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1. Consider a non-relativistic particle of mass M in one dimension, confined in
a potential that vanishes for —a < x < a, and becomes infinite at x = *a,
so that the wave function must vanish at x = £ a.

e Find the energy values of states with definite energy, and the corresponding
normalized wave functions.

e Suppose that the particle is placed in a state with a wave function pro-
portional to a> — x?. If the energy of the particle is measured, what is the
probability that the particle will be found in the state of lowest energy?

The states of definite energy are those which are solutions of the time-
independent Schrodinger equation

n* d?

" 2M dx?

The potential for the infinite square well is given by

Y (x) + VY ) = EY(x).

Vi) = 0 for|x|<a
oo for|x| > a.

This potential requires that the wave function vanishes outside the well
y(x)=0  for|x|=a,
while inside the well the Schrodinger equation becomes

d? 2ME
a2V =T

The solution of this differential equation takes the form

¥(x) for |x| < a.

Y (x) = Asin(kx) + B cos(kx),
where we have defined

2ME
P

Continuity of the wave function requires that we impose the boundary
conditions

k

Y(x ==+a) =0,
and so

0 = Asin(ka) + B cos(ka),
0 = —Assin(ka) + B cos(ka).



Solutions to Lectures on Quantum Mechanics

Adding these two equations gives
0 = 2B cos(ka),

which requires that

B=0ork="" wheren=2,4.6. ...
2a

and subtracting the equations gives
0 = 2Asin(ka),

which requires that
nmw
A=0ork=—wheren=1,3,5,....
2a
In either case, the energy levels are given by
h2k2 n2h2n2
oM~ 8Ma
Next, we need to normalize the wave functions in the sense of Eq. (1.5.4),
such that

n =

/Oo WP dx = 1.

For n odd, we have

“ nx
/ Bcos(nz— dx = |BJ? / cos’ dx_|B|a_1
—a a

which requires that

B=—,
Ja

where we have fixed the arbitrary complex phase for convenience. For n even,
the normalization condition takes the form

@ ) nnx
/ Asm(— dx = |A]? / sin’ dx_|A|a_1
_ 2a

a

which requires that

A=—,
Ja
where we have again fixed the arbitrary complex phase for convenience.
Summarizing our results, the normalized wave functions of states with
definite energy are
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Cos(ﬂ) for x| <aandn =1,3,5,...

1

Ja a

Yn(x) = | Zzsin (%) for|x| <aandn=2,4,6,...
0 for |x| > a

and the energy levels are

n*hm?

E, = .
8Ma

Since these states are normalized and the energy level is determined by n,
the argument below Eq. (1.4.26) proves that the states of definite energy are
orthonormal

/ w;(x)Wn(x)dx = Smn'

Let us define a state which vanishes for |x| > a, while for |x| < a it is
given by

d(x,t =0)=C (a* — x?).

We must normalize this state in order to determine C.

a 5 2 2.3 a 16 5
f \C(az—xz)lzdx=|6|2[%— 5 +a4x] = —=lcP=1.

—a

and so we find (after fixing an arbitrary phase)
[ 15
C=,—-s:,
16a°

d(x,t =0) = %(cﬂ—xz).

which then gives

Since the states of definite energy that we found above form a complete
orthonormal set on the interval —a < x < a, we can express ® in terms
of those states

O(x, t =0)= Y cathun(x),

and the probability of measuring the state ® to have energy E,,, following
Eq. (1.5.18), is given by
a 2
P(@(x,1=0) = Yu(x) = lcnl’ = l Y, ()P (x, 1 =0)dx

—a
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For the state of lowest energy this gives
a1 TX 5 ., )
c1=/_aﬁcos<z) o (a —x)dx
[151 | 24® | /wx\ 8xa? X T2 . mx ’
=,/ —— | —sin (—) — cos (—) — ————sin (—)
16a | 7 2a 2 2a sl 2a
—a
151 [4d®  4d° N 32a°
Vi6ad | 7 b4 3

_8J/15

73

’

and so the probability of finding ® in the lowest energy state is
, 960
P(@(x,t=0) = y1(x)) = |a1]” = — =~ 0.9986.
b4

. Consider a non-relativistic particle of mass M in three dimensions, described
by a Hamiltonian
P’ M a)g )
H=—+—X"
2M 2
e Find the energy values of states with definite energy, and the number of
states for each energy.
e Find the rate at which a state of next-to-lowest energy decays by photon
emission into the state of lowest energy.

Hint: You can express the Hamiltonian as a sum of three Hamiltonians for
one-dimensional oscillators, and use the results given in Section 1.4 for the
energy levels and x-matrix elements for one-dimensional oscillators.

