From Eq. (16.46|) it follows that the frequency of the emitted radiation is given

approximately by
wt ~wy+ 2B,

with wy given by (|16.38)), so that

2D 14 —1
wo =\ 375 ~ 103 x 10157

The frequency of the emitted radiation is of the order of
wh ~ 1,048 x 10Ms7,

and corresponds to an infrared wavelength, of the order of

A= QLf ~1,8 % 1075 m.
w

(16.55)

(16.56)

(16.57)

(16.58)
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P16.9 Based on the absorption spectrum of HCI vapor in the near infrared shown
in [1], Figure 16.8(b), prove that the equilibrium distance between the H and Cl
atoms of this molecule is of the order of 1,3 x 10~% cm.

Solution. The spectral lines of HCI in the near infrared correspond to vibra-
tional transitions, for which the emission and absorption spectra coincide, so it
is sufficient to study the emissions. During an emission by a diatomic molecule
the vibrational quantum number K decreases by one, but the rotational quantum
number L can increase (L — L+ 1) or decrease (L — L —1) (AL = 0 corresponds
to a forbidden transition). The radiated frequencies are given by the expression

., FEQ1,L)—E0,Lx1) 2BL
W = = wy +
I —2B(L+1)
which gives, considering two successive lines,
1 Aw B h h
Al-)|=—=—= = . 16.59
()\) 2r¢  wc  2mcMR: 2mel ( )
This gives for the moment of inertia of the molecule
h
I=MR?= 16.60
0 2meA(NY) ( )
|
Nem') 3000 2900 2800 2700

FiGURA 16.2. Absorption of electromagnetic radiation by HCI.

From Fig. [16.2| (which corresponds to part of Figure 16.8 in [1]) it is observed
that A(A\71) ~ 21 em™!. With this value introduced in the previous expression, we
obtain for the moment of inertia
1,0546 x 10734 kg - m? /s
97(3 x 10° m/s)(21 x 102 m—1)

I =

=2,67x 107" kg-m? = 2,67 x 107" g- cm?.
(16.61)
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The reduced mass of the HCI molecule is

MHMCI 1x 35 35 _o7 —24
_ _ =22 16604 x 102 ke = 1.614 x 10
My + My 1135 T g 0 PR &= Luax &
(16.62)

so that
I 2,677 x 1074 g cm?
M 1614x102%g

from which it follows that the equilibrium distance between the H and Cl atoms
of this molecule is

RS = =1,659 x 10716 c¢m?, (16.63)

Ry =1,29 x 107® cm. (16.64)

P16.10 Find the dissociation energy of the Dy molecule, using the fact that the
dissociation energy and the minimum vibrational energy of the Hy molecule are
equal to 4.46 eV and 0.26 eV, respectively.

Solution. The total energy of the diatomic molecule within the Morse approxi-
mation is

E=—D+ hwy (K + 3) + BAL(L + 1). (16.65)
The second and third terms, which correspond to the vibrational energy, Fy;,, and

the rotational energy, .., respectively, depend on the reduced nuclear mass of the
molecule in question. The vibrational term dependence on nuclear mass is given

through the frequency
1/2
1 0?E
wo=—= | = . 16.66
o= ( o RRO) (16.66)

Given that the potential £(R) is solely dependent on the electronic distribution
and not on any nuclear parameters, this model yields the same potential for both
molecules. This allow us to have

1
Wy ~ ——. 16.67
0 \/M ( )
The previous statement also implies that the potential depth —D is the same for
both molecules. The energy of the ground state (K = 0, L = 0) is given by

hw
Ey=-D+ TO = —D + Eyno. (16.68)

The energy required to dissociate the molecule from the ground state, that is, the
amount of energy that must be supplied to bring the system from the ground state
up to zero (since the potential well has negative depth), is therefore —Ey = D.
We thus have

D = Dy + Evino. (16.69)
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Using the values provided by the problem for Hy we obtain
D = Dy + EL?, = 4,46 ¢V + 0,26 eV = 4,72 eV. (16.70)
Now, since the vibrational energy is proportional to 1/ v/M and the nuclear mass
of Dy is approximately twice that of Hg,
MP2 ~ 2MH2, (16.71)
the vibrational energy of the ground state of Dy is approximately

1
ED? o~ —E&R2. (16.72)

V2

This allows us to write the equation

1

that is,
D —p— gl ey =
0 \/5 vib0 ’ \/5
This is the minimum energy required to dissociate Dg, since the energy of the
ground state is the lowest energy the molecule can possess.

(0,26 eV) = 4,53 V. (16.74)

P16.11 Prove that the molecule Hejt does not exist.
Solution. We will consider the Hej molecule formed by three helium atoms (each
with configuration 1s?) and a total charge of +1. The total number of electrons is

3 x2—1=75 electrons. (16.75)

Assuming an equilateral triangular geometry (Ds;, symmetry), the molecular or-
bitals (MOs) are constructed as linear combinations of the 1s orbitals of each He.
The resulting MOs are: Totally symmetric bonding orbital (o),

1
=

and degenerate antibonding orbitals (€’),

204 — 65 — dc), (16.77)

(4 +éB+¢c), energy E, (16.76)

1
wzzﬁ(

Yo = %(dm —¢c), energy Ey. (16.78)

The occupation of MOs with 5 electrons is
a?(e)?. (16.79)

g
The total electronic energy is therefore

Eelec - 2E1 + 3E2, (1680)
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and the effective bond order,

2—-3 1
BO=—=—-.
3 3
A negative bond order indicates thermodynamic instability. The repulsion energy
between the three He nuclei (Z = 2) is

(16.81)

4e?  12¢?
Viep = Z i3 R (for R;; = R). (16.82)

i<j
For a typical interatomic distance R ~ 1,0A = 1,89 au,

12
Viep & 139 hartree ~ 6,35 hartree ~ 173 V. (16.83)

The energy of Hej must include electronic energy (Eq.), dominated by antibon-
ding MO occupation, and nuclear repulsion (Vep), extremely high due to +6e
charge. The dissociation energy is given by

He; — Hey + He, AFE = E(Hey)+ E(He) — E(Hed). (16.84)

Given that Hej has bond order 0,5 (020,) and is stable (D. ~ 2,5€eV) and
E(Hej) > E(Hej) + E(He), the process is exothermic (AE < 0). Due to all
the above reasons, the existence of the Hes molecule is not possible.

P16.12 An empirical formula for the potential of the NaCl molecule is

62

= — Ae R 16.
VIR) = = + AT, (16.85)

where R is the internuclear distance. The equilibrium internuclear distance is 2,51&
and the dissociation energy is 3.6 V. Find the value of A and a/R,, and explain
the physical meaning of the parameters A and a.

Solution. At the equilibrium distance Ry, the potential V(R) acquires its mini-
mum value,

dVv e? A
v —0 — e /o . 16.86
dR |, i R2  a° (16.86)

With the dissociation energy D, defined as D, = —V'(Rjy), and V (c0) = 0, we have

62

47T€0R0 B
Introducing ({16.86)) in this expression we get

D.= -V (Ry) = Ae~Fola, (16.87)

2 2

e e%a e a
D, = _ _ - 2. 16.88
degRy  4megR3  4megRy < Ro) ( )
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Using Ry = 2,5A and D, = 3,6 eV gives

e? 14.4
=_— =576V 16.89
AmeRy 25 0% (16.89)
a
36=576(1——]. 16.90
6=576(1- 7+ ) (16.90)
Solving for a/ Ry we get
4 10,625 = 0,375. (16.91)
Ry
We now use Eq. (16.86]) to calculate
€2a Ro/a
—— et/ (16.92)

- 4req R2

With a = Ry - £ = 2,5 x 0,375 = 0,9375 A, and Ro/a = 1/0,375 = 8/3 ~ 2,667,
the factor e?a/4megRZ has the value

e2a 144 x0,9375 13,5

4regR2 (2,52 6,25

With the exponential factor given by efo/e = €8/3 ~ 29967 ~ 14,384, we obtain
finally,

=2,16eV (16.93)

A =216 x 14,384 ~ 31,07eV (16.94)

The factor A of the exponential is related to the strength of the repulsion between
the ions at very short distances due to electron cloud overlap. In turn, the length
parameter a determines the decay rate of the exponential repulsion..

P16.13 Compare the rotational and vibrational levels of an HCI molecule calcu-
lated with the potential

d 12 d 6
V(r) = 4a [(—) — (-) ] , a=31x10"2ev, d=33A  (16.95)

T T

Hint: Since the equilibrium position ry depends weakly on angular momentum,
the effective potential can be expanded around 7.

Solution. It is convenient to introduce b = h?/md?* and express the potential in
terms of b and zy = r9/d. The potential can be expanded around the equilibrium
position rg, defined by the condition V’(rg) = 0. The Taylor expansion of the
potential around g up to second order is

V) ~ Vi(rg) + %V”(TO)(T )2 (16.96)

The linear term vanishes because V'(ry) = 0, and the potential takes the harmonic
approximation

Vir)=V(rg) + %ng(r —79)?, (16.97)
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where the frequency wy is defined by
Mwi = V"(ry), (16.98)

and M is the reduced nuclear mass of the system. This expression is general and
identical to that appearing in [1], Section 16.5. The procedure for obtaining the
energy spectrum is the same, so we proceed to write directly

E =V(ro) + hwy (K + 1)+ BhL(L+1), K=0,1,2,... (16.99)

where K is the vibrational quantum number, L is the rotational quantum number,
and the rotational constant B is given by

h

B= "
2Mrd

(16.100)

Now we consider the specific potential of the problem. The equilibrium distance
1o is found by solving V’(r) = 0, we take the derivative of the potential

av d*? db
= =4« {—125%—6?} . (16.101)
From V'(rg) = 0 we get
ro = 210, (16.102)
and
Virg) = da [+ — & (16.103)
ro) =4da |- —=| = —a. )
0 4 2
From the second derivative,
Y d12 d6
V' (r) = da (156m - 427"_8) , (16.104)
we have
4o 1 1 T2
17 _ = - [ i
V" (ro) = 2 (1564 422) Si/ig (16.105)

The vibrational frequency is therefore given by

V(o) 20 256 [«
VT T Ve T ad Ve (16.106)

and the rotational constant is

_ h h
C2Mr} 2Md22Y/3

This gives for the complete energy spectrum

E= p206 [ Ly 16.108
= ety o W2 g ) (16.108)

B (16.107)
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or, in terms of the parameters b = h?/Md? and zy = ro/d = 2'/5,
b
E=—a+6r;Vab (K+1) + 5o DL+ 1). (16.109)
Lo

The requested comparison reduces to confronting the vibrational scale hw, =
623V ab and the rotational constant B = 3%. With b ~ 3,917 x 107 eV we
0

can compute numerically

hwo =~ 2,63 x 107" eV (22,1 x 107 ecm™), (16.110)
B~155x10""eV (=125 cm™), (16.111)
so that the ratio of the two characteristic energies is
hw
P2 1,7x107° < 1. (16.112)

e

The potential well is extraordinarily soft physically, given the specified Lenard—
Jones parameters. The vibrational level spacing is thousands of times smaller than
the rotational spacing, which is the opposite of that observed for a typical covalent
molecule (where usually hwy > B, ). Furthermore, the depth of the well is

D=a=3,1x10""2¢eV.

This is many orders of magnitude smaller than the zero—point energy %hwo ~
1,31 x 1077 eV,

D = a < $hw, (16.113)
For these parameters, the ground vibrational level would lie above the dissociation
threshold, so no bound state would exist. In conclusion, the provided Lennard-

Jones parameters describe a very weak (van der Waals—type) interaction rather
than an intramolecular covalent bond.

P16.14 The vibrational frequency of the CO molecule in its lowest state is vy = 2 X
10 Hz. What is the wavelength of the radiation emitted by the lowest vibrational
excitation? What is the probability that the first vibrational state is excited?
Compare your result with the probability that the CO molecule is in its vibrational
ground state when the temperature is 300 K.

Solution. The lowest vibrational transition is K = 1 — K = 0. The photon
energy equals the energy difference between these levels. For a quantum harmonic
oscillator:

1

The energy difference is:

1 1
AFE = E1 — E() = hV() (1 + 5) - hl/[) (0 + 5) = hl/g. (16115)
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Relating photon energy to wavelength A,

h
A IZ0)
we get
3 x 108 e
The vibrational level occupation follows a Boltzmann distribution,
hv
Px=(1—e)e ™ wh =2
K ( € )6 , where B kBTv

with kp = 1,381 x 102 J/K. With
hug = (6,626 x 1073) x (2 x 10") = 1,3252 x 10720 J,
kpT = (1,381 x 107%%) x 300 = 4,143 x 107" J,
~1,3252 x 1070

b= 4,143 x 10721 3199,
For K =1,
P =(1—-eP)e ",
and for K =0,
Po=(1—-e"el=1—-¢".

Therefore,

Py — /KT

By
With

hvy (6,626 x 10734 J - §)(2 x 10'3 Hz)

— = ~ 3,2
kT (1,38 x 1023 J - K-1)(300 K) -
we finally obtain
P
P~ (1—e?) e 2 20,039, Fl ~ e > 2 0,041
0

319

(16.116)

(16.117)

(16.118)

(16.119)
(16.120)

(16.121)

(16.122)

(16.123)

(16.124)

The ground state probability is approximately 24.4 times higher than the probabi-
lity of the first excited state, indicating that the vibrational quantum energy huy
exceeds the thermal energy kgT. At room temperature, most molecules remain in

the ground state.



Capitulo 17

Time-Dependent Perturbations. Field Quantization and Second

Quantization

P17.1 Show that an adiabatic perturbation produces periodic transitions in a
system that has two degenerate states.

Solution. We denote with @Df) and 1/153()) the degenerate wave functions of the
unperturbed system and we assume that at ¢ = 0, the moment when the adiabatic
perturbation with Hamiltonian H’ (t) is applied, the system is in state A. We aim to
calculate the probability that the system makes a transition to state B as a result
of the perturbation. If the perturbation is small, all matrix elements H’, , with
m # n, are small compared to EY Eﬁ?), except for the matrix elements H 'y and
HY, , for which Eg)) - EJ(BO) = 0. This allows us to approximate all coefficients ¢, ()
of time-dependent perturbation theory by zero, except c4(t) and cp(t), which are
given by the usual expressions,

dc;(t) _ Z% [ealt) (AL H'| A) +cp(t) (A H'| B)] (17.1)
dcg;t(t) = % [CA(t) <B | H' | A> +ep(t) <B A B>} , (17.2)

To simplify the algebra without altering the essence of the problem, we will assume
that

<A|ﬁ'|A>:<B|ﬁ'|B>EHgA, <A|ﬁ'|B>:<B|ﬁ'|A>EHgB.

With this simplification the evolution equations take the form )
a0 _ L (Hygealt) + Hages(0), (7.4
) Hlea(t) + Hysen]. (175)

Adding and subtracting these expressions we obtain
Clealt) +en(t)] = —(ealt) + en(t) (Han + Hap), (17.6)
(ea—en) = —lealt) — en())(Hax — i) (177

320
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To integrate these equations we take into account that the perturbation is adia-
batic, which means that the matrix elements H',, and H';5 vary very slowly with
time and can be taken as constants in first approximation. This gives

i

ca(t) + cp(t) = aexp { h<H‘/4A + HAB)t] , (17.8)

ea(t) = enlt) = bexp [—%(H;A - H@)t} . (17.9)

Adding and subtracting again we obtain

1 Z ! / Z ! !
ca(t) = 5 {aexp {—ﬁ (Hy 4 + HAB)t} + bexp {—ﬁ (Hy 4 — HAB)t} }, (17.10)

1

es (1) = % {aexp [—% (H',\ + H,yp) t} _ bexp [—h (H',\ — H.yp) t] } a7

From the initial conditions c4(0) = 1 and cg(0) = 0 it follows that a = b = 1,
which finally gives

H/ i T/
ca (t) = cos ( ;;B t) e~ ntlaat (17.12)
and
. HAB —LiH, ¢

cp (t) = —isin Tt e hitaal, (17.13)

The probabilities that the system is in state A or in state B at time ¢ are

Hl
waa = wy = |ea(t)]? = cos® %t, (17.14)
Hl

wap =wg =1 —wy = |ep(t)]? = sin® —4B¢, (17.15)

h

respectively. We see that both probabilities vary periodically between the values
0 and 1 over time, that is, periodic transitions occur between the two degenerate
states. The frequency of these transitions, wap = H/;5/h, is determined by the
coupling between the two degenerate states produced by the perturbation. For
very weak perturbations and small times compared to wgé, we can write

H\ 5\
wy =1, wp= (%) t2, (17.16)

which shows that the system practically does not respond at the beginning of the
perturbation, since wg < 1. However, if the perturbation persists, there will come
a time when wypt ~ 1 and the probability wg reaches a value comparable to unity.
In other words, no matter how weak an adiabatic perturbation is, if it lasts long
enough it will populate all the degenerate (or nearly degenerate) states that it
connects.
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P17.2 Show that if the potential V (t) = A(S(t) is applied to a system in its ground
state, the probability of a transition to any excited state is

w = % ((0]A4%]0) — (0]A|0)?). (17.17)

Solution. The probability that a transition occurs from state n to state k during
the time that a perturbation V' lasts is given, to first order in time-dependent
perturbation theory by

e = | O (00)[ = % /0 * oty 1y dt] (17.18)
where, as usual, we have written
Win = M, (17.19)
h
Vi (t) = (E|V(t)|n). (17.20)

Since in the present case the perturbation applied to the system is given by V() =
Ao(t), we have

Vin(t) = 6(t) (k[ Aln). (17.21)

To avoid indeterminacies in the value of the integral, it will be assumed that the
perturbation is applied at a positive time ¢, but infinitely small. From expression

(17.18]), it then follows that the probability of a transition from the ground state
to some excited state k is

1
wozc:ﬁ

2

~ L ‘<k|fl|0)

2
i [(H1AD)

1 N A
= 75 (0lA[k){k[A]0).

(17.22)
The probability that the transition is to any excited state k is the sum of all the
previous probabilities for k£ # 0, that is,

_ %Z<O|A\k><k|fi|0>, (17.23)
k0

/ ¢0=2)5(¢ — ) (k] A]0) dt
0

w

which gives, using the completeness relation, the required result,

= % <<0|A2|0> — <0|A|0)2) . (17.24)

w

This shows that an abrupt perturbation on a system in its ground state can induce
transitions to all available excited states.

P17.3 A harmonic oscillator in its ground state is perturbed by the sudden ap-
plication of a uniform electric field of intensity £ (not necessarily small), which
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remains constant from that moment on. Show that the probability of transition to
the excited state n is given by the Poisson distribution

Wo, = @ —£3/2
o= Q”n!6
where & = zo/y/h/mw and xy = €€ /mw?. Find the mean value of n.
Solution. Since the possibility that £ is not small must be considered, a non-
perturbative method is required to solve this problem. We define t = 0 as the
moment when the field is connected; for ¢ < 0, the wave function is (with ag =

V A/ mw)

) 1 1/2 ) )
W = o(x)e Py () = (ﬁao) e~ "% By = Lthw. (17.25)

This wave function remains effective for t = 4-0 because the oscillator cannot chan-
ge its state instantaneously. However, for t > 0, the Hamiltonian changes due to
the additional term —e€x, shifting the equilibrium position of the oscillator from
the origin to 2y = e€/mw?. Consequently, the new eigenfunctions are v, (z — o),
which form a suitable basis for describing the oscillator’s state after the perturba-
tion is applied. Specifically, for t = 40, we can write

)

Yo(x) =Y euthu(@ — o). (17.26)
n=0
For t > 0, the wave function becomes
U(z,t) = f:c U (x — x0)e Bt B, = hw (n+1) - & (17.27)
’ A o 2 2muw?
The probability of finding the oscillator in state n at time ¢t > 0 is
W, = |en]?, (17.28)

so we only need to determine the expansion coefficients ¢,,. Using £ = z/a and
& = o/ ap, we have

Cn, :/ o (z)0) (r—x0) dx = L

mT2"n!

| e (1€~ (€ - &) Hule—6o) de.
(17.29)
From the previous result, with a change of variables, we obtain

vmr2rnle, = /00 exp [—3 ((y + &)* +¢%)] Haly) dy. (17.30)

This integral was evaluated (up to a minor sign change) before using the generating
function of Hermite polynomials. The result is

6758/4

vV 2rn!

(=&0)". (17.31)

Cp =
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Therefore, the probability of finding the oscillator in state n at time ¢ is

6_53/2 2n
This probability follows a Poisson distribution, whose general form is
e AN
w(n) = . (17.33)
By comparison, we identify the mean value of n as
Lo 6252
(n) = 3§ = S (17.34)

For n > 1, the oscillators can be treated in a semiclassical regime where their ave-
rage energy is given by %mwQaQ, with a being the oscillation amplitude. Equating
this with the quantum result yields

e€
== | o], (17.35)

where xg is the equilibrium displacement. This shows that the average oscillation
amplitude equals the magnitude of the equilibrium shift xzy, which is identical to
the behavior of a classical oscillator initially at rest. For very weak perturbations
(n < 1), the probability distribution w, simplifies to
r )
" oonpl ol
which exhibits rapid decay with increasing n.

(17.36)

P17.4 A physical system having only the states |1) and |2), degenerate and ort-
hogonal, is perturbed by the action of a potential V' that is applied in the interval
(0,7). Assuming (for simplicity) that the matrix elements of V' are Vi; = V5 =0,
Via = Vo1 = Vj, determine the exact probability of the transition from |1) to |2), if
the system is initially in the state |1). Then use perturbation theory to determine
the effect of the perturbation to first order and compare the results. When is the
perturbative solution valid?

Solution. We write the Hamiltonian in the form H = H, + V', with V' the per-
turbation. We are interested in the solutions of the Schrodinger equation

X X 9
Hi = (Hy+ V)ip = zha—:’f.

Since by hypothesis the system has only two eigenstates of H,, which we will call

|1) and |2), with common eigenvalue E, we can express [¢) as the superposition

[z, 1)) = ar(t)[1) + a2(t)[2), (17.38)

where the expansion coefficients are functions of time. It is convenient to factorize
in the form

(17.37)

a;(t) = c;(t)e *EYh, (17.39)
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(1) = [er(D)]1) + co(t)[2)]e BV, (17.40)
since, in the absence of perturbations, both coefficients ¢; would be constant, which
means that in the presence of moderate perturbations they will vary slowly with
time. Substituting into m we obtain, taking into account that How Ey,

Hy = B(ei(t)|1) + eo()[2)e™ " + V(e (t)1) + eo(t)[2))e M (17.41)

d d , ,
= l 1)+ =2 |2>} e B 4 Bei(8)]1) + eoft)[2)e BV, (17.42)
or, simplifying,
dCl dCQ
1D+ —F2)] = Via®)) + e(6)]2). (17.43)
Taking matrix elements of this expression with (1| and (2| successively, we obtain
d
ih—t = el (VL) + () (1IV]2), (17.44)
d
m% = 1 ()(2V]1) + ea(£)(2]V]2). (17.45)

By hypothesis (1 |V | 1) = 2|V |2)=0and (1 |V |2) =2 |V |1) =1, so
the previous expressions reduce to the system of coupled equations

dc dc
hd—tl = ¢y (1), zhd—; = ¢, (D). (17.46)
Adding and subtracting these expressions and integrating, we obtain
c1+ ¢y = Aem Vol ol ey = BeVOUT (17.47)

When integrating, it was assumed that Vj is constant; if it were a function of time,
the substitution Vpt — f Vo(s)ds would have to be made. From this it follows that

ci(t) = s Ae ot/ 4 LBt/ (17.48)

co(t) = %Ae’%t/h - %Be%t/h. (17.49)
Introducing the initial conditions ¢; (0) = 1 and ¢, (0) = 0, we obtain A = B =1,

which gives
Vot

c1(t) = cos = (17.50)
co(t) = —isin %. (17.51)
The solution of the Schrédinger equation is thus
P (x,t) = (cos% 1) —zsin— \2)) e BN, (17.52)
The probability of transition from state |1) to |2) is
wiz(t) = sin V—O, (17.53)

h
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while the probability that the system remains in the initial state is

t
wy (t) = cos® ‘%. (17.54)

Let us now apply time-dependent perturbation theory to first order. We start from
the system of equations, which in the present case is written in the form

o d
ih—co () = > ek (t) Vg (17.55)

Since at t = 0 the system is in state |1), we have b (0) = 0,1; if the perturbation
is small or the times are sufficiently short so that all coefficients ¢, are small,
except ¢, the previous system reduces to first order to

d

mﬁc@ (t) = Vi Y, (17.56)
24 ()
Zh%% (t) = Vorcy 7. (17.57)
Integrating,
) i t i t
o’ (t)=exp|—= [ Vi(s)ds| =1 —— [ Vii(s)ds, (17.58)
h Jo h Jo
cgl) (t) = —%/ Vor(s)ds = —%%t for V5 = V = const. (17.59)
2
If here we set Vi1 = 0, we get wﬁ) :‘cgl)(t)‘ = 1 for all ¢, and it becomes necessary

to resort to a higher-order calculation. However, the previous results are correct to
first order, and correspond to the first terms of the series expansion of the exact
solutions, Eqgs. (17.50) and ((17.51)). It is clear that the perturbative result can be

applied only to small times, such that ‘ft Vgl(s)ds‘ < h.

P17.5 Calculate in detail the Einstein coefficient B for resonant absorption pro-
cesses and show that the Einstein relation B, = By, is satisfied.

Solution. The problem can be solved by following exactly the same steps used in
[1], Section 17.2 to determine the Einstein coefficient B for induced emissions.
Since the only change is the sign of w in

Ht = —%}Am», t)-p=Vtew, (17.60)

when taking A_ instead of A, while at the same time interchanging the initial

and final atomic states. The formula dW,; = :2252(53 [(n]é - plE)|* dQy (w = |wnk]),

which determines the transition probability and hence the corresponding Einstein
coefficient, is insensitive to these changes, therefore B,,, = B.,.
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For a more formal analysis, one proceeds as follows. The probability per unit time

of a dipole atomic transition from state n to state m, in any direction and with

any polarization of the emitted radiation , is given by

42e?
3h?

where p(w) represents the spectral density of the field in which the atom is immer-

sed. For induced transitions,

Wom = pw) [{nlrm)|*, (17.61)

Wiom = Bum p(Wnm), (17.62)
from which it follows that
4 2,2
By = = |{nlr|m)[? (17.63)
and
47T2€2 2
B = 7 [(m]|rn)|”. (17.64)
Since |(n|r|m)|* = [(m|r|n)|*, we conclude that
By = Bin. (17.65)

To increase the didactic value of the present example, we will solve the problem
in detail, starting from elementary considerations and avoiding the mechanical use
of textbook formulas as much as possible.

Let us consider an atom with Z electrons and two stationary states ¥ and
UY in the absence of the perturbation, such that E,, > E,. We suppose that at
t = 0 the atom is in the lower—energy state n. From ¢ = 0 onward, the system is
subjected to the perturbative influence of electromagnetic radiation which contains
a narrow range of frequencies in the vicinity of w,, = (E, — F,)/h. We are
interested in calculating the transition probability to state m as a result of this
perturbation. Let us first consider the component in the x- direction of the electric
field of the incident radiation. Later, we will take into account the rest of the field.
The interaction Hamiltonian due to this perturbation can be written in the dipole
approximation (that is, long wavelength, neglecting the spatial variations of the
electric field inside the atom) in the form

H =E,) e, (17.66)
J

where e; represents the charge and z; the coordinate  of the j-th particle. The
expression Y ; €5 1s the z—component of the atomic electric dipole moment. The
intensity of the field F, is given in terms of its spectral components by the general
expression

E,= / E)(w) (%™ + e ™) du. (17.67)
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Let us consider for the moment only one frequency v of the perturbation, although
in the end it will be necessary to integrate over all frequencies. To apply time—
dependent perturbation theory we introduce the initial conditions ¢,,(0) = 0 and
¢,(0) = 1 on the right-hand side of

i

alt) = -5 cp(t)e B Bthgy, (17.68)
k

(the other coefficients in the sum are zero) to obtain

?

Em(t) = ; / \I’%ﬁ'\y% dr = _t /w$€iEmt/h (eiwt + 6—iwt) Exzejxj¢2€—iEnt/h dor.
J

h
(17.69)
We now introduce the matrix elements of the atomic dipole moment, denoted by
J
and obtain
den (t ) , )
) (D)0 B0 [ o] (17.71)
dt h
By integration we obtain
1 _ ei(wmn‘f‘w)t 1 _ ei(wmn—w)t
m(t) = (Da)mn By 17.72
o) = (Do) 20 | (17.72)

This result shows that there are two contributions whose relative weight may vary
considerably from case to case. Normally the coefficient (D,), E%(v) is small, so
that ¢,,(t) can reach significant values only when one of the denominators appea-
ring in is also small; this happens only if w ~ Wy, Or W ~ —W,,. In each
case only one of the two terms is important (where the the denominator approa-
ches zero) while the other becomes considerably smaller (with denominator given
approximately by 2|w,,,|). In other words, induced absorption arises because the
presence of the resonance denominator, w,,, — w, causes the transition probability
from state n to state m to acquire a maximum value when the frequency of the
radiation is very close to that given by Bohr’s formula. In this case the second term
is the important one, and we can neglect the first without introducing a significant
€error.

For induced emission, w,,, < 0 and the first term is the one that generates
resonant transitions, while the second becomes negligible. It is now easy to see
that the value of |c,,(¢)]* (which determines the transition probability and thus
the Einstein coefficients produced by either the first or the second term, as the
case may be) is equal in both cases for the same value of |wy,,|; from this follows
the equality of these coefficients for stimulated absorption or emission between a
given pair of states m and n.
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To complete the exercise we calculate the transition probability at time ¢. For
resonant absorption we have

sin? [1(E,, — E, + hv)t/h] d
(Ey, — E,, + hv)? '

(17.73)
The integral can be extended from —oo to oo, considering that the integrand is
very small outside resonance. Using the formula

Wi = € (0)em(t) = A(D2)2 (V) /

> sin? x
/OO o dr =T, (17.74)
we obtain
1
Whym = ﬁ(D )2 B () t. (17.75)

The transition probability per unit time, considering the three components of the
field, is then

Wiy = lim 202™ — % [(D.)2, + (Dy)in + (D2)20] - (17.76)

t—00 t mn mn mn

Once again we verify that W,,_,,, = W,,_,. Except for the factor p(w) due to the
spectral density of the incident field, this statement is equivalent to B, = Bun.
It is left to the reader to show that from ((17.76)) it follows that

472

Bum = 352

| Dy (17.77)

P17.6 Show that the probability per unit time that an atom makes a spontaneous
quadrupole transition between states n and n' is given by

TLTZ’ = 90h 5 Z| |Q’l]|n ) (1778)

where ();; are the components of the electric quadrupole moment,
Qij = e (Bvyz; —1%6), i,j=1,2,3. (17.79)

Solution. We derive the probability for spontaneous quadrupole transitions by
quantizing the corresponding classical formula. The classical radiation intensity
for quadrupole radiation is given by

180 1805 (Q”> ’ (17.80)

where @);; are the components of the electric quadrupole moment tensor

Qij = e (3ww; —r?6;;), 0,5 =1,2,3. (17.81)
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In quantum theory, radiation results from atomic transitions between quantum
states n and n’. The classical variable ();; is replaced by its quantum counterpart,

Qij — (ng) = (U]Qi;] D). (17.82)
The radiated power can be expressed in terms of Einstein’s spontaneous emission

coeflicient A,,,,
W = gngn/thm/, (1783)

where ¢, and g, characterize the occupation of states n and n’. For simplicity ,
we set g, = 1,

W = hwAp,. (17.84)

Combining Egs. (17.80)), (17.82), and ((17.84)), we obtain the Einstein coefficient
for electric quadrupole transitions

t

1 SN2
A —— 7
nn 18005h&)nn/ Q ] 9 ( 7 85)

nn'
where the bar with index ¢ indicates a time average. To calculate the required
matrix elements, we consider that only the levels n and n/, with energies £, and
E,, respectively, are active; this is equivalent to using the two-level atom model. As
the two states coexist in the ensemble, we take the wave function as a superposition,

U (t) = Cpe Ent/hap, 4 CryeBurt/My . (17.86)

We thus obtain
(Qu) = (21Qy19) = |G (Qij>m +[C]? (QJ)M (17.87)
+ 5O (Qj)m + O et (Qij>n/n , (17.88)

where w = wyy = (E, — E,/) /h. Taking into account that (QU> = (Qw> ,

and that the diagonal matrix elements are time-independent, we obtain from

(17.89):
(0,) =i [cicue () - Cacut (@) ], arso
from which it follows that

(0)] =[]0, -tz (@), (@), oo

e (@), (@), e (@),

*
n nn

2} . (17.91)

Since the time average of the oscillating terms is zero, we obtain upon averaging

2! L2
= 2w°|C,, 1 |Cw ) | Qi (17.92)

‘Qij
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Substituting this result into (17.85)) yields

o) _ W o 2| A
A o ’Cn| ‘Cn’| ‘sz (1793)

90 kP

2
n

To obtain the numerically correct result we must set |C,|?|C,/|* = 1. A rigorous
justification of this choice can only be made within quantum electrodynamics,
so the above calculation should be taken as a heuristic guide to understand the
relationship between the classical and quantum results, and to estimate the order
of magnitude of the latter. With the proposed selection, we finally obtain

2

(17.94)

e w5 A
AR = 90he > ’(”|Qz’j\nl>
i

To estimate the magnitude of this probability relative to that of electric dipole
transitions of similar frequency, we note that ((17.94) gives

2,5 4
(20) ., €W % 17.95
90hc® (17.95)
while for dipole transitions, we should write, with similar approximation:
2,3 2
Ale) W 17.96
73 (17.96)
From this it follows that
R T
Ale) 90c2 90 \ A A

where A is the wavelength of the emitted radiation. The relative probability of
quadrupole transitions compared to dipole transitions of similar frequency (and
hence their relative intensity) is on the order of the square of the ratio of an ato-
mic radius to the wavelength of the emitted radiation, a quantity that for radiation
in the visible spectrum is about 107°.

P17.7 Find the selection rules for electric quadrupole transitions of: a) parti-
cles confined in a one-dimensional infinite rectangular well; b) particles in a one-
dimensional harmonic oscillator well; ¢) a flat rigid rotor.

Solution. a) In the previous problem we saw that the probability of spontaneous
quadrupole transitions per unit time is proportional to the square modulus of the
matrix elements (n|Q;; |n'). The tensor @Q;; has only one component in the one-
dimensional case, proportional to (n’ | (z — T)? | n). Placing the origin at one end
of the well of width a, we have Z = a/2. Using the eigenfunctions of the infinite
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well and taking n # n’, we have
/

(|(z — )2 = 2/0 (o g)Qsin (””33) sin (720 d (17.98)

a a

1 a 2 I /
0

a 4 a a
(17.99)

2 2

=————[cosm(n —n)+1] — a [cos(n' +n) + 1]

e TR
(17.100)
_ 7r2(nfl—2—n)2 [(—1)"‘" + 1} - 7T2(n’a—j—n)2 [(—1)’”" + 1} ,
(17.101)
that is,
('l = 7)%|n) = Z_Z [(_l)nurn * 1} [(n’ —1 n?  (n Jlr n)z} ' (17.102)

This result shows that the selection rule for quadrupole transitions for the one-
dimensional infinite well coincides with that for dipole transitions for this same
system, that is,

|An| = |n' — n| = an even number. (17.103)

A consequence of this coincidence is that the dipole and quadrupole energy spec-
tra coincide, and their lines merely overlap. It is important to emphasize that
these results refer to the one-dimensional case; for the spherical infinite well (as
for any problem in more than one dimension) the selection rules generated by an-
gular momentum appear, which for electric quadrupole transitions are Al = 0, +2;
Am = 0,41, £2 (the latter is demonstrated in a particular case in part c) of this
problem). Since electric dipole transitions occur for Al = £1, dipole and quadru-
pole transitions never compete in multidimensional problems.

b) For particles confined in a one-dimensional harmonic oscillator well centered at
the origin * = 0, the probability of quadrupole transitions is proportional to the
matrix element (n' | 22 | n), with |n) the harmonic oscillator eigenfunctions. From
the above problems, we have that

2oy = S [Vl Din—2)+ @n 1)) + Vit D+ D) n+2)].
(17.104)
from which it follows that the matrix elements (n’ | z* | n) differ from zero only for
n’ =n and n’ = n+ 2, which determines the selection rules for electric quadrupole
transitions in the present case. When dealing with spontaneous emissions, which
occur only for n’ < n, the selection rule reduces to n’ = n—2, which corresponds to
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the emission of an energy 2Aw. This constitutes the quantum equivalent of second
harmonic radiation.

¢) The probability of electric quadrupole transitions for a rigid rotor of radius R is
determined by the matrix elements (m/ | zy | m), (m’ | 2* | m) and (m' | y* | m),
calculated with the eigenfunctions

Im) = e m=0,+1,42, ... (17.105)

We thus have

(m/|zy|m) = R*(m/| sin ¢ cos @|m) (17.106)
R? [ !
= — / sin 2 ' M=mP (17.107)
AT /o
+iR?/4 —m/ =42
_ B m—m . (17.108)
0, m—m' # +2
(m/|y?*|m) = R*(m’|sin® ¢|m) (17.109)
R2 2T ) ,
= — (1 — cos 2p)e Mm%y (17.110)
dr /o
R? R* )0, |m—m/|#2
LY . 17.111
2 47 {77, |m —m/| =2 ( )
m'|z*|m) = R*(m’| cos” p|m :
|2 R*(m’| cos® 17.112
= R*(m/|m) — R*(m/| sin® ¢|m) (17.113)
R? R? —m' #£ +£2
B 0 memt 2 (17.114)
2 A |, m—m' = +£2

From these results follow the quadrupole selection rules Am = m' —m = 0, +2.
Unlike the two previous cases, for which the selection rules had to do only with
energy (the equivalent of the principal quantum number), the selection rules here
are angular.

P17.8 Determine the direction in which an electron is most likely to be emitted
by the absorption of 50-keV ~ radiation.
Solution. The differential cross section used (as given in [1|, Section 17.2.7) for
the photoelectric process in the regime Aw > [ is
do  32ah (hZ )5 sin § sin? ¢
d$2 mck \aop (1—%(:080)47

where « is the fine structure constant, m the electron mass, ¢ the speed of light,
k = w/c the photon wave number, Z the atomic number of the target, ag the Bohr

(17.115)
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radius, p and v the momentum and speed of the emitted electron. 6 € [0, 7], ¢ €
[0,27] are the polar and azimuthal angles, with # measured from k and ¢ the
angle between the polarization direction and the component of p perpendicular
to k. The kinematic quantities k£, p and v depend on the incident photon energy
E, = hw which is transferred to the electron as kinetic energy. In particular we
have, using the relativistic relation for the kinetic energy

1

7:\/1_7/827

K = (v — )mc?, (17.116)

that the velocity ratio 5 = v/c is given by

5:9:\/ _(£2+1)_' (17.117)
C mc

For the purpose of locating the direction of maximum probability we may factor
out the positive prefactor that contains Z and the constants and study the angular
function

sin? @ cos? ¢
(1 — P cos 9)4’
32047’1(%

mck “agp
not change the location of extrema in 6, ¢. Differentiation of f with respect to ¢

keeping 6 fixed gives

f(6,¢) = (17.118)

with 0 < 8 < 1. The prefactor A = )5 scales the magnitude but does

— x sin¢cosp = 0.

ol
s 3

Thus the azimuthal stationary points are ¢ = 0,7, 7, =,
cos? ¢ in the numerator, the azimuthal maxima occur at

¢" =nm, n € Z. (17.119)

2m. Because f contains

Physically, ¢* corresponds to the direction for which the transverse component of
p is aligned with the polarization vector € (in the convention used in [1]). Now we
set ¢ = m/2 and define the one-variable function

sin® #
)= —————.
9(0) (1 — B cosh)?
With x = cos 6, z € [—1, 1], we have
1 — a2

r)=-—"—-—.
Now we differentiate with respect to x and set the derivative to zero,

dg _

0 = pz24+2-28=0.
dx
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This quadratic equation yields the physically admissible root,

—1+ /143832
T . (17.120)

cos " =

The second algebraic root lies outside the interval [—1,1] for 0 < f < 1 and is
therefore discarded.

Taking limits of (I7.120), we have: For 3 — 0 (low electron speed), cos §* — 0,
hence #* — 90°. This recovers the dipole-dominated pattern in which emission is
preferentially in the plane perpendicular to k and aligned with the polarization
e. For § — 1 (ultrarelativistic electrons) cos#* — 1, so 8* — 0°: the distribution
becomes strongly forward-peaked along k. Using mc? = 511 keV and K = E, =
50 keV, we evaluate § from ([17.117))

B~ 0,413 (17.121)
ans substitute this value into (17.120)) to obtain
cosf* =~ 0,61 = 0" ~494°, (17.122)

and from (17.119), ¢* = 7/2 (mod ). Therefore the direction of maximum emis-
sion predicted by ({17.115]) under the stated approximations is

(6%, 6") ~ (49,4°, 90°). (17.123)

The location of the maximum (6%, ¢*) depends only on the kinematic parameter
S (hence on the emitted-electron kinetic energy) and not on Z within the model
based on , because Z appears only in the positive prefactor A. Thus the
angular position of the maximum is independent of Z so long as the approxima-
tions behind hold. In practice, if the binding energy I of the shell from
which the electron is ejected is not negligible compared with E,, one should use

K = E,— I and recompute 3 from (17.117)) using K instead of E,. For deep shells
of heavy atoms this correction can be significant.

P17.9 Calculate the probability of an electron in an atom making a transition
between stationary states under the influence of a charged particle passing close
to the atom.

Solution. Consider a charged particle (charge Ze) passing near an atom with
impact parameter b and constant velocity v along a straight-line trajectory. The
Coulomb interaction between the particle and atomic electron acts as a time-
dependent perturbation, inducing transitions between atomic stationary states.
We use first-order time-dependent perturbation theory. The Coulomb interaction
potential between the incident particle (position B(t)) and the electron (position
) is

Ze?

0 =~ —Rro|

(17.124)
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The transition probability from initial state |i) to final state |f) is given by
2

1 > N dwrs
Pes =75 [ _UIH Ol et (17.125)
where wy; = (Ey — E;)/h.
Using the Fourier expansion of the Coulomb potential,
1 L [47 ikr-r) g3
—— = —e"r d’k, 17.126
R ) R 20
the matrix element becomes
Ze? 4 , ,
! N = tkr |-\ —ik-R(t) 3
(fIH'(t) i) = 2y / 12 (fle™"|iye d’k. (17.127)

Assuming the trajectory E(t) = (vt,b,0) for a particle moving parallel to the z-axis
with impact parameter b along y-axis,

k- R(t) = kvt + kyb, (17.128)
the time integral yields
/ e kavttkyb) glorit g — 2= Mb§(w py — k). (17.129)

The transition probability becomes thus

472 N Wrioge (lwrlb) o wsil o (lwgilb
o |t 2 (20 gy el ()

where K, and K; are modified Bessel functions of the second kind, the (f|z |i)

and (f|y|i) are electric dipole matrix elements and wy; = (Ef — E;)/h.
For randomly oriented atoms, we average over all directions,

472 i 15\ \’ . AN
¢ (“”_fK0(|wf| >) +(|Wf|Kl(|Wf| )) |
v v v v

Pip(b) = W\ (flrli)
(177131)
where | (f7[i) |2 = | {(fl@]i) [+ (flyli) P+ | (f] 2 ]5) [*.

P17.10 A 1D HO originally at rest is subjected to a force f(¢). Find the equation
of motion of the center of the wave packet using first-order perturbation theory
and compare with the exact result.

Solution. We considerf a one-dimensional harmonic oscillator with unperturbed
Hamiltonian

2
, (17.130)

Piaf =

2 p 1 2

Hy = 5+ omw ? (17.132)

initially in its ground state |0), with (x)(0) = 0 and (p)(0) = 0. A force f(¢) is
applied, modeled as a time-dependent perturbation

H'(t) = —f(t)z, (17.133)
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so that the total Hamiltonian is

H=Hy+ H'(1). (17.134)
In time-dependent perturbation theory, the wave function is expanded to first order
(1)) = e7 0" <|0> 2 cél)<t>!n>> : (17.135)

where Ey = (1/2)hw is the ground state energy, and the coefficients cg)(t) are

given by

17.1
; - (17.136)

For the harmonic oscillator, the operator & connects only adjacent states. In par-

ticular, (1|2]0) = \/h/2mw. Thus,
(A ()]0) = —F()(11310) = — £ ()] (17.137)

2mw
(1)

Substituting into the expression for ¢; (1),

(1) _ _1 ' wt’ [ / i r_ i i ! iwt’ / /
(D (r) = h/o e ( f(t),/Qmw> dt _h,/m/0 o () dt. (17.138)

With the wave function to first order
(t)) = e (J0) + P @I1)) (17.139)

the expectation value of Z is given to first order by

A AP N E, — E
Oy p— / et (| F()[0) dt!, oy = 0.
0

() = D(0[2]1) + " (1)2]0) =

From Eq. m we have

I / zwt’ dt _ _‘ / / _“"t, (17141)
o o
SV /0 (e — ) p(t") di (17.142)
-2\ o [ sntets) (17.143
0

Therefore, the center of the wave packet is given by

(x) = \/: (——\/7/ sin(wt”) dt) —%/Ot sin(wt") f(t') dt'.

(17.144)

() ()) 1714
2mw< + DY (17.140)



17. TIME-DEPENDENT PERTURBATIONS. FIELD QUANTIZATION AND SECOND QUANTT.

We now differentiate this equation two times with respect to ¢,

d 1 .
£<w>pert i sin(wt) f(t), (17.145)
2
%(w)mrt = —i (w cos(wt) f(t) + sin(wt)i—“i) : (17.146)
therefore,
d? 1 1 d t
ﬁ@:)pert +w{T) pery == - cos(wt) f(t)— — Sin(wt)d—‘]; — % /0 sin(wt') f(t') dt’.

(17.147)
This expression is not equal to f(¢)/m in general, so the equation of motion ob-
tained from perturbation theory is not correct.
On the other hand, according to Ehrenfest’s theorem, the time evolution of
the expectation values follows the classical equations. For the Hamiltonian H =
Hy + H'(t), we have

Slay = ), lp) = —m(a) + (), (17.148)
whence
d’ 2,y _ (@)
@@ + W) = 2 (17.149)

This is the exact equation of motion for the center of the wave packet. With the
initial conditions (z)(0) = 0 and 4 (z)(0) = 0, the exact solution is

mw

(%) oxnet = —— /0 it — ) () dt (17.150)

The first-order perturbation theory provides an approximation for (x) that is linear
in f(t), but does not capture the full dynamics of the system. The exact equation
of motion is obtained via Ehrenfest’s theorem and coincides with the classical
equation of the forced oscillator. The discrepancy arises because first-order pertur-
bation theory only includes transitions to the first excited state, while the exact
solution involves all states (coherent states).

P17.11 The free-particle Lamb effect can be identified with the contribution of
the (free-space) ZPF to the particle’s energy, given by

th we
OF:, = —— dww, 17.151
et | (7151)
where the usual cutoff frequency we = mc?/h (equal to Compton’s frequency of
the electron) has been introduced. Assume that the distribution of ZPF modes
can be reduced by introducing the particle in a cavity that filters out all modes
of frequency w smaller than 2 without altering the isotropy of the field and write
down the formula for the resulting energy shift.
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a) Estimate the minimum value of €2 needed to produce an energy shift of the
order of the atomic Lamb effect.

b) Estimate the size of the cavity needed to filter out the frequencies w < €2
and compare it with the size of the H atom. Considering 5 nm as the minimum
size of current solid-state nanoelectronic devices, could such an energy shift be
detectable? Discuss your answer.

Solution. Starting from , if the particle is placed in a cavity that filters
out all modes with w < ) while preserving the isotropy of the field, the remaining
contribution is obtained by replacing the lower integration limit with €,

0B () = ch /wcwdw _ _ch (W& — Q%) (17.152)
P mmced Jq 2rmed V¢
Therefore, the cavity-induced shift relative to free space is
0Ecay(Q2) = 0Eg,(0) — 0E, () = eh 2 _ Oz—fLQ 02 (17.153)
2rme? 2rme?

where we used a = Z—i To answer part (a), we require that the magnitude of

(17.153) be of the order of an atomic Lamb shift £, (e.g., the canonical hydrogen
2519 — 212 value: 4.372 x 107 eV ). Setting 0 Feay(Q) ~ 0Ey,, and solving for
yields

9 2 1/2
Q= (Z—’;f 5EL> . (17.154)
Numerically, this gives
Q =~ 6.7x 10571 (17.155)

which corresponds to a frequency f = Q/27 ~ 1.1 x 10'® Hz in the extreme-
UV /soft-X range.

For part (b), a simple geometrical criterion to suppress all standing-wave modes
with w < €2 is to make sure that no wavelength longer than ., = 2mc¢/<Q fits in

the cavity. A conservative estimate is then
)\cut e

LS5 =45 (17.156)

which, using ((17.155)), gives
L ~ 14x10®m = 14 nm. (17.157)

Compared to the size of the H atom (~ 0.05 nm), this cavity is roughly 2.6 x 10?
times larger—well within the nanoscale, yet comfortably larger than an atom.
Since implies |0 Eeay| o< Q2 oc 1/L?, going down to state-of-the-art solid-
state dimensions (e.g., L ~ 5nm) would increase the shift by nearly an order of
magnitude, reaching the 10 ueV range.

In conclusion, starting from the free-space expression ((17.151]) and implement-

ing the spectral filtering described in the problem, we obtain the cavity-induced
shift (17.153)). Matching it to an atomic Lamb shift fixes the cutoff (17.154]) at the
value (17.155]), and the corresponding cavity size (17.157)). The quadratic scaling
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with Q (or 1/L) shows that nanometric cavities can, in principle, generate shifts
at or above atomic-Lamb-shift scales, with detectability ultimately limited by how
ideal the mode filtering and isotropy preservation can be made in a realistic device.

P17.12 Use the fact that the normal field amplitudes used in [1], Section 17.5
are independent from each other, to prove that [q, P|nn = ihdpy .

Solution. The Poisson bracket of a given pair of canonical variables (q,p) asso-
ciated to field modes of frequency +w satisfies

[q7 p]{q,p} = 17

where {q,p} denotes the canonical variables of the full set of field modes (of all
frequences). These variables are related to the normal field amplitudes {a, a*} by
the general transformation rule given in [1|, Eq. (17.221). Therefore taking the
derivatives with respect to {a,a*} instead of {q,p} introduces a factor ih to the
right side of the Poisson bracket,

[Q) p]{a,a*} = 1h.

Let us now assume that the field in question (of frequency +w) is in a given state
n at time t. The variables of this field must satisfy the condition

[qn(t>v pn(t)][a,a*] = ih.

Since ¢, (t) = pa(t), this condition implies that both gy (), ps() are linear functions
of the normal field variables, as expressed in Eqs. (17.217) and (17.218),

n(t) = dungrare” ™" + quura_e™" + c.c.,

Pu(t) = Puny1ase” ™ + pun_ra_e™ + c.c.,

where a is associated to the mode of frequency w, 1, = +w, and a_ is associated
to the mode of frequency w,_1, = —w. In taking the derivatives with respect to
the normal field amplitudes one must consider that the amplitudes associated with
different frequencies w are independent of each other. (Note, by contrast, that both
q and p mix modes of frequencies +w and —w).This means that the terms that
contribute to the Poisson bracket are those that involve derivation with respect to
ay,a’, and with respect to a_,a*. We thus obtain

> (Pl — Pukl) = i (17.158)
k=n+1

Further, since q,(t) and p,(¢) must be real, ¢}, =qxn and p%, =pi,. This allows us

to write ((17.158)) in the form
Z (anpkn - pnk(lkn) - ’Lh,

k=n+1

which is the matrix form of the commutator

[(iu Is]nn = ih.
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Note that the derivatives of q, (%), py(t) in the Poisson bracket must be taken as a
rule with respect to pairs a, a* pertaining to the same mode —in the present case,
the pairs a, a’ ,and a_, a’ , which pertain to the modes of frequencies +w and —w,
respectively. By contrast, a commutator [q, pluy with n’ # n would imply taking
derivatives of q, (%), py(t) with respect to field amplitudes pertaining to different
modes, which are independent from each other and hence do not contribute to the
Poisson bracket. Summarizing, we conclude that [q, plun = hAdny

P17.13 By making repeated use of
[A, BC] = B[A,C] + [A, B]C, (17.159)

determine the commutator of the densities [A(z), A(z')], where A(x) is the boson
density operator. ) R R X
Solution. The boson density operator is defined as A(z) = ¥ (z)y(x), where 1 (z)

and z/?*(x) are the bosonic field operators satisfying the commutation relations

[d(2), ()] =0, [M(@),4(2")] =0, [P(x),d!(2)] =8 —2). (17.160)

We wish to compute the commutator

[A(z), A(2)] = [ (2)¢(x), ¥ (@)eb(a")]. (17.161)
To simplify, we define
e = P(x), Yo =0(), Ol=14(z), ¥ =4N). (17.162)
The commutator thus takes the form
[A(z), A(2)] = [, L] (17.163)

We will repeatedly use the 1dent1ty m First, we apply this identity to the
[iahe, 11 4by], taking A = pish,, B =14, and C' = o,

[W%, wT wx’] = W WT%, %'] WT%, @ET hﬁz’ (17164)

NOW we compute the commutators [w wx,wx] and [Wzﬂx,w /] using the identity
17.159) and applying with A = {{v,, B = ¢, and C' = ),

(e, ar] = D3 [n, ] + [0, s (17.165)
By applying the commutation rules
o ] = 0, [0, 00] = —8(2 — ), (17.166)

where the last one follows from [¢),/, 1] = §(x — 2’) and the antisymmetry of the
commutator, we get

(5, Par] = 01 - 0+ (=8(x — 2'))thy = =6 (2 — 2') s (17.167)
Applying the identity with A = zﬂlﬁz, B= @;, and C' = 1),
[10a, 0] = DL, D11 + [O1, DL 1 (17.168)
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and using the commutation rules

[, 0L] = 8(x — '), [P, 9L] =0, (17.169)
we get o R . R
[l zpl,} = wlé(x — ')+ 0, = 6(z — ). (17.170)
Substituting (17.167) and ( into ((17.164)), we obtain
Wl’@xﬂﬁl/@m] wT ( (ZC r )wz> ( (LU—QZI)Q/AJ;E)"(&Q@/ = —(S(LL'—CIZ/)1[};,12}:”—#(5(33—1”)2&;;@21/
(17.171)
that is,
[A(@), A@)] = 8(a — o) (B — D10 ) (17.172)
Now we have two cases: first, if x # 2/, then §(x — 2’) = 0, so the commutator is
ZEero. )
Second, if & = ', then ¥l = i,
expression in parentheses is A(z) — A

A=),

A(x) and 9}, = ¥ld, = A(z), so the

= 0. Therefore, in all cases,

(2)] = (17.173)

\_/II

(z

h>>



CHAPTER 18
Elastic Scattering Theory

P18.1 Derive the relations [1] (18.1) and (18.2) that are used to transition
between the laboratory and CM reference frames in a two-particle problem.
Solution. For the analysis of the collision of two particles it is very convenient to
use the relative and center-of-mass coordinates, defined in terms of the positions
r1 and 7, of the particles 1 and 2 of masses my, mo, respectively, in the usual form

mMiT] + MaTs m m

=1 — 1y, R= —- "= °-_ — 1, 18.1
=7 — T i m27‘1+m1"“2 ( )

where M = my + my is the total mass of the system and m = mymy/M is its

reduced mass. Inverting these expressions we obtain

m m
rn=R+—nr, ro=R— —7. (18.2)

mq mso
The positions of the particles referred to the CM system, 7} and 7}, are defined

by the relations

T1 :R—l-?“f, () :R—FT';, (183)
and they follow immediately, using ((18.2)),
m m
T=— 5 =——T. 18.4
LS m1r7 L) mg’r ( )

The velocities of the particles in a laboratory system L are vi = r; and vy = 75,
so the velocity of the center of mass and the relative velocity result

. mi1vV1 + Moy

1% = V] — Vs. 18.5
i ) V=71 — 02 ( )
From here it follows that
v =V + ﬁv, ve=V — o (18.6)
mq mo
Differentiating with respect to time the expressions ((18.3)), we obtain
v =V 47, vy =V +vj. (18.7)
Comparing with ([18.6)) (or, equivalently, differentiating (18.4)),
m m
v = —w, v, = ——0. 18.8
=2 v (18.8)

The total linear momentum of the system follows from ([18.5)), and is
P =p +p> =miv; + movy = MV. (189)

343
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In turn, the momentum associated with the relative motion can be written in the

alternative forms
m m

mv = pj = —p; = Em - m—2p2, (18.10)

with p7 = myv}, p5 = mov;. From ((18.10) it follows, in particular, that pj + p} =
0, as expected. The previous relations can be applied both to the initial system
(before the collision) and to the final system (after it). To establish the relation
between the scattering angle as seen from the L and CM systems we write, with
the help of Fig. [I8.1] where 6y, represents the scattering angle of particle 1 in the
L system and 0y, = 0* represents this angle in the CM system,

vy sin @ = vy sin by, (18.11)
vy cosf* +V = v cosbyr. (18.12)
The quotient of these two expressions leads to
sin 0*
tanfy, = ————. 18.13
anoir cos 0 + V/vi ( )
From relations ((18.8)) and (18.9) it follows that
1/2
Vi P omy|(u+ (ma/my )vs)”
== . (18.14)
vl o mou M (v — v9)?

We assume that the target, taken as particle 2, is initially at rest, so that v, = 0;
from the last equation it follows that

V
= =" (18.15)
and (|18.13)) takes the form
g
tanfy, = — (18.16)

cos 0% +my/my’

which coincides with the equation (18.1) that had to be demonstrated. It follows,
in particular, that when m;/mo > 1, the scattering angle 6, cannot reach the
value 7/2.
In the absence of external or internal forces, the total energy is purely kinetic and
is given by

Ep = $myv} + gmavy = 1 MV? + 2mu® = Ecy + B, (18.17)

The energy Eoy = %M V2 is associated with the center of mass, while E, = %mv2
is due to the relative motion. In the particular case analyzed above, where vy = 0,
we have

By=imu}, B =imi = E =B, (18.18)
1
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FIGURE 18.1. Laboratory and CM coordinates; (a) shows the position vectors
and (b) shows the velocities.

and the previous equation reduces to

m
E; = Ecy + —Ef. (18.19)

M
We see that in this case the energy associated with the motion of the center of
mass can be written in terms of the energy defined in the laboratory system in the

form

Mo mq
E :<1——>E Mg 18.20
CM M L M L ( )

This is the equation (18.2) that was requested to be proved. Notice that in ex-
treme cases, such as my < my, the CM can carry away a very significant part of
the available energy; for equal masses, Ecy = Ep /2.

P18.2 Derive |1, Eq. (18.3), which relates the number of particles per unit area
in both reference frames.

Solution. We seek to find the relationship connecting the elastic scattering cross
section expressed in the laboratory system with the corresponding expression in the
center-of-mass system. The differential scattering cross section in a given direction
is written in the form do(§2) = o’(Q2)dS2, where o’(§2) = do(€2)/dS2, and is defined
as

do(Q) = number of particles scattered into d2 per unit timej (18.21)

incident flux on target

and df) is the solid angle element in direction 2. To simplify the following de-
scription, we will consider that the scattering potential is central; the resulting
symmetry about the axis describing the incident particle’s trajectory allows writ-
ing the solid angle element as

dQ = 2msinf db, (18.22)

where 6 is the angle between the outgoing and incident directions, that is, the
scattering angle. From ([18.22)) it follows that the number of particles scattered
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into solid angle df) per unit time is
dn(0) = Jinco' (0)2m sin 6]d6)|, (18.23)

where the absolute value ensures that dn(f) remains positive. Since the number of
particles scattered into a given solid angle element is independent of the reference
frame (lab or CM), we must have

271 Jineo’ (01) sin01|dl; | = 27 Jineo' (6%) sin 6*|d67|, (18.24)
which simplifies to
aor
/ 9 — / 0*
7 (00) = o' (0) S |

To determine the required derivative without excessive complication, we consider
the same special case as in the previous problem, assuming particle 2 initially at
rest (ve = 0). Defining v = my/ma, we obtain

1 (cos 0* + 7)?

d cos 0*
dcosOr,

. *
sin 6 .

. (18.25)

sin GL

20, = = 18.26
oS oL 1+tan?0;;, 1+ 72+ 2ycosf*’ ( )
which, with 6, = 0, gives
6*
cosf = Cosv +7 : (18.27)
V1 + 27y cos 0% + 2
dcosfp, _ 1 + 7 cos 6* 7 (18.28)
dcosf* (14 2ycosB* +~2)3/2
and, finally,
1 + 27 cos 6* 4 72)3/2 my
"(01) = ( '(0* = —. 18.29
(o) = ST ), = (18.29)

P18.3 Prove that for a collision process of the type P, + P, — P3; + P;, which
can be elastic or inelastic so that the quantity ) = Eyynfinal — Ekyn.initial a0 be
different from zero, in

57 3/2
[1 + 272 cosfom + (%) }
0r) = 0 ) 18.3
(1) 1+ T2 cos Oc n(0cu) ( )
the factor v = m;/my must be replaced by
1/2

my ms Er 1 9

— (=28 E, = —myeqv”. 18.30

Solution. Consider a binary collision in which a particle of mass m; collides with
another at rest, of mass msy, and which results in two particles, of masses ms and
my. It is clear that my 4+ mo = ms + my. In this generalization of problem P18.1,
Eq. remains valid, even if the collision is inelastic, as long as the ratio
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v = V/uy still represents the ratio between the velocity of the center of mass in
the laboratory system and the velocity of the observed particle (with mass mg) in
the CM system; in other words, we must set v = V/vj. This is the quantity to be
determined in the new situation.
We define the initial energy associated with the relative motion in the CM
system (with v = v; = vy, since vo = 0 by hypothesis), according to equation
1

1 1 1
EL = §m1V% + §m2Vg = 5MV2 + §TI’LV2 = ECM + Er-

as
. 1 mi1me 2

T 5 1831
2mq + ms Yo ( )
In turn, the energy absorbed during the collision is given by
1 ms3mny 2
=T _,-Tz :Ena ine ic_Eini ial kinetic — &, _Er- 18.32
Q f final kinet tial kinet 2m3—|—m4v ( )

From this it follows that the relative velocity of particles 3 and 4 after the collision
is

2M
v’ = (B, +Q), (18.33)
msmnmy
where M = my + my = m3 + my. Using
m . m
’Ul — —’U, v2 — ——’U,
my ma

vy = —0. (18.34)

Combining the last two expressions we obtain

2
my oo 2my

v =
M? Mm3
Since vy = 0, we have MV = myv; = myvg, that is,

(B, + Q). (18.35)

*2
U3 -

m?2 2my (1 mimy 2my
VE=_—Lof = - o) = E,. 18.36
.Z\42 Yo mQM 2 my + Mo Yo mgM ( )
Combining this result with ((18.35)) yields
V2 E.
G = L 2 s (18.37)

v_§2  momy B, +Q’
which leads to the requested expression

mims Er
= . 18.38
i \/m2m4 Er + Q ( )
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P18.4 A particle of mass m collides elastically with a particle of mass M at rest
(in the laboratory frame). Suppose that the scattering has spherical symmetry
in the CM frame. What is the angular distribution of the target particles in the
laboratory frame?

Solution. We must study what happens to the target particle after the collision.
(Note the change of notation compared to previous problems: m; — m, my — M)
We denote by V the velocity of the center of mass, by v, the velocity of the particle
of mass M after the collision, as seen from the laboratory system, and by vy the
same velocity as seen from the CM system. We call 6, the angle formed by v, with
respect to the incident direction, that is, the recoil angle of the target, and ¢cp,
this same angle, but measured in the CM system. It is clear that

pom =7 — 07, (18.39)

where 0* is the scattering angle of particle 1, studied in problem P18.1. Applying
the appropriate changes to Eq. for particle 2 (61, — Oy = Oy; 0F — 7T—07;
v} — v3), we obtain

sin(m — 0*)
cos(m — 0%) + V/ui
On the other hand, since v, = 0, it follows from ([18.9)), mutatis mutandis, that

m+ M

tan gy = (18.40)

P=(m+ M)V =mvyy=m vy = (m+ M)vs, (18.41)
m
that is,
K* =1. (18.42)
Uy
Equation ((18.40)) thus reduces to
sin(m — 6%)
tan fy = = tan 1 (7 — 6" 18.43
anv cos(m —0*) + 1 an 5 (7 ) ( )
whence
0y = 5(m — 0%). (18.44)

Since 0* can take any value between 0 and 7, the target particle, which was initially
at rest in the laboratory system, according to this result can only move within an
angle contained in the interval 8, € [0, 7/2], that is, within the forward hemisphere.
In the CM system, before the collision, the two particles, target and projectile,
approach each other along the same line with equal magnitude momentum, and
separate in opposite directions after the collision. Thus, if the projectile, seen
from this reference frame, is scattered at an angle 6* with respect to the incident
direction, the target will recoil forming an angle 50y = m — 6*. It follows that
the scattering cross section for the target is

o' (Oa0n) = o' (m — 0%). (18.45)
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As in problem P18.2, we have assumed that the scattering potential is central, so
that there is symmetry around the axis of incidence. Proceeding with the target
as we did with particle 1 in problem P18.3, we obtain

0/(02) = OJ(QQCM (1846)

SlnegoM dQZCM
sin 6, do, |’

where 6, is the recoil angle of the target as seen in the laboratory system. On
the other hand, in the previous problem it was shown that the recoil angle of the
target in the laboratory system is related to 6* by the expression

(92 == %(’N - (9*) = %920]\/[. (1847)
From this it follows that
sinflocpy  sin20y
0 s 2 cos b, (18.48)
that is,
dbacnr
=2. 18.49
7, (18.49)
Substituting these results in ((18.46|) we obtain
0',(92) = 40”(&201\4) COS 92. (1850)

Since in the CM system the scattering is spherically symmetric, it does not depend
on 0*; consequently, o’(62cpr) also does not depend on this angle, and the angular
cross section for the target takes the form

o' (63) = Acos by, (18.51)

with A a constant. It is interesting to note that this expression predicts that the
target particles recoil with maximum probability in the incident direction; for re-
coils close to 7/2 the probability is practically zero.

P18.5 A beam of particles with density ng part/cm? is fired at a target with total
effective cross section o. Show that if the thickness of the target is d, the beam
that crosses it comes out with density n = nge ¢, where u = No is the so-called
linear attenuation coefficient and N is the number of collision centers that the
target contains per unit volume.
Solution. In a scattering experiment, particles are typically counted within the
solid angle df2 defined by the detector window placed in a predetermined direction.
If, as usual, the scattering cross section o = [ ¢/d() is written as o = wa® (i.e., as
an effective area around the target with scattering radius a), then incident particles
approaching the target with impact parameter b < a will be scattered at angles
> 0 and thus will not be detected by a detector placed at that angle relative to
the incidence direction.

Consider a target consisting of a homogeneous sheet with area A and thickness
0z sufficiently small that the individual scattering cross sections ¢ of constituent
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particles don’t overlap and each projectile particle experiences only one scattering
event when crossing the target. If the sheet contains NV scattering centers per unit
volume, the total number of scatterers is NAdz. The effective area presented for
scattering at angles > 6 is

Ay = o N AGz. (18.52)

Assuming the target area A is uniformly illuminated by the incident beam, the
fraction of incident particles scattered at angles > 0 is

f= Number of particles scattered at angles > 6 _oN Adz

=oNdz. (18.53
Number of incident particles A oNoz. )

Consider now a target of finite thickness d, where projectiles may experience mul-
tiple scattering events before emerging. To determine the number of emerging
projectiles, we model the finite thickness target as a series of infinitesimal layers of
thickness dz, each thin enough to apply formula . Each collision between
z and 2z + dz removes one projectile from the incident beam, reducing the number
of particles ny reaching subsequent layers. Denoting this reduction by dng(z) and

applying ({18.53)), we obtain

d
M) _ N, (18.54)
no(2)
Integrating over the entire target thickness yields the emerging beam density
n = nge "N = noe M, (18.55)

where p = No is the linear attenuation coefficient = No. This shows that the
beam intensity decreases exponentially with target thickness.

P18.6 Show that the differential scattering cross section in the Born approximation
due to a spherical barrier of radius R and constant height Vj is

do _ omVy )\ > (sian—choqu)Q. (18.56)
ds) h? q8
Solution. In the Born approximation, the scattering amplitude is given by
m iqr g3
f(0,0) = ~5 V(r) et dor. (18.57)
In turn, the differential scattering cross section is given in general by the expression
do
— = 1f(0,9)]* 18.58
= 170.¢)] (18.58)

Consider a uniform spherical barrier; the corresponding potential can be written

in the form
Vi < R:
vy =40 TSE (18.59)
0, r>R.
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From ([18.57)) it follows that the corresponding scattering amplitude is given by

£(0,0) = mVO/// 92 5in 0 dy df dr. (18.60)
2mh?
The integral
T 21
[:// 'm0 sin @ dp d (18.61)
0 0

is common to all central potentials and is easily performed if the z-axis of the
reference system is oriented in the direction of the vector q and the change of
variable x = cos# is made, which leads to

™ 1
I=2rm / "% sin 0 df) = 27 / ' d (18.62)
0 —1
wqr __ ,—iqr 4 :
ek (18.63)
wqr qr

With this result in ([18.57)) we obtain the formula for the scattering amplitude by
central potentials,
m 2m

10) = - onh? th

Inserting here the potential ((18.59) or, alternatively, substituting in ((18.60]), we
arrive at an integral that is easily performed by parts,

o0

rV (r)sinqrdr. (18.64)

V(r)e T dPr = —

9 R
f(0)=- 77;:]/0/0 rsingrdr (18.65)
2 o

= TZVO T cos qr| + —/ cos qrdr (18.66)

hq | q o 4Jo

2 1
=— Z;;/O <_§ cosqR + e sin qR) , (18.67)

that is,
2 i —

f(o) = 2o snalt = aftcosalt, (18.68)

72 e
where the dependence on the scattering angle (and on the collision energy) is given
through the transferred momentum ¢ = 2k sin %9, k = v2mE/h. Substituting
this result into we obtain the differential scattering cross section for a
homogeneous spherical barrier of radius R and constant height Vj in the first Born
approximation,

do <2mvo)2 (singR — gRcosqR)" (18.69)

10~ \ T2 e
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P18.7 For the Ramsauer—Townsend effect to occur (see [1], Section 5.3.2), the
cross section must vanish at very small bombardment energies (which can be as-
sumed to be zero). Using a uniform spherical well as a model for the interaction
potential, find the value that should be assigned to the product a?V,. Hint: Con-
sider at least the s and p waves.

Solution. We first study the problem in a general form, and then we restrict
ourselves to the case of low energies (s wave). The uniform spherical well has the
form

r<a,

_%7
Vi(r) = Vo > 0. 18.70
(r) {0, r > a, 0 ( )

To analyze the problem in terms of partial waves we start from the radial Schrodinger
equation for a component of angular momentum /,

n* d*R n?* dR RA(L+1)
with £ > 0. With the change of variable
2m(Vo + B
p=pc=hir, k= 2mVo + E) 7;’2 ), (18.72)
for the interior region, and
ps=kr, k= ZEE (18.73)

for the exterior region, the Schrodinger equation (18.71)) can be rewritten as

d?R 2 dR I(1+1

_24___4_{1— ( t )}R:O, r<a, (18.74)
dpz  p<dp< Pz

d*R 2 dR I(1+1

_2_|___-|-{1— ( j; )}R:O, r>a. (18.75)
dp?  psdps P>

Both equations have as regular solutions the spherical Bessel functions j;(p); the
other linearly independent solutions are the spherical Neumann functions n;(p).
The solution in the interior (r < a) must be regular at the origin; this eliminates
the Neumann functions, and we must write

R(r) = Aji(kyr), r <a, (18.76)

with A a constant that can be adjusted to normalize the wave function. The
solution for the exterior (r > a) takes the general form

R(r) = Byji(kr) + Cny(kr), r > a. (18.77)

The ratio B/C is determined from the continuity condition of the logarithmic
derivative of R at r = a (the prime denotes differentiation with respect to the
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argument itself in each case),
Ji(krr)
Ji(kyr)

_ Bjj(kr) 4+ Cnj(kr)
r=a B]l(lﬁ“) -+ C’nl(kr) r:a.

ki

(18.78)

If we write
B = qjcos dy, C = —qsindy, (18.79)

then condition ([18.78)—that is, the scattering potential—determines the phase
shifts d;, while the coefficient a; is determined by A, that is, by the continuity of
the amplitude. With this new parametrization, Eq. ([18.78|) takes the form

Ji(kia) | ji(ka) cosé; — ny(ka) sin d;

k = 18.
Vila) — ¥ ilka) cos & = m(ka)sin gy’ (18.80)
or
Ji(kra) Jij(ka) — nj(ka) tan o,
k2 i , 18.81
Yi(kya) Ji(ka) — ny(ka) tan g, ( )
from which it follows that

kji(kra)nj(ka) — kyny(ka)j/(kia)

The expression ([18.82) simplifies considerably for low values of [, since in such a
case the explicit forms of the spherical Bessel functions in terms of trigonometric
functions can be conveniently used. For example, the formulas

) sin z . sinz  cosz ,
joz) =— &) = — = —— = ~(?); (18.83)
COS 2 sinz  Cosz
no(z) = — o ni(z) = — R = —ngy(2), (18.84)

substituted into ([18.82)) with | = 0, give the following (exact) expression for the
phase shift of the s wave

k tankia — (k1 /k) tan ka
tandy = — : 18.
an %o k1 1+ (k/ky) tan ka tan kya (18.85)

In turn, the solution (|18.77]), taking into account (|18.79)), reduces for the s wave

to

R = % (sin ka cos 0y + cos kasin dy) , (18.86)
a

that is,
R= % sin(ka + 6). (18.87)
a
Since in the absence of the scattering potential one must take k; = k, from ([18.76|)
and ([18.77) it follows that C' = 0 and from (|18.79)) that o = 0. This shows that

0o plays the role of a phase shift of the s wave generated by the presence of the
scattering potential.
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At sufficiently low energies the condition ka < 1 holds, and it is possible to
simplify considerably Eq. (18.82). Using the asymptotic expressions of the Bessel
functions

)~ e~ = L) (18.55)
It Q+nr 7 @+~ N ‘

2 — 1) , A—1NI+1)  I+1
n(z) ~ —<ZT1), i(z) ~ = 23+2< - —m(z),  (18.89)

substituting and simplifying we arrive at
(ka)?+! Lji(kia) — kyag](kia)
20+ D20 =D (1 + D)gi(kra) + krag)(kia)

The factor (ka)**' in front of this expression implies that tand; decreases as
the energy is reduced, and decreases more rapidly as [ increases. This means,
in particular, that the total scattering cross section at low energies is essentially
determined only by the first values of [, that is, the s and p waves; the other terms
can be ignored. For the case [ = 0, gives

tan d; = (18.90)

—kiajh(kia) k sinkia — kjacos kia tan kja
tan 0g = ka- = — = —ka(l-—
A% “ Jo(kia) + krajgi(kia) Ky coskia “ kia ’
(18.91)
or equivalently,
k
tandy = —ka + T tan ka. (18.92)
1

Naturally, the same result is obtained by approximating ([18.85)) to first order in
ka,

k tankia — (ki /k)tanka  k tankia — (&) ka

k
tandy = — ~ ~ — [tankya — (k1 /k)ka] .
0 ki 1+ (k/ki) tankatankia kg 14 (%) ka tan kia ket [ 1 (k1 /k)ka]
(18.93)
For the p wave, that is [ = 1, we obtain
(ka)® ji(kia) — kiaji(kia)
tan o, = , 18.94
Ao 3 2j1(/<:1a) + /ﬁaji(k:la) ( )
or, using (|18.88)),
K\’ ka)?
tan 0, = ka [(k—l) — %(ka)2] — % cot kya. (18.95)
The total cross section is given by
AT = )
o= > (20 + 1)sin’ . (18.96)

=0
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Assuming that the energy is sufficiently low so that only the s and p waves are
needed to calculate the total cross section, we obtain

4T
0=13 (sin®dg + 3sin” 4y ) . (18.97)
We see that this cross section will be small only if each of the two contributions
is itself small. Since d; is third order in ka, while ¢ is first order, it follows from
(18.90) that for low energies with ka < 1 we can approximate sind; ~ tand; ~ d;,
and write

1 ? ka)* [ 3 1 ?
o = 471'(12 (m tan k'lal — 1) + 47@2% |:(k1a)2 — E cot kla — 1:| s (1898)
which for the s wave gives
1 2
o = 4ra® (% tan kya — 1) : (18.99)

This cross section vanishes whenever
kia = tan kya, (18.100)

where k; = /2m(Vo + E)/h =~ v/2mVy/h (to write the last equality it has been
assumed that the energy is very low and can be neglected compared to V). The
roots of this equation determine the values of a?V}, that cancel the s-wave cross
section, thus producing the Ramsauer—Townsend effect. The first values are

V2ma2Vy/h = 4.493, 7.725, 10.904, 14.066, . ..

On the other hand, an asymptotic expression for the roots of the equation tan x —
r=01is

W T (o1 — . 18.101
v 2("+ 1 ) (18.101)

P18.8 Find the differential cross section for the case where both the target and
the projectile have structure.

Solution. To be more specific, we will consider the electric case and assume that
the target is an extended electric charge with density ep(r f p(r d37“ = 1); in turn,
the projectile, also with extended charge, has density ¢'p/(r) ([ p/(r)d*r = 1). The
interaction between both charges is Coulombian. Denotmg with = the p031tion
of the projectile’s center of mass, with 7’ the position of each charge element
constituting the projectile relative to its center of mass, and with " the position
of the charge elements of the target particle, the interaction potential between

target and projectile is
3 1 31311
— ce // n T, — T”|d v d®r (18.102)
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where the integrals extend over the volume occupied by the particles. Substituting

this expression into
m

f0,¢) = —57 V(r)ear dr, (18.103)
yields for the scattering amplitude of extended particles in the first Born approx-
imation

£(0) = ;”6; / / / ot r, 'r'”| e B ' iy (18.104)
™
With the change of variables » — R = r + ' — 7", the integrand factors conve-
niently,
=g | [ [ PR e e a0
T

mee’ e R 3 n —igr’ 33,/ m igre’ 43,1

=5 7 d°R | p(r)e ar’ | p(r™")e T da’r”. (18.106)

The second and third integrals are proportional to the Fourier transforms of the
charge distributions of the target and projectile, respectively, that is, the corre-
sponding electric form factors

F(q) :/p(r’)e_iq'r, dr, (18.107)

G(q) = / P (r")e ™ dr, (18.108)

When the charge distributions have spherical symmetry, the form factors depend
only on the magnitude of q. Assuming this is the case, the scattering amplitude
becomes (changing the integration variable R — r)

me°

f(0) = —QWHQF(CF)G(qz)

Identifying here the quantity V' (r) = ee’/r as the interaction potential between
two point charges e and €', the above result can be rewritten as

f() =— 27rh2 /v el dr, (18.110)

d’r. (18.109)

7]

or more precisely,

£(8) = F(¢*)G(q*) founctna (0 ©)- (18.111)
It is clear that this result is general, in the sense that it provides the relationship
between the point-like scattering amplitude and the corresponding amplitude for
the problem with structure. From this it follows that the differential scattering
cross section for particles with structure is

do
s

o do

= IF@)F 6@ S5

extended

(18.112)

point-like
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P18.9 Protons with energy of 0.3 MeV are scattered by a thin sheet of aluminum.
The number of backscattered protons is observed to be 0.96 times the predicted
value for a Coulomb potential. Interpreting this discrepancy as due to shielding
effects and assuming that the corresponding potential change appreciably affects
only the s wave, determine the change in the value of §y. Indicate whether the
interaction is attractive or repulsive.

Solution. The shielding effect causes a change Ad; in the phase shifts due to the
Coulomb potential. This modifies the scattering amplitude, which instead of being
given by

1 o
=5 > (2 +1) (¥ — 1) P(cosb), (18.113)
=0
is transformed into
1 [o.¢]
f0) =57 Z (20 + 1) (¥ +2%) 1) Py(cos ). (18.114)

The factor 2% +t2%) _ 1 can be rewritten as follows
62i((5l+A5l) - 1 — 62i5162iA5l - 1 + 62%6[ o 62i(51

_ (621‘51 o 1) 4 e2id (62iAél B 1)
_ (ezisl . 1) 4 (i(20+26) (emél . efiAél)

18.115
18.116
18.117
18.118

o~ o~ o~ o~
—_— ~— ~—  —

= (¥ — 1) + 2ie' 1A% gin Ag,
which allows rewriting 18.114 in the form

Z (20 + 1) (¥ — 1) Py(cos0) (18.119)

1 )
+2 Z(Ql + 1) @a+290 6in A§; Py(cos ). (18.120)
1=0
The first term on the right side corresponds to the scattering amplitude produced
by the Coulomb potential (or any other that can be treated similarly); denoting
this amplitude by f.(6), we can write
RS (20 +A8;)
1) = 10) + 7 =) (21 + 1) A% 5in A Py(cos 6). (18.121)
1=0
Since by hypothesis the shielding only significantly affects the s wave, we can
ignore the corrections for [ > 1 and write

£(6) = £(6) + 05 sin Ay (18.122)
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Putting this result in the general formula for the differential cross section

d
% = (0% (18.123)

and setting 6 = 7w, we obtain for the backward cross section

do do Ruther 1 . 2 1 —i(280+A00) o
= — sin® Ady + 2Re Efc(ﬂ)e 120020 6in Ady | -
O=m

a9 ©), T
(18.124)
In the s-wave approximation, we can write
d Ruther 1/2
o .
fo(m) = — <d_Q> ] %%, (18.125)
0=m

so we obtain

1/2
p d Ruther 1 1 d Ruther
(d_g) _ (d_;) n ﬁsmz A%y~ ¢ [(d%) sin 2Ad. (18.126)
0=m O=m

0=m
From the numerical values m, = 1.67 x 107*" kg, £ = 0.3 MeV = 4.806 x 10714 J,
it follows that
I (1.054 x 10734 J - 5)?
k2 2mE  2(1.67 x 10727kg)(4.806 x 1014 J)

=6.921x10"* m? = 0.692 barn,
(18.127)

1
7 = 8319 % 10~ m. (18.128)

Writing also e? ~ hc/137 = 2.308 x 10728 J-m, and approximating the differential
Rutherford scattering cross section with the expression

d_O' Ruther B 212262 2 (18 129)
d ~ |4Esin%(0/2)| ’ '

we obtain for Zy = Zx = 13,
(dJ)RUther B {13 (2.308 x 10728 J.m)

2
} =2.436 x 107 m?/sr = 2.436 barn /sr.

), . 4(4.806 x 10-147)
(18.130)
From the experimental data we know that
d d Ruther
(%) = 0.96 (£> , (18.131)
O=m O=m

from which

d
(é)h — 2.339 barn /sr. (18.132)
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Substituting (18.127)), (18.128)), (18.130) and ((18.132)) into ([18.126)), we obtain
2.339 x 1072 = 2.436 x 1072 + 0.692 x 1072 sin” Ady — 1.298 x 10727 sin 2A 4,

which can be rewritten as

sin 2A8y — 0.5331sin* Ady — 7.473 x 1072 = 0. (18.133)

The roots of this equation in [0, 7] determine the value of Ady. These roots are
Ay =2.2°, Ay = T72.9°, (18.134)

of which only the first should be considered, since the value of , for the Coulomb
phase shift is very small. Given the small value of Ady, it is possible to approximate
in the sine with the arc, which quickly leads to the previous numerical
solution. The positive phase shift indicates that it is an attractive interaction.

P18.10 Consider scattering by a uniform spherical well of radius a and (large)
depth V4. Show that the condition for bound states to exist is

1
kl(l = (TL + é(l + 1)) T,

where k? = 2m(E + Vp)/R?.
Solution. Let us consider the attractive spherical potential well defined by
Eq.(18.70); the radial Schrédinger equation is

PR 2dR I(1+1)  2m

a2 o dr ot ﬁ(Vo +E)R=0, r<a, (18.135)
>R 2dR I(I+1 2
W%’;%—%R%-}:L—?ER:O, > a. (18.136)

We are only interested in the solutions for E < 0, since we are looking for bound
states. Defining the constants

2m 2m|E|
b= (o —E), o=, (18.137)
we can write
&’R 2 dR I(I+1)
kir B = < 18.1
d(kyr)? * kyr d(kyr) { K22 } =0, r<a, (18.138)
d’R 2 dR 1+ 1)
iar - R=0 . 18.139
d(iar)?  dard(iar) + { (iar)? } ; r>a ( )

Both equations have as solutions the spherical Bessel functions. To ensure that
the appropriate boundary conditions are met, we proceed as follows. The solution
for r < a must be regular at the origin, which eliminates the Neumann functions,
and we are left with

R(r) = Aji(kyr), r<a, (18.140)
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where A is the normalization constant. The solution for r > a must vanish expo-
nentially as r — oo; since the spherical Hankel functions of the first kind are the
only Bessel functions that behave as e, we take as solution

R(r) = Bhl(l)(iozr), r>a. (18.141)
With this choice we have that, indeed, when r — oo, hl(l)(iar) ~ eilior) — g=ar,
The continuity conditions at r = a lead to the relation
b dilp)| o dh(p)

qp) dp lp=kia  pV(p)  dp
This equation determines the possible bound states, but its exact solution is in

general unattainable. Suppose that the potential is so deep that kia > [; in this
case we can use the asymptotic form of the Bessel functions

(18.142)

p=taa

1
ilp) ~ = cos [p - g(l + 1)} , (18.143)
1 1
hY (p) = jilp) + iny(p) ~ _ cos [,0 - g(l + 1)] +isin [p . g(l + 1)] . (18.144)
so that L dip) |
JI\p ™
: ~———tan |p——=(+1)], 18.145
gilp) dp p [p 3 )} ( )
1 dnM 1
L ) L. (18.146)
hy " (p) dp P
With this, equation ([18.142]) reduces to
k?l 1
— — —kitan|p—Z(l+1 =——« 18.147
p ' [p 2( )} p=Fk1a P p=iaa ( )
that is,
tan [kya — (1 +1)] = kﬁ (18.148)
1

This is the condition that determines the position of the bound states. To solve
it approximately let us note that a/k; = \/|E|/(Vo — | E]) becomes very small if
|E| < Vy, so that the condition kja > [ implies that the tangent must have a
value very close to zero. Therefore, as a first approximation we can write

kra — 5(l+1) ~nm, (18.149)

or
h21?
_ 1
kia=(n+3(1+1)m, Vo > 55 (18.150)
Combining this result with (18.137)) we obtain the approximate eigenvalues of the
energy,

m2h?

Eu==Vot5—s (n+3(+1)". (18.151)
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P18.11 By solving the radial Schrédinger equation with the scattering potential
as a perturbation, derive Eq. 1], (18.110) for the phase shift when it is small,

o = 7/, rV (r)Jiyy o (kr) dr. (18.152)
Note that with this procedure we avoid using Eq. 1], (18.109) .
Solution. Since the unperturbed problem is degenerate (scattered particles all
have the same energy regardless of direction), we must apply degenerate perturba-
tion theory, which complicates the treatment. A simpler and more direct approach
is as follows.

We start from the original radial Schrédinger equation

d*Ry(r) {kz I(l+1) 2m

—o+ - ﬁV(r)} Ri(r) =0, Ry(0)=0 (18.153)

and the corresponding free-particle equation

d*g;(r) o l(l+1)
el [/c - = ) =0, a(0) =0, (18.154)
Multiplying (18.153)) by ¢; and (18.154) by R;, then subtracting, we obtain
d*g;(r d*Ry(r) 2m
R TI) gy TI _ 20 ) By, (18.155)
Integrating over r € [0, p] yields
de dgl 2m P
— — R— = — V(TR dr. 18.156
o mG| =% [ver@ame s

The free radial solution has the form
gi(r) = krj(kr), (18.157)

where j;(kr) is the spherical Bessel function. Since (18.156]) is homogeneous (bi-
linear) in g; and Ry, the results are independent of normalization factors. For the
asymptotic solution (p — 00), we approximate

gi(r) = sin(kr — i), (18.158)
Ry(r) =sin (kr — lm + &) . (18.159)
With these substitutions, Eq. (18.156)) reduces to
2 (e.)
ksind; = —h—”j V(r)Ri(r)gi(r)dr. (18.160)
0

This result is exact but formal, since the sought phase J; is expressed in terms of
itself through R;(r). To obtain a useful expression, although approximate, for d;,
let us observe that the difference between the radial functions R;(r) and g;(r) is due
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to the presence of the scattering potential; if we consider this as a perturbation,
to lowest order we can replace R;(r) with g;(r), which leads to

2m [ 2mk

Rk g V() g (r) dr=—= /OOOV(T)J'?(M) r2dr.  (18.161)

sin 0; ~

The requested form for §; is obtained from here by introducing the relation

. s
Jo(kr) = g Jivye (kr) (18.162)

and approximating for small phase shifts sin d; ~ ¢;.

P18.12 Show that the condition: incident wave flux = outgoing wave flux, implies
that |S]? = 1.

Solution. The condition, flux of the incident wave = flux of the outgoing wave,
means that if we calculate the total flux of particles through a spherical surface
in the asymptotic region centered at the origin of coordinates, the result must be
zero. We write this condition in the form

J= /Jrrzd(? =0, (18.163)
Q
with the radial flux given by
h oY o*
= — —— — ) 18.164
Ir 2im<w8r 87“) (18.164)

To perform the calculation we start from the general expression for the asymptotic
solution, which we write for convenience in the form

o(r,0) = i(m + 1)#%3@%9). (18.165)

=0

The function x;(r) can be expressed in the asymptotic region as
() ~ sin(kr — gz + 8y, (18.166)

with §; the phase shift of the [ wave. From ([18.165|) it follows that

oY - 21 [dx(r) 1
—— =Y (20 +1)i'— — = Py(cos ). 18.167
I L LG (18.167)
The second term on the right side is of order O(r~2), which implies that multiplying
it by 721* gives a contribution of order O(r~1), which when integrated over a sphere
of infinite radius vanishes. For the determination of the flux it is then sufficient to
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retain the first term, so we write

817& (i) X;‘(r)Xm/ (T)Pl(cos 0)Py(cosf) + - ;

— = 204+ 1)(2U' + 1
v 21+ D+ 1) o
1=0 1'=0
(18.168)
N o N ) dxii (r)
v _ZZZZ (20 + 1)(20 + 1)" 5 Xa(r) = Pilcos0) Pr(cos 0) +
(18.169)
The total flux is then given by
O 0Pt
__ih 18.1
2m (w ar — 8r>r sin 6 df dy (18.170)
' N v dxr (r) vy I (r)
= 2 (20 +1)(20 +1 ; — (=) l
i w{ZZ[ L+1)(2! + D (=i)'] x [xlm e ()=
></ Py(cos )Py (cos ) sin9d9}.
0
(18.171)
With the orthogonality condition of the Legendre polynomials
/0 Py(cos )Py (cosf)sinf do = 2l+15w’ (18.172)
the previous result reduces to
2mh ~— . dxi(r) dx;(r)
= 204+ 1 — —_— 18.1
= e 2 ) [ ) M (18.173)

an expression that must be evaluated at r — oo. From (|18.166)) and its derivative,
both valid in the asymptotic region,

dx;(r)
dr

m:kcos<kr——gl+—@>ewﬂ (18.174)

it follows that

) 2y P

dr
— ke [Sin (kr— gl—i-éf) COS( r— —l—|—5l> —Sln( r— gl+5l> Ccos (kr— gl—l—dl*ﬂ ,

(18.175)

(18.176)
= —ke'O =0 sin(8; — 7). (18.177)
The total flux over the sphere at infinity results in thus given by
2mih
J = 0NT @1+ 1) 000 sin () — 7). (18.178)

mk
1=0
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The condition J = 0, Eq. (18.163)), is satisfied only if § = 4;, that is, for real phase
shifts. This condition corresponds to elastic scattering, since, as demonstrated
in [1], Section 20.7, complex phase shifts are equivalent to the introduction
of absorption and, as follows from the present discussion, imply a non-unitary S
matrix. In this case, from the definition for the [ element of the (elastic) scattering
matrix,

Sy(k) = %, (18.179)

it follows that
Si(k) = e, (18.180)
1Si]? =1, (18.181)

which is the requested result.
An alternate way to reach the same conclusion is the following. We write

(18.165)) in the asymptotic region in the following form, with S; = €%,

o 6y
W(r,0) = Z(Ql + 1)2’12 sin (kr - llw + 51) Py(cos ) (18.182)

r 2
1=0

Z (20 + 1)7" 2— [Se (kr=im/2) _ (l‘”—l”/m} Py(cosb). (18.183)
ikr

This expression includes both outgoing and incoming waves, which can be identi-

fied as
—i(kr— —)

in _ (2l—|—1)wTPl(cosﬁ), (18.184)
l i(kr—%’)
out — (] 4 )5162—Z,P,(cos9). (18.185)

With this identification and ([18.164]) we obtain for the incoming and outgoing
radial flux

hk 20 +1)?
| Jin| = ( k;;ﬂ) P?(cos ), (18.186)
hk (20 +1)?
| Jout| = 4m%|51\232(6089). (18.187)

As in the previous demonstration, we can ignore terms that go as r~3, since in the

asymptotic limit » — oo they do not contribute to the total flux. The condition

| Jin| = | Jout| now leads directly to (18.181)), |S]* = 1.

P18.13 Show that the flux J through a spherical surface of radius r — oo is given,
in the case of elastic scattering, by

J=uv <0 _ 4% Imf(O)) | (18.188)
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Solution. From ((18.113)) we have with = 0 and F(1) = 1,

=5 Z (20+1) (¥ —1). (18.189)
It follows that
Im f(0) = w = 41k looo (20 + 1) (¥ + e —2). (18.190)
On the other hand, from Eq. and the equalities
o2 _ 2

sin? §; = |e“5151n(51| = , (18.191)

27

it follows that the total (elastic) scattering cross section can be written as

47

0=13 (21 + 1)2 (¥ —1) (7 —1), (18.192)
=0
o= /:2 i(m +1) (2O 4 1) — % i 20+ 1) (e 4 e72°) . (18.193)
=0 =0
Combining with we obtain
- 4% Im £(0) = 5 f; (20 + 1) (€00 1) (18.194)
= % f:(% + 1) o) (HO=00)  emilo=ap)) (18.195)
=0
= % i(Zl + 1)’ gin (6, — 7). (18.196)

Since the velocity of the incident particles is v = hk/m, it is possible to write this
result in the form

4 9 () . .
v (a - % Im f(())) = mkh (21 + 1)e’ %) sin(§; — 67). (18.197)
m
1=0

Comparing with ([18.178)) we recognize that the right-hand side of this expression
represents the flux integrated over the surface of the sphere at infinity, so that we

can write

J=uv <0 - 4% Imf(O)) : (18.198)
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which is the required result. As we saw in the previous exercise, conservation of

flux implies that J = 0, an observation which leads directly to the optical theorem,
4

o= % Im £(0). (18.199)

Since for this proof it was not required that the phase shifts be real, the optical
theorem is demonstrated for both elastic and inelastic collisions.

An illustrative application of the optical theorem is the following. From
it follows that

(j—g) ~ 1O, (18,200

and taking into account that |f(0)|2 > [Im f(0)]?, it follows immediately from

(18.199) that
do kO’
(ELZO > (E) 0L ol (18.201)

P18.14 Determine the scattering amplitude and the differential cross section in
Born’s first approximation for the potential V50(r — R).
Solution. The given potential is

V(r) =VWd(r — R). (18.202)
In the first Born approximation, the scattering amplitude for a central potential is
2 o
f(0) = _hTm rV (r)sin(qr) dr, (18.203)
qJo

where ¢ = 2k sin(6/2) is the momentum transfer, k = v/2m£E /h is the incident wave
number and E is the incident particle energy. Substituting V(r) = Vyd(r — R) into
the integral

/00 rVod(r — R) sin(qr) dr, (18.204)
and using the key property 0(1)C Dirac’s delta
/00 f(z)o(z —a)dz = f(a), (18.205)
we write -
/000 ré(r — R)sin(qr) dr = Rsin(qR), (18.206)

since the delta "selects" the value at r = R. Substituting the integral result into

f(0)
2m
hYg

f(o) = - VoRsin(qR) (18.207)
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and simplifying, we get

2mVoR
£(0) = —% sin(qR). (18.208)
The differential cross section is defined as
do
— =|f(0)* 18.2
o =17(6) (18.209)
Calculating the squared modulus of f(#), we obtain the final result,
d 2mVpR\”
d—g - ( ”;2; ) sin?(qR). (18.210)

P18.15 Find the differential and total cross sections in Born’s first approximation
for the Gaussian potential Vj exp (—a?r?).

Solution. For the Gaussian potential V (r) = Vpe™®", in the first Born approxi-
mation the scattering amplitude f(6) is calculated using

m
2mh?

Since the potential is spherically symmetric, the integral is evaluated in spherical
coordinates,

f(0) = V(r)e' T dr. (18.211)

2mVy [~
f(0) =— m7o / e’ sin(gr) r dr (18.212)
h2q  Jo
The integral gives
/ e~ sin(qr) rdr = %e—(f/@la?)' (18.213)
0 a

Substituting this result into the expression for f(6), we get
20Vo VTG g2 jar) _ _VOVT 2 a2y

= — . 18.214
1) h?q  4a? 2h2a? (18 )
The differential cross section do/dS2 is given by |f(0)|?, so
dO‘ m‘/b\/'TT 2 7q2/(2 2) mQVbQﬂ' 7(12/(2 2)
= = ) — @ 18.215
0 < 21243 ) ‘ Ahad ’ ( )

where ¢ = 2ksin(f/2) is the magnitude of the momentum transfer vector, and

k = (V2mFE)/h is the wave number.
For the total cross section o, we integrate do/dS2 over all solid angles,

do T do
= [ —dO =2 —si ) 18.21
o /de 7r/0 dQsm@dQ (18.216)
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Changing the integration variable to ¢, with sinfdf = ¢/k*dq, and limits from
q=0to q =2k,

2k, 27/2 2,,21/2 2k
mVET 2942y 4 T m-V — a2 /(202
o=2n [ e = Gy [, M0 (s o)
0 0
The integral gives
2k
/ 120 g g o2 (1_6*2’62/@2), (18.218)
0
therefore,
7T2m2‘/02 2 22 /g2 7T2m2V2 2.2
o ) —2k%/a?\ _ 0 _ —2k%/a
7= pigzes ¢ (1 ¢ )‘ DhkZat (1 ¢ ) (18:219)

Expressing k? in terms of the energy E, we obtain the final result,

7T?m2‘/62 ‘ h? (1 B 6_%2/@2) _ 7r2mV02 (1 B 6—4mE/(ﬁ2a2)> ’ (18.220)
2h4 2mEat 4h2Eat

where 2k?/a? = 4mE /(h*a?).

g =

P18.16 Particles of mass m are incident on a central potential of the form

0o, r<a,
V(r)=4<¢ -V, a<r<2a,
0, r > 2a,

Vo > 0. Show that the cross section o is such that
lim o = 47 [k ' tan(koa) — 2a] 2,

v—0

with ko = (2mVy/h2)">.
Solution. In low-energy scattering, only the s-wave (I = 0) contributes signifi-
cantly. The cross section is related to the scattering length as by

o = 4ma’. (18.221)

Our goal is to compute a, for this potential. The radial wave function u(r) = rR(r)
satisfies the Schrodinger equation

m? d*u
- %W + V(T’)u = Eu. (18.222)
For [ = 0, this simplifies to
v 2m
W —+ ﬁ[E — V(r)]u = O. (18.223)

We consider the low-energy limit: E = % — 0,50 k— 0.

Region I: r < a. Since V(r) = oo, the wave function must vanish,
u(r) = 0. (18.224)
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Region II: a < r < 2a. Here, V(r) = =V;, and E =~ 0, so the equation becomes

% +k2u =0, where k= 222‘/0 (18.225)
The general solution is
u(r) = Asinlky(r — a)] + B cos[ko(r — a)]. (18.226)
Applying the boundary condition u(a) = 0, we get B = 0, so:
u(r) = Asinlko(r — a)]. (18.227)
Region III: r > 2a. Here, V(r) = 0, and k — 0, so the equation becomes
% = 0. (18.228)
The general solution is
u(r) = C(r — as), (18.229)
where a, is the scattering length.
We require continuity of u(r) and «'(r) at r = 2a. From Region II,
u(2a) = Asin(kpa) (18.230)
u'(2a) = Akg cos(koa). (18.231)
From Region III,
u(2a) = C(2a — as) (18.232)
u'(2a) = C. (18.233)
Matching values and derivatives,
Asin(koa) = C(2a — as) (18.234)
Akg cos(koa) = C. (18.235)
Dividing Eq. (18.234) by (I8.235)
% =% —a, = % =2 — a, (18.236)
and solving for a,
a, = 2a — tan]ifoa) (18.237)

we get for the low-energy cross section

tan(k 2
o = dma® = dn (M - 2a) . (18.238)
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P18.17 The scattering amplitude for a certain interaction is given by
1, . .
(o) = e (e™*sinka + 3ie*™* cos ), (18.239)

where a is the characteristic length of the interaction potential and k is the
wavenumber of the incident particles. Find the differential cross section for s-
waves for this interaction.
Solution. Given the scattering amplitude we isolate the s-wave (¢ = 0)
contribution to find the differential cross section. The s-wave scattering ampli-
tude is angle-independent and corresponds to the aq coefficient in the partial wave
expansion,

fs(0) = ao. (18.240)
This coefficient is obtained by integrating f(6) over the solid angle, using the
property of Legendre polynomials Py(cosf) = 1,

/ f(0)d(cosh). (18.241)

We substitute z = cosf and dx = d(cos6),

ag = %/_11 % (e™ sin(ka) + 3ie**z) dx. (18.242)
and separate into two integrals,
ag = % {eika sin(ka) /11 dx + 3ie*™*® /11 xdm] . (18.243)
Since f_ll dx =2 and f_ll xdxr = 0, we get
ap = i [e*sin(ka) -2+ 0] = 11: ka gin(ka). (18.244)
The s-wave scattering amplitude is
fo(0) = %ek sin(ka), (18.245)
and the s-wave differential cross section is
dgs = [£,(0)2 = | e sin(ka) 2 (18.246)
Since |e?*?| = 1 and Sin(k‘a) is real, the result is
fl‘g - %sm (ka). (18.247)

P18.18 Determine the phase shifts ¢; produced by the potential V(r) = g/r?. Find
the effective differential cross section and verify that it is inversely proportional to
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the energy.
Solution. For the potential V(r) = g/r?, the phase shifts ¢; are determined using
the Born approximation for small phase shifts, given by

2mk [
o = —%/ r252(kr)V (r) dr. (18.248)
0
Substituting V (r) = g/r?, we have
2mk [, , g 2mkg [ ,
o = —F/O %5 (kr)ﬁ dr = — 2 /o gi (kr) dr. (18.249)

The integral fooo g2 (kr) dr is evaluated using the property of spherical Bessel func-
tions,

T P2y de = —T 18.250
With the change of variable x = kr, dr = dx/k, we obtain
° 1 [ 1 70 T
2 (kr)d :—/ dx = : 18.251
/0 Jitkr)dr =2 | i(w)do = ¢ 220+ 1) 2k(2A+ 1) ( )
Substituting into the expression for §;, we obtain
mgm
0= ————. 18.252
TUR(20+ 1) (18:252)

These phase shifts are constant, independent of the energy E, and depend only on
the quantum number /.

The differential cross section is obtained from the scattering amplitude f(6),
given by equation

1 o0
=57 (21 + 1)(e*® — 1) Py(cos ). (18.253)
2 =0
Substituting 4,
1 i 2imgm
- —kz (20 + 1) (e Poi 1) Py(cosh). (18.254)
=0

The differential cross section is given by do/dQ2 = |f(0)|?,

2

1 e __2imgm
—0 - —kz (20 +1 (e RoiD 1) Py(cos ) (18.255)
1=0
I i
— Y@+ <e PG 1) Py(cos 6) (18.256)
=0
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Since k = v2mE/h, we have k? = 2mE/h?* so 1/k* o 1/E. The sum in the ex-
pression for do /dS2 is independent of F, since §; does not depend on E. Therefore,
the differential cross section is inversely proportional to the energy,
do 1
Q"B
This verifies that the differential cross section is inversely proportional to the
energy.

(18.257)



CHAPTER 19

Relativistic Equations. An Introduction

P19.1 Solve the Klein-Gordon equation for an isotropic attractive potential of
depth V4 and radius a; find the continuity conditions at r = a. Obtain the mini-
mum value of V) needed to bind a particle of mass m.

Solution. The Klein—Gordon equation for a free particle

m2c?

Ow — 2 v =0, (19.1)
with o2
1
O=V’--— 19.2
can be reexpressed in terms of the four-vector
Dy = —tho, (19.3)
in the form
(Db +m*c®) ¥ =0, (19.4)
where the index u takes the values u = 1,2, 3,4 and x4 = ict, so that it follows that
O = —p.p,/h*. The present problem requires extending this equation to the case

where the particle is under the action of a central scalar potential. To construct
this generalization we can apply the principle of minimal coupling, which is known
to be effective both in the classical case and in nonrelativistic quantum mechanics,
and is also applicable in the relativistic context. This principle consists of making
the substitutions

.0 .0 L0
E = zha — zha —ep = Zh& + ieAy, (19.5)
p=—ihV — —ihV — ZA, (19.6)

with Ay = i¢; note that the commonly called “scalar potential” ¢ is in fact the
fourth component of the four-vector A, = (A,i¢). In terms of this four-vector,
the principle of minimal coupling is expressed as

. . e

Pu = Dp = A, (19.7)
and it leads directly to the Klein—-Gordon equation, which describes the behavior
of a particle in the presence of an electromagnetic field,

(ﬁu - ZA“> (ﬁu - ZAM) U+ m*c*T = 0. (19.8)

373
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For the study of stationary states it is convenient to separate the spatial derivatives
from the time derivative, so we write

i e \2 e \2
> (0= SA) e (Be- SA) W miRw =0, (19.9)
& &
=1

and look for a solution of the form

(r,t) = p(r)e EVh, (19.10)
With
2 h 2 E 2 E e, \?
c cot ¢ c ¢ c c
(19.11)
equation ((19.9) takes the form (eliminating the common factor e=*#*/")
) IO, 2
(5~ ZA) W(r) — <€ + §A4> B(r) + m2p(r) = 0. (19.12)
For a central scalar potential
eAy =iV (r), A =0, (19.13)
equation (|19.11]) reduces to
p*p(r) — [(E —V(r)? - m264] w(r) =0, (19.14)
or equivalently,
1
V24(r) + = [(E —V(r)? - m204] Y(r)=0. (19.15)

This is the form taken by the stationary Klein—Gordon equation for a static central
potential. Equation (19.15]) can be solved by comparison with the Schrodinger
problem, making the substitution

2m 1
Expanding, the correspondence between the relativistic and nonrelativistic values
results in

E? —m2ct
EHOH re 19.17
R W ( )
2F -V
Vion re 19.18
! 2mc? ( )

The second of these equivalences is particularly interesting, since it shows how
the transition is made from the scalar potential V., ro1 to the relativistic potential
V = —ieAy (time component of a four-vector). In particular, the spherical uniform
well continues to be a spherical uniform well, although with a slightly modified
depth; for other potentials, however, the dependence on 7 is different in the two
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theories. Nevertheless, the modifications are generally small, as can be seen by
writing £ = mc? + Fyon rel, from which it follows that

E? —m?2c 1
Sz g (E +mc®)(E — mc?)
1
= 22 <2m62 + Enon rel)Enon rel
Enon re
= (1 + 2m021> Enon rels (1919)
2E -V 2F on el — V
S Ve:<1+——7za§——)vi (19.20)

It is clear that in both cases, for small energies compared to the rest energy, the
relativistic expressions reduce essentially to the nonrelativistic ones.

We now proceed to solve Eq. , although omitting details widely covered
in [1]. Since V depends only on the radial coordinate, it is convenient to use
spherical coordinates, in terms of which this equation is written as

i222+ 1 88 92 _ 8_2¢()
2or or | rZsmfaf " o9 r2sin293<p2 "

hj (B = V() — m2c] (r) = 0. (19.21)
To separate variables we set
W(r) = R(r)Y (0, ¢), (19.22)
which leads to
10 ,0R r? 1 0 oY 1 0%
Ror or e h2c? [(E Vi) _m%ﬂ T Ysindod ng% a mﬁ_gﬂ
(19.23)
This equation is equivalent to the pair of differential equations
77122187“@%— (E—V(r))? —mgc4—i R=0 (19.24)
20r  Or r? ’
1 0 oY 1 %Y A

— 0— Y =0 19.25
sin 6 90 sin o0 * sin? @ Oy? * h2c? ’ ( )

where A is the separation constant. The angular equation is exactly the
same as the one for the Schrodinger problem, and its solutions are the spherical
harmonics with A = R2c21(1+1),1=10,1,2,..., and m = 0,41, 42, .... With this
value of A\ the radial equation takes the form

R" + H+¥LKE—vmf—m%ﬂR—W+UR:0 (19.26)

R2c2 2
The change of variable R = u(r)/r leads to a relativistic version of the (one-
dimensional) radial Schrodinger equation; however, as follows from ((19.26)), in this
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case, instead of the effective potential associated with the centrifugal term, it is
more appropriate to speak of an effective mass, given by the combination of the
last two terms. In the present case, we have, with Vy > 0,

—Vo, r<a
Vir)= ’ - 19.27
(r) {0, r > a, ( )

For r < a, we have that (E — V(r))? — m?c* > 0 (assuming that the depth of the
well exceeds the binding energy), so that Eq. ((19.26) reduces to

0?R  20R I(1+1)
—_— 4 —— 1-—=|R=0 19.28
7 e ( p? ) ’ (19.28)
where we have set
B 2 2.4
p=kir, k= (E+Vo)” —m’c p < kia. (19.29)

h2c? ’
For 7 > a, we have that (E — V(r))? — m*c* = E? — m?c* < 0, since the binding
energy is negative, so the total energy must be less than mc?.  This makes it
convenient to write the radial equation in the form

2R 20R (14 1)
ST (S R=0 19.30
a7 oo ( P ) ’ (19:30)
with
m2ct — B2

p = ikor, ki = lp| > koa. (19.31)

R2c2
As has been discussed, these equations have as solutions the spherical Bessel func-
tions j;(p), the spherical Neumann functions n,;(p), and the spherical Hankel func-

tions of the first and second kind hl(l)(p), hz(2) (p). For r < a, one can take j;(p) and
ny(p) as linearly independent solutions and write the general solution in the form
R(r) = Aji(kyr) + Bny(kyr). (19.32)

The condition that R(r) be regular at the origin eliminates the Neumann functions
ny(p), so that we take B = 0,
R(r) = Aji(p), r <a. (19.33)

For r > a, the solutions that correspond to bound states must converge as r — oo,
a behavior that corresponds to the functions hl(l)(p), which decay exponentially at
infinity for p = ikor,

R(r) = Blji(p) + ini(p)] = Bl (p), 1 >a. (19.34)

The function hl(z)(p) cannot appear in the solution because it grows exponentially
with 7. The energy eigenvalues are obtained from the condition of continuity of
the wave function and its derivative at » = a. As usual, these two conditions lead
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to the condition of continuity of the logarithmic derivative (the prime indicates
derivative with respect to the argument),

. 1
10| B a1
Analyzing this boundary condition for arbitrary [ is quite complicated. However,

we can consider the special case of the s-states, for which [ = 0. Using the
expressions given in [1], Appendix A.1.5, we can write for this case

(19.35)

sin p , cosp  sinp

Jolp) = , o Jolp) = , 19.36
o(p) P o(p) P o7 ( )
. , sin .COS i,
1 (p) = jo(p) + ino(p) = =2 — i 2L = _Lemie, (19.37)
o p p
0 i
e (p) = = (1+ —>, 19.38
o (p) p p (19.38)

so that the condition (|19.35]) for [ = 0 becomes

sin kja kq K 1 k
kra — = —hge 00 (14 — | ¢hoa
(COS 1 kia ) sin kya 0 + koa <

which reduces to

kla cot(kla) = —]{foa. (1939)
This result is analogous to that obtained for the nonrelativistic uniform spherical
well in [1]. From the analysis carried out there we know that the energy eigenvalues
and the number of bound states are given by the intersections of the curves (we
set © = kya),
k’oa
y1(z) = cotz, ya(z) = T
For at least one s-state to exist, at least one intersection must occur, which imposes
the condition

v = kia = hﬁ\/(E V)2 — mct > g (19.40)
c
When the binding energy is small compared to the electron rest energy, this equa-
tion gives the approximate condition
2h3c?
a2
Writing £ = mc® + AE (AE < 0 is the binding energy), we obtain

2mc*Vy + Vi > (19.41)

1 1
ki = %\/(mc2 + AFE 4+ Vp)?2 —m2ct = %\/Qm@(AE + Vo) + (AE + Vp)?,

(19.42)
and neglecting AE + V, compared to 2mc?,

V2m(AE + V)
]{?1 =

R~ o ,
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which is precisely the nonrelativistic expression appropriate for this variable, so
that Eq. (19.40)) reduces to the corresponding nonrelativistic condition.

P19.2 Use the method suggested in Problem P19.1 and the approximate equiva-
lence .

T E=V)] = s [(E—V(r)* —m*"], (19.43)
to obtain the Klein-Gordon solution for the spherical uniform well from the solution
of the corresponding Schrodinger problem.

Solution. Consider a uniform spherical well of radius a and depth Vj,

Vi) = Vo forr<a (interi.or) (19.44)
0 for r > a (exterior).
For s-waves (¢ = 0), the radial Schréodinger equation for u(r) = rR(r) is
h? d*u
- %W + V(r)u = E'u (1945)
Inside the well (r < a),
d*u 2m
Tt k*u =0, where k* = E(E + V). (19.46)
with general solution wiy(r) = Asin(kr). Outside the well (r > a),
d*u 2mE
o k*u =0, where x*> = — 2 (E <0), (19.47)
with solution: ey (r) = Be *".
Using the equivalence
2m 1 9 9 4
ﬁ[E —V(r) — %[(E —V(r))* —mc, (19.48)
the Klein-Gordon equation becomes
d*u 1 ) 5 4
W%—%[(E—V(r)) —m*c*lu = 0. (19.49)
Inside the well (r < a),
d2u ) ) (E+%)2—m204
W + kkgu = 0, kkg = n202 s (1950)
with solutionuiy (1) = Asin(ki,r). Outside the well (r > a),
d*u 9 ,  mict— F?
W - /‘ikgu = O, /ﬂ?kg = W, (1951)

with solution uey(r) = Be "™=". The physical solutions mut meet the conditions
of continuity at r = a,
Asin(kyza) = Be ",
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and continuity of the derivative,

Akyg cos(kiga) = —BRyge ™,
which combined give the quantization condition
kg cOt(kyg@t) = —Kig, (19.52)
that is,
V(E +V5)2 — m2ct cot (%\/(E + V)2 — m204) = —vm2ct — E2. (19.53)

The transcendental equation determines the allowed values of E Solutions exist
when

|E| <mc® and (E+Vp)? > m2ch. (19.54)

For E ~ mc? + € with € < mc?, we recover the Schrodinger equation, and

V2me cot (% 2me> = —\/2m(Vy — o). (19.55)

The complete radial wavefunction R(r) = u(r)/r is

A—Sm(kkgr> forr <a
R(r) = 6,,{13;,, (19.56)
B forr > a
r

where the constants A and B are determined by normalization and boundary con-
ditions.

P19.3 Show that the expectation values of E and p? for a general packet solution
of the Klein-Gordon equation satisfy the equation (E?) = ¢*(p?) + m?2ct.
Solution. To show this we begin by recalling the Klein-Gordon equation for a
free particle

1 0? ,  m?c?
== — =0. 19.57
(02 ot? Vi h? )w ( )
In terms of operators, this is written as
E* = Ap* + mPc, (19.58)

where F = ih% and p = —ihV. Therefore, for any solution ),
(E2 - m204> b =0. (19.59)

Consider a general wave packet ¢ (r, t) that is a solution of the Klein-Gordon equa-
tion. To compute expectation values, we must use the appropriate inner product
for the Klein-Gordon equation. For positive-energy solutions, the conserved and
positive-definite inner product is

(6]6) = m/ < *%—f - a§*¢) iz, (19.60)
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We assume that v is normalized,(y)|1)) = 1. The expectation value of an operator
O is defined as (O) = (¢|Ov). Applying this to the operator equation, we have

(| (EQ - m204> b =0, (19.61)
which expands as

(WIE*) — Elp*y) — mPc (yly) = 0. (19.62)

Substituting the definitions of the expectation values and the normalization, we
obtain

(E%) = 2 {(p?) + m>c. (19.63)

This shows that the relation holds for any general wave packet solution of the

Klein-Gordon equation, provided the correct inner product is used and the solu-
tion is normalized.

P19.4 Show explicitly that the matrices v, and «, satisfy the appropriate anti-
commutation rules, given in [1], Eqgs. (19.36) and (19.52).
Solution. The 4 x 4 Dirac algebra matrices can be constructed from the following
elements.

a) The three 2 x 2 Pauli matrices (the 2 x 2 matrices are denoted here with a
prime, to distinguish them from the 4 x 4 matrices),

L (01 O L (1 0
01—(1 0), 02—(2. 0), 03—(0 _1), (19.64)

of =T, 605 =10y + iciju0y; (19.65)
b) The three 4 x 4 matrices p;, defined as
. (O . Q" =il . r o
p1 = (H/ @/) ) P2 = (Z-]I/ o’ ) ) pP3 = (@/ —H/) ) (1966)
with the properties
p; =1, /51' = Dis PiPj = —Pjpi; (19.67)

c¢) The three 4 x 4 matrices ; defined as

~/ /
G; = (g;' 2,) , (19.68)

)

with the properties

62 =1, G
In addition, the matrices 6; and p; commute,

6.5 = pibi. (19.70)

From now on, the identity operator I will simply be written as 1. We adopt the

convention that Roman indices take the values 1,2, 3, and Greek subscripts take
the values 1,2, 3, 4.
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a) In the Dirac-Pauli representation, the matrices &, and 74, are defined as

& = pi6i,  au=—F,  B=py (19.71)
"A)/i — ﬁz&i, "3/4 - ,53. (1972)
From the previous definitions and properties, it follows that
&i&j + GGy = pr16ip16) + pr0p10i = pi (6165 + 6563) (19.73)
which, with the help of ((19.67)) and (19.69), reduces to
In an analogous way,
Q;Qy + Gy = —P103p3 — P3p10; = —P1P30; — P3P10;
= p3p10; — p3p10; = 0, (19.75)
and finally,
Gyl + Guby = 2p3 = 2. (19.76)

The results ((19.74]), (19.75)), and (19.76) can be summarized in the anticommuta-

tion property
G0 + G0y = 20, (19.77)

To obtain the properties of the 4, matrices one can proceed in a similar way. Using

(119.70) we write

A AV = 202l + P20 p20s = P (5:65 + 6,04) (19.78)
from which it follows that
Yy + Vi = 2045 (19.79)
On the other hand,
ViYa + YaYi = P20ip3 + P3p20i = P2p30i + P2p30; (19.80)
= P2p30; — Pap30; = 0, (19-81)
and finally,
AsNs + Aas = 2p5 = 2. (19.82)

The properties (19.79), (19.81)), and (19.82) can be summarized in the anticom-

mutation relation

VYo + YV = 20 (19.83)
b) The Kramers or Weyl representation uses the alternate definitions
& = P305, qy = —B=—pi; (19.84)

A~

Yi = —ﬁga'l', ’3/4 = ,51. (1985)
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Proceeding as in the previous case, we obtain

QiGy + Qul; = —p30ip1 — P1P30; = —P3P10; — P1P30; = P1P30; — P1Psoi = 0,
(19.87)
QuyGy + Guydey = 2% = 2. (19.88)

We see that in this representation the same anticommutation property (19.77)) is
satisfied. Similarly, we obtain

Y4j + A5 = PaGipalj + P20;pad; = p5(6:6; + 6,6;) = 28y, (19.89)
YiYa + VaYi = —p20ip1 — P1P20; = —P2p10; — p1p20; = 0, (19.90)
s+ s = 203 = 2, (19.91)

recovering the anticommutation rule ((19.83)).

c¢) In the Majorana representation we define
G = p301,  Go=—p1,  G3=[303,  Gy=—F=—p300  (19.92)
Y = —03, Y2 = P202, Y3 = 01, Y4 = P3032. (19.93)
From these definitions it follows that

2010 = 2p301p301 = 2p36° = 2, (19.94)

2000 = 27 = 2, (19.95)

20303 = 2p303p303 = 2p265 = 2, (19.96)

20,0, = 263% = 2, (19.97)

QG + GGy = —p301P1 — P1P301 = —P3p101 — P1p361 = 0, (19.98)
GG + Gl = P30 303 + Pabspsdy = pa(G163 + G361) = 0, (19.99)
GGy + Gyley = — 301 P30y — P3Gapsdy = —pa(G169 + 6261) = 0, (19.100)
Qi3 + Q3Cry = —P1P303 — P303P1 = P3P103 — P3p103 = 0, (19.101)
Qi + GyGiy = P1P302 + P30ap1 = p1P302 — P1p3da = 0, (19.102)
3y + Gylis = — 303309 — P3Gapsbs = —pa(G36y + G953) = 0. (19.103)

Thus, in this representation the anticommutation rule (19.77)) is also satisfied. In
an entirely similar way one obtains

29191 = 263 = 2, (19.104)

24992 = 2p202p202 = 20305 = 2, (19.105)

29373 = 207 = 2, (19.106)

244 = 2p302p302 = 20505 = 2, (19.107)

Y12 + Vo1 = —03P202 — Pa0203 = —pa(03Ga + G203) = 0, (19.108)
1Y + Y3 = —0301 — 6103 = 0, (19.109)

Y14+ A = —03p309 — p3G203 = —p3(G302 + G203) = 0, (19.110)
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Yo + J3Y2 = 20201 + 01pa0a = Pa(Ga01 + 6162) = 0, (19.111)

Yoy + YaYe = P202p302 + P302p202 = p2p3 + p3p2 = 0, (19.112)

Y334 + JaY3 = G1P302 + P36201 = p3(G152 + G261) = 0. (19.113)

Once again, the properties are summarized in the anticommutation rule (19.83]).

P19.5 In applications, the matrix 75, defined as the product of the four matrices
Vs

Y5 = M1727374,
is frequently used. Prove that ~; is Hermitian, that it anticommutes with the
matrices 7y,

YV + s =0 (n=1,2,3,4),

and that
0 -1
Solution. Given ~° = y'v2¢34% we compute its Hermitian adjoint
(V)T = (') = 41112, (19.114)
In the standard Dirac representation 4 are Hermitian for i = 1,2,3: 7*f = % and
7% is anti-Hermitian, v*' = —+*. Thus,
(V) = (=) (19.115)
Rearranging terms (noting that they’ anti-commute for i # j5),
(V) = (=1*y'7*%* = 'y =27 (19.116)
Therefore, v° is Hermitian,
(YT =~°. (19.117)

Using the Clifford algebra relation {y*, 7"} = 26", we analyze {7°,v*}. For u = 1,

APt = Al 2aBaa L (19.118)
2 (19.119)
A (19.120)
N P INAY (19.121)
N (19.122)
and

Ay = iyl 2yt = 424304, (19.123)

Therefore,
("7 = =77+t =0 (19.124)

A similar calculation for u = 2, 3,4 gives
(Y, 4"} =0 for u=1,2,3, 4. (19.125)
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In the standard Dirac representation

V=t s
I 0 5 (I 0
Y2y —Z(O I)’ v —Z(O _[). (19.127)
The more common convention is
0 -7
7= (—1 0 ) : (19.128)

which satisfies

(") = (_0[ _0[> (_OI _0[> = <é ?) =1 (19.129)

With this we have demonstrated that 7 is Hermitian because it anti-commutes
with all v# matrices and its matrix form satisfies (7°)? = 1.

P19.6 Solve Problem P19.1, this time using Dirac’s equation. Compare and dis-
cuss your results.
Solution. The Dirac equation for central potentials has as solution the spinor
given by equation

9(r) Vi )
r 6, 0) = ia ) | 19.130
w0 = (0% (19.130)
where the radial functions g( ) and f(r ) satisfy the coupled differential equations
—f +—f = [E V(r) —mc] g, (19.131)
k+1 1
g+ Lg = hc [E—V(r)+mc] f. (19.132)

The number k takes the value j + 1 if Iy = lp+1 = j+ 1 and —(j + 3) if

ly=Ilg—1=7j— %, as shown in [1]. In the present problem We must solve the

previous system of radial equations for the potential

— <
Vir) = { Vo msa o, (19.133)
0, r > a.
For r < a we obtain
—f +—f_ (E+V0—mc)g (19.134)
k+1
q + ——9= (E+Vo+mc®) f. (19.135)
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To decouple these equations we differentiate ((19.134)),

k
-+ (E + Vo —mc?) ¢, (19.136)
and substitute ((19.135)) into the result,
k-1 k—1 E +Vy)? — m?ct 1 kE+1
= R T R
(XXH 193)

We eliminate ¢ from here with the help of (19.134)), to obtain

2 k(1 -k E 4+ Vy)? —m2ct
f”‘f‘;f/"‘ (7,2 )+< ;;/262

f=0. (19.137)

Introducing the quantity

( E + ‘/O )2 _ m2 C4
h2c? ’

we get A7 > 0 for bound states (in problem P19.7.1 this quantity was called k%)

and the previous equation can be written as

\2 =

(19.138)

2 k(k—1
"+ ;f’ + {Af - %} f=0. (19.139)
With the change of variable p = Ay, (19.139)) is transformed into
d2f 2 df [ k(k — 1)}
+ - 1—————=| f=0, 19.140
dp® " pdp p? ( )

whose solutions are the spherical Bessel functions. The possible cases are:
a)k=7+1/2: wehave k(k—1)=(j —1/2)(j — 1/24 1) = (Ia — 1)la.
b) k=—(j+1/2): wehave k(k—1)=(j+1/2)(j+1/2+1) =1p(lp+1).
We write the solution in the form

f=aijig (p) + aznu, (p), (19.141)
with
p=47" 2! " NN ! (19.142)

To find the corresponding function g we substitute (19.141)) into (19.131)),

djls(p) +a dnlB(p)

—A
1|01 dp 2 dp

k—1 , 1
5 ) + oy o)) = o (B4 Vo= ) g

(19.143)
Using the recurrence relations of the spherical Bessel functions that appear in [1],
Appendix A.6, this expression can be put in the form
lg+1
2lp+1

lp
N B
I+ 1

[a1fig—1(p) + azniy,—1(p)] + M [a1]ig+1(p) + agniz1(p)]
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k-1, . k=1,
Py [0ty (0) F a9+ Mg (0141 (0) + @iy ()]
1
= (B+Vy—mc’)g. (19.144)
For k = j 4 5 we have Ip = j — 5 = k — 1, which gives
heA ‘
9= W—lmc? [a1Jip+1(p) + azniy41(p)] - (19.145)
In turn, for k = —(j +3), we have Ip = j + 3, that is k — 1 = —Ip — 1, which gives
heA )
9=~ 5 ez [t (0) + @i ()] (19.146)
The results ((19.145|) and ((19.146]) can be written in the more compact form
k heA ‘
g::'ﬁﬂiiifigf?;ggﬁhju(klr)+—aqu(AﬂﬁL (19.147)

with
. l .f k — . l
=) Ty BEEIA S (19.148)
-5, ifk=—(j+3).
To obtain the solution in the external region r > a, it is sufficient to substitute
Vo = 0 in ((19.137)), which gives

2 k(k—1) m2c* — E?
ﬂ+;f—[ 5 | [ =0 (19.149)
Defining
2 4 2
o mCc —F
A5 = e (19.150)

(this was called k2 in problem P19.1), for bound states A2 > 0, and with the change
of variable p = i\yr, Eq. ((19.149)) can be written as
d*f 2df k(k—1)
— 4+ —— 1—-————=| f=0. 19.151
df+p@+[ p? / ( )
As in the internal region r < a, we have the two possibilities.
a) k= j + 1; it follows that k(k — 1) = (j — 1)(j — 2 + 1) = lp(lp + 1),
b) k= —(j + 1) and consequently k(k — 1) = (j+ 3)(j + 5 + 1).
Equation (19.151]) has as solutions the spherical Hankel functions of the first
and second kind, and we can write the general solution in the form

f=bihi) (@dar) + bah!?) (idor). (19.152)
The corresponding function g(7) is obtained by substituting this result into (19.131]),

dh(l) dh(2) _1
_%MZHZJM+® @m)+Mf

dp dp

k{2 (0) + bah2)(p)|  (19.153)
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1

= (E—mc)g. (19.154)
Using the pertinent recurrence relations leads to
. l i ' R
~ ik QZBi = By (o) + bohy?) (ider) (19.155)
Bl @ iy ]
+ 1)\ s+ 1 _blhlB-;-l(Z)‘QT) + b2h13+1<2>\27”)_ (19.156)
k=17 , R
N Dbl (ar) + bahi (idar) (19.157)
+1 22[B+1 [ 1 lB+1(2 o) + by IBH(Z 27")} _h_c( — mec )g. (19.158)
Fork=j+3lp=j—3=k—1and
theA , .
9= 2 b2 her) + b2, (ier)] (19.159)
Fork=—(j+3),ls=j+3% k—1=—lp—1and
hci\ . _
9= F [blhﬁ)_l(zkzr) + thl(i)_l(z)\Qr)] . (19.160)
Equations (19.159) and (|19.160|) can be written in the form
k  hci) , ,
9= B —me [buh{2 o) + bahZ (i0ar)] (19.161)
with
=ty Bh=its (19.162)
— 9 lfk:—(]+§).

The above are general solutions, so it is still necessary to impose the appropriate
boundary conditions for the problem. At r = 0 the wave function must remain reg-
ular, which requires setting as = 0. For the wave function to decay exponentially
at r — oo, the restriction by = 0 must be imposed. This results in the solution for
the bound state having the form, for r < a,

f=aijiz(\ir), (19.163)
k he ,
g = almm]u()\ﬁ), (19.164)
and for r > a,

f= by (idor), 19.165

Il

k  hci)
g=b— 2D \,), (19.166)

mE—mc2 la
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with [4 and [ given by ((19.142)) and ((19.148)). To ensure that the solution matches
correctly at r = a it is required that

arjiy(a) = bl (iXsa), (19.167)
)\lal . i)\le 1),.
m]lA()\la) = E——CzhlA (Z)\QCL). (19168)
From this pair of equations follows the consistency condition
Jp(ha)  iM(E—me?) b (idsa)

: = . 19.169
Jia(Aaa)  Ma(E+Vo—me®) b (ixza) ( )

The energy eigenvalues for the bound states are obtained from the solutions of this
equation. However, the expression is very complicated for arbitrary [4 and [, so
we will restrict ourselves to the simplest possible case, |k| = 1.

a) For k = —1 we have [, = 0, [p = 1, and the previous expression reduces to

jl (/\1@) _ Z)\l(E - TTLCQ) hgl) (Z)\QCL)
jo(Ma) (B + Vo —me?) bV (ixga)

(19.170)

With the use of the required expressions for the Bessel functions, see [1], Appen-
dix A, this equation reduces to

1 A E—mc? 1
— —cot\a=————7-—— |14+ — 19.171
)\1& 0 1a )\2E+%—m02 ( + )\ga) ’ ( )
that is,
A E—mc?
/\1& cot )\10, =1 + )\—%m()\ga + ]_) (19172)

Substituting the values of A; and Ay we obtain
E+V 2
Macot ha = 1 — — o tme (v =2+ 1), (19.173)
E 4+ mc? he

whose solutions give the allowed energy values and the number of bound states of
the well.
b) For k =1 we have [4 = 1 and g = 0, and

jova)  M(E—me®)  hiP(ida)

. = - , (19.174)
Ji(da) X (E + Vo — me?) hgl)(i)qa)
which can be rewritten in the form
E+Vy—mc? /a
Aacot ja =1+ —————— <— m2ct — E? 4+ 1> : (19.175)
mc2 — F

from which the allowed energy values and the number of bound states for this case
are obtained.
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Making the approximation (E + Vo + mc?)/(E + mc?) ~ 1 in (19.173)), we get

Aracot A\a = —hi\/m2c4 “E? = ). (19.176)

C

With the identification A\ = ki, Ay = kg, this expression coincides with that ob-
tained for the same case with the Klein-Gordon theory in problem P19.1. Thus,
the effect of the electron spin reduces for this problem essentially to the correction
introduced by the factor that has been approximated in going from (|19.175) to
(19.176)). The discrepancy is significant only for very deep wells, with Vj/mc* not
too small compared to unity.

P19.7 Prove that [ﬁ,a : 6'] = —2ic& - (p x a), for a a fixed vector and H the

free-particle Dirac Hamiltonian.
Solution. If H is the Dirac Hamiltonian for a free particle and a represents a
fixed vector, @ - 0 = a;0; and the commutator is

[ﬁ, a- a] = [H,a;6,] = cajlaips, 6;] + mca;[B, ;). (19.177)

Since the Pauli matrices 6; and the components of the linear momentum operator
act on different spaces, they commute,

[pi, 5] =0, (19.178)

and furthermore, since 8 = ps, from relation (19.70) it follows that [5,63»] = 0.
With this, (19.177]) reduces to

[ﬁ, a - 6’] = Ca; [é&l, &]]ﬁz = cajﬁl [&“ &]]ﬁz = 2icaj€ijkﬁ1&kﬁi (19179)

= 2iceyijappia; = 2icé - (p X a), (19.180)

which is the required result.

P19.8 Consider the sign operator for the free-particle Dirac equation given by the
equation

. H c& - P+ Bmc?
A==L= Lﬂ, EL = +cy/p? + m2ct (19.181)
E. E,
Show that this operator is Hermitian and unitary, with eigenvalues A = 41, and
that these eigenvalues are integrals of motion for the free particle. Construct with
its help the projectors IIT = %(1 + A) and show that these operators project the
positive and negative energy states, respectively, for the free particle.
Solution. The A operator is defined as
~ ﬁD ~ ~ ~ AN 2
A= R where Hp =cé-p+ fme (19.182)
+
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and E, = ++/c?p?> + m?c*. Given that & and 3 are Hermitian Dirac matrices

(& = &;, Bt = B), p is Hermitian and E, is real and positive. Therefore, A is
Hermitian,
Nt - .
A i Hi, Hp
AM=[Z) =—P=2F=A (19.183)
Ey EL By
An operator is unitary if ATA = I. Since A is Hermitian, we only need to show
that A2 =1,
N2
~ H H?
AN=Z2) =22 (19.184)

Using properties of the free Dirac Hamiltonian,
Hj, = (c& - p+ pmc’)* = c*(é&- p+mc’(é&-p)Bs+ fo - p)
= (Pp* +m2cHI  (using {dy, 4;} = 20,1 and 3% = I).
Since E? = 2(p* + m*c?), we have

cy (PP 4+ mPh)I

= =1 19.185
A(p® + m2c?) ( )
Therefore, Ais unitary,
ATA =1, (19.186)
and its eigenvalues A satisfy
M=1= A==l (19.187)
These eigenvalues are conserved because A commutes with Hp, for a free particle,
A . H 1 . -
[Hp, Al = |Hp, =2 | = = [Hp, Hp] = 0. (19.188)
E. Ey
The projection operators are defined as
- 1 A - 1 .
I, = 5(1 +A), 1I_= 5(1 —A). (19.189)

They project onto positive and negative energy states. For a positive energy state
Yy (E=+F,, A\ eigenvalue +1),
1

Myt = S(1+ Ay =9y, Tgpy =0 (19.190)
and for a negative energy state ¢_ (E = —FE,, A eigenvalue —1),

. 1 R .

M = S(1- Ay =v, MLy =0 (19.191)

Thus,
I+ project onto A = £1 eigenstates. (19.192)
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P19.9 Given the Dirac Hamiltonian with minimal coupling (in units ¢ = A = 1)

~

Hp=é -7+ fm+ e, (19.193)
where t = p — e A, prove that

f=a, r=&=2 [ﬁ'—d(ﬁD—egb) , (19.194)

#=eE +ei x B. (19.195)

Note that the Lorentz force is expressed in terms of &.

Solution. The canonical momentum for a Dirac particle in an electromagnetic
field with minimal coupling is # = p — eA, and Ay(x) = i¢. Applying the
Heisenberg equation

dF  OF s
@ ilA F} 19.196
a o ! [ D ( )
to the ¢ component of the position vector, we obtain
dr; . [. . A
dﬁ =1 [ozjwj + fm + eg, xz} . (19.197)
Since both the Coulomb potential ¢ (which depends only on the coordinates) and
the Dirac matrices commute with the position variables, [¢,z;] = 0,[4;,z;] =
|8, z;] = 0, the previous expression reduces to
dr; .. . s i
d_xt =i [a;7;, @] = iq; 7, 2] = id; [p; — eAj, ). (19.198)
Since it also holds that [A;, ;] = 0, we are left with
dr; .. . . .
d:I'; =1Q5 [pja l’l] = Oéjéij = Oy, (19199)
that is,
P = Q. (19.200)
To determine the time evolution of » we write
dr A A 5
d—"; —d=i [HD, oz} —i (HDd - dHD> (19.201)
—i (ﬁDd &k — 2@1%[)) —i ({HD d} - 2&}](]3) . (19.202)
Since
{ﬁD, a} _ {@jﬁj + Bm + e, a} = {67, Gu} + 2die0 (19.203)
we obtain

{HD, a} — 27 + 2Ged (19.205)
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and
dr N U
= =2i [w —&(Hp — eqﬁ)} . (19.206)
Finally, the equation of motion for the canonical momentum #« = p — eA is
dmw  On ~
am _ H] 19.207
a ot ! [ D, ( )
where A may depend on time. From this it follows that
dm 1~ . 0A 1.~ . C[a 0A
ik [HD,W} —egs =i [HD,p} —ie [HD,A} —ep (19.208)
To calculate the commutator [lf[ D, ﬁ] we proceed as follows,
[p.p| =& 70|+ m 3| +clo.p] = [&-#.p] +clop],  (19209)

and since e [¢, p| = —ie [p, V] = ie(V¢), we are left with
.| = (& 7.5) +ie(V0) = (& &.p] - cla A,p| +ie(Vo)  (19210)

In turn,
[ﬁD,A] =& 7 Al +m [B,A] +elo, Al = [&- 7, A] = &), Aér. (19.212)

Substituting these last two expressions into ((19.208]) we obtain

dn 0A
d—? = i(—edy[A;, pilés + 10V ) — ey [p;, Ale — e (19.213)
o rra . . 0A
= 1eq; {[pl, A]] — [pju Al]} e +e —V(b — E . (19214)
Introducing the electric field vector given by
0A
E=-V¢— — 19.215
we obtain
dm . . . . .
E = 1eq; {[pl, AJ] — [pja Al]} e; + eF. (19216)
Tking into account that
A . [(0A;  0A, . .

where the indices i, j, & must be taken in cyclic order and Bj represents the k
component of the magnetic field given by

B=VxA, (19.218)
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we obtain
dm . N
i eFE — e€;jké,4;B;, = eE + eé x B. (19.219)

The right-hand side of this equation can be considered as the form that the Lorentz
force takes in Dirac theory, with v/c¢ — &, which is consistent with Eq. (19.200).
In other words, 7 satisfies an evolution equation that has the “classical” form, in
which the operator & plays the role of velocity. However, Eq. ([19.200]), which
determines the evolution of @, that is, the analogue of velocity, has no classical
analogue in any form, not even within special relativity. As discussed in [1], this
is directly related to the phenomenon of zitterbewegung.

P19.10 Prove the equation
(a-p)o-J)=pi(o-p)loe-J)=pp-J+ia-(pxJ). (19.220)

(For simplicity in writing, we omit the carets over the operators.)

Solution. Using the Dirac-Pauli representation, a; = pi0; and the fact that p,
commutes with o;, p and J, we have (a-p)(o-J) = p1(o-p)(o-J). We now use
the Pauli identity

(0-A)c-B)=A -Btioc-(AxB), [0,A]=[c,B]=0, (19.221)

with A = pand B = J. Since [6,p| = [0, J] = 0, Eq.(19.221) gives (o-p)(o-J) =
p-J+io-(pxJ). Multiplying on the left by p; and recalling pyo = «, we obtain
the desired identity,

(a-p)o-J)=plo-p)o-T)=pp-J+ia-(pxJ).  (19.222)

P19.11 The selection rules for dipole transitions that apply to Dirac’s theory
are Al = +1, Aj = 0,+1. Determine the frequencies of the transitions allowed
between the states with n = 2 and n = 3 for the H atom in Dirac’s theory, and
compare with the results predicted by Schrédinger’s theory.

Solution. The exact formula for the energy levels of a hydrogen-like atom given
by Dirac’s theory, is

mc2

a?Z2
\/]‘ + (nfjf%+\/k2fa2Z2)2
where a@ = e?/hc. Expanding this expression in a power series of (Za)? and
retaining only up to second-order terms, we get
n }

Z*a? Z4a4( n 3>
n=n"+kl, n=0,1,2,.... (19.225)

E,j = , (19.223)

(19.224)

E,,=mc |1— -z
g mc{ 2 20t \j+1 1

where
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is the principal quantum number that determines the energy in the non-relativistic
expression
2, 4 2.2 2
B, —_Zme _ _ZaTme (19.226)
2h%n? 2n?
In comparison, the corresponding expression predicted by the Klein-Gordon equa-
tion, sometimes called the relativistic Schrodinger expression, is given by

720 Z%* [ n 3
2
Ey =mc |1 — 52 " i (l 1 - Z)] . (19.227)

In both equation and (|19.227)), the third term on the right represents
the relativistic correction to the energy (|19.226)), which is degenerate with respect
to [ and j. It is clear that this formula is valid only for k? > Z2a?, that is, for
not very heavy atoms or highly excited states in heavy atoms. The comparison
between and ([19.227) shows that the introduction of spin generates the
substitution [ — j; however, this is not merely a numerical change, since for a
given j there are two possible values of [, [ = j +1/2, so Dirac’s theory predicts a
richer spectrum than that derived using the Klein-Gordon equation. In particular,
the Dirac equation breaks the degeneracy with respect to 7, but not with respect
to [ (up to second order).

To study transitions from states with n = 3, we consider that in the formula
n = n’ + |k|, n’ can only take the values 0, 1, 2, since |k| > 0, while k can take
the values k = £(3 — n'), except for n’ = 0, in which case it can only be k = 3.
Taking into account that

I+1, ifj=1+1,

» 1
k:j(j+1)—l(l+1)+zz{_l7 -1 (19.228)

we can construct the following table for Dirac eigenstates corresponding to n = 3
(the term notation is nL;),

n| k |l] 7 |term
0] 3 [2]5/2]|3ds
1| =212(3/2]3ds
1] 2 |1/3/2]3pyse (19.229)
2| —=1(1[1/2]|3pi)
21 1 [0[1/2]3sy)9
For n = 2 we obtain analogously
n'| k |l| j |term
1111172 2p1se (19.230)
1 1 0 3/2 283/2
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With the selection rules for dipole transitions that apply to Dirac’s theory, Al =
+1, Aj = 0,+1, the allowed transitions n = 3 — n = 2 result in

3dsja = 2p3j2,  3dzj2 — 2p3)a, (19.231)
3dsjy — 2p1j2,  3psj2 — 2832, (19.232)
3p1j2 = 28372, 3S1/2 = 2p3)2, (19.233)
381/2 — 2p1/2. (19234)
Each transition corresponds to the frequency
Es — By
W3j'—=2j = % (19.235)
27202 (1] 1 27404 /1 1
2h 22 32 8 h 34 o4
mc2Z4a 1 1
+ ‘ - ; 19.237
2h (23(J+%) 33(]’+%)> ( )
65 1 1
=A-_—=_B - B, 19.238
64 - 27 + (23(j + %) 33(5 + %)) ( )
where we introduced the abbreviations
5 mc? 1 mc?
A=S7%*—, B=-Z'%"—. 19.239
72 @ h’ 2 @ 3 ( )

The constant A essentially corresponds to the transition frequency given by Schrédinger’s
theory; the contribution proportional to B gives the correction predicted by Dirac’s
equation, to second order. These corrections are of order Z2a? ~ Z2x10~* relative
to the non-relativistic values given by A.

The frequency of the transition 3ds/, — 2ps/s is

65 11 65
—A-—2" B+(—-—-—)B=A- 2B 19.24
“ 6427 " (24 34) 64 - 81 (19.240)
For the transition 3ds/; — 2p3/2 we obtain
65 11 11
—A-—2_Bt+(—--—)B=A B. 19.241
2 6a-27 (24 32) a7 (19.241)

The transition 3dz/; — 2p; /2 gives

65 1 1 119
=A-—28B ———|B=A+—=-B. 19.242

3 64 - 27 +(23 32) T oaar (19.242)
The energy of the transition 3ps/, — 2s3/9 is degenerate with that of the transition
3ds/o — 2ps/9, since the value of [ does not appear in the second-order formulas.

Therefore,

1
A4+ - B 19.24
wi= At oy (19.243)
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For the transition 3p;/2 — 2s3/2 we have

65 1 1 19
=A—-——B ———|B=A-—-—B. 19.244
o 6427 " (24 32) 64 - 27 ( )
The transition 3s;/2 — 2ps/s is degenerate with the previous one, therefore
19
=A-——B. 19.24
e 64 - 27 (19.245)
Finally, for the frequency of the transition 3s;/5 — 2p;/2 we obtain
65 1 1 29
=A—-——B ———=|B=A+—B. 19.24
T 64 - 27 +(23 33) T4 (16.246)

From these results we conclude that the non-relativistic line of frequency ~ A ac-
tually consists of five slightly separated lines, with the frequencies given above. For
comparison purposes, let us consider the predictions of the Klein-Gordon equation
that follow from Eq. . With n =n’ + 1+ 1, the eigenstates corresponding

to n =3 and n = 2 are those listed in the accompanying tables,

n' | term

3d

0 2

n=3: 1 ] 4 (19.247)
2 0 3s
n' | term

n=2: 0 1 2p (19.248)

1 0 2s

For dipole transitions the selection rule is Al = £1, which allows 3 lines in the
transition n =3 - n = 2,

3d = 2p, 3p—2s, 3s— 2p. (19.249)
The corresponding frequencies are
Es — E
Wiy = ———2 (19.250)
h
65 1 1
=A——B — B. 19.251
6427 (23(z +3) 3B+ %)) ( )

Comparing with we see that the difference with Dirac’s theory lies in the
last term, which differs by the substitution j — [, j* — I, that is, the loss of spin
effects. The three transition frequencies are:

a) 3d — 2p,

65 1 1 801
(= A- B = B=A——— B (19252
“ 64 - 27 +<23-g 33-§) 1564 - 27 (19:252)
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b) 3p — 2s,
65 1 1 973
LA B — —— ) B=A+ _— "~ __B. 19.2
2 64-27 +(23-% 33-3) MERT (19.253)
c) 3s — 2p,
65 1 1 19
=A-— pBy(— - |B=A-_—_B 19.254
s 64- 27 +(23-g 335) 64-27 (19.254)

The Klein-Gordon equation thus predicts only three lines with a somewhat larger
separation between them than that given by Dirac’s theory. It is clear that de-
tailed observation of the atom’s emission spectrum allows discrimination between
the three theories. The above calculation shows that the purely relativistic cor-
rections (common to both Klein-Gordon and Dirac theories) are of the same order
as those due to the electron’s spin (which appear only in the second of these
theories). This is why the first relativistic calculations, performed using the Klein-
Gordon equation, proved manifestly insufficient to solve the problem of correctly
determining the hydrogen-like spectrum.



Appendix. Complementary Simulations and Graphics

As part of the additional resources for the solutions, we are providing this
GitHub repository, which will continue to be updated. There, you can find Python
programs to support some of the problems.
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https://github.com/Fersanxh/Complementary-QM
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