First, we will rewrite the Hamiltonian in components

H:p_2 M_a)(z)z
2M 2
2 2 2 2 2 2
_ (P Moy , P Moy , P3 Moy ,
_<2M+ 2)Cl)+<2M“L 2362)+(2MJr 2
=H, + H, + H;,

where H;, H,, and H; are the one-dimensional harmonic oscillator Hamil-
tonians for x;, x,, and x3, respectively. Now, we will assume a separable
solution of the form

Y (x) = Y1 (x)P2(x2)¥3(x3),
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where

Hiyri (x1) = Ey ¥ (x1)
Hyy(x2) = Ey,¥2(x2)
H3y3(x3) = Eyy¥r3(x3)
Hiyn(x2) =0
Hiy3(x3) =0

and the E, are given by the energies of the one-dimensional harmonic

2 0

where n =0, 1, 2, . ... We therefore find for the three-dimensional harmonic
oscillator

Hy(x) = Eny(X)
= Hiy1 (x1)¥2(x2)¥3(x3) + Y1 (x1) Hara (x2) Y3 (x3)
+ ¥ (x1) Y2 (x2) H3 93 (x3)
= Ey Y1 (x1) Y2 (x2) Y3 (x3) + Y1 (x1) Eny Y2 (x2) Y3 (x3)
+ Y1 (x) Y2 (x2) Eny 3 (x3),

and so
3
EN=En1 +Enz+En3 = n1+n2+n3+§ hwo’

where ny, ny, and n3 are each non-negative integers. If we define
N = niy + ny + ns,

then the energy levels for states of definite energy are
3
Eny=|N+ 5 hawy,

where N =0,1,2,....

Now we must count the number of states with each energy. For a definite
value of N, the integer n; can take values 0, 1, ..., N, then n, will take
values 0, 1, ..., N — n; (which represents N — n| + 1 possibilities), and n3
is fixed to be N — n; — n;. Then for each energy E there is a degeneracy

N 1 1
gv =Y (N—ni+1) = NN+D=2N(N+D+N+1L = Z(N+D(N+2).

n1=0
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The rate of spontaneous emission of photons carrying energy hwp, = E, —
E, is given by Eq. (1.4.5) to be

2.3
n_4ewnm

2
m 3C3h |[X]nm| .

In three dimensions, we have E; = %hwo and Ey) = %hwo, SO Wy = wyp.
The relevant matrix elements for the one-dimensional harmonic oscillator
are given by Eq. (1.4.15) to be

Cion (DR
[x]:+1,n =[xlypy1 =€ of Tea)().

Since the wave function for the three-dimensional harmonic oscillator is just
a product of three one-dimensional harmonic oscillator wave functions, we
can also take these matrix elements to represent the matrix elements of a
single spatial component xp, x;, Or X3

[xi]mn = [-x]mn

The first excited state has nj, n,, or n3 equal to 1 with the others equal to
zero, and so the rate of spontaneous emission from the first excited state to
the ground state for the three-dimensional harmonic oscillator is given by

A0 4e’wp, h _ 2620)(2)‘
! 3c3h \ 2m,wo 3c¢3m,

. Suppose the photon had three polarization states rather than two. What
difference would that make in the relations between Einstein’s A and B
coefficients?

For black-body radiation in a cubical box with side L, the frequency of a
normal mode is given by Eq. (1.1.2) as v = |n|c/L. The number of normal
modes N (v)dv in a range of frequencies between v and v + dv is three times
the volume of a spherical shell in frequency space (the factor of three here
comes from the assumed three polarization states of the photon)

_ 2 _ Ly’ 2
NWw)dv =3 x4x|n|"dn| = 12n (—) v-dv.
c

Assuming that the energies of the light quanta are integer multiples of Av,
the mean energy is

>, exp (7{2}}”) nhv B Iy
>, exp (;Z}’T“) exp (;;—“T) -1

E =
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Then the energy density in radiation between v and v 4 dv is given by

EN®Ww)d 127h 3d
p(v)dv = v) v_ 12m v dv

3 3 )
L ¢ exp(k’;T>—1

Now assume that we have black-body radiation in equilibrium with atoms at
a temperature 7. The transition rate for atoms to go from state m to state n
must equal the rate for the transition from state n to state m, so

N [A}, + By oW, T)] = Ny B p (Vs T).

Using the Boltzmann distribution for the atoms gives

Nm (Em - En) _hvnm
— =eXp| ————F—F—— ) =€Xp .
N, kgT kgT

We can then rearrange the condition of equilibrium to give
" 127ch v3dv —hv,, m "
A m = 3 P exXp ﬁ B n Bm .
C v
exp <kB—T> -1 B
Requiring that the Einstein coefficients A and B are temperature independent
then gives

B} = B

A — (1277111),3””) B
m C3 m*

This conclusion gives a value for A which is larger than the usual expression
Eq. (1.2.16) by a factor of 3/2.

and

. Show that the solution (X, t) of the time-dependent Schrodinger equa-
tion for a particle in a real potential has the property that 3|yr|>/dt is the
divergence of a three-vector.

We wish to calculate

J 2
P 4SS

for some 1 (x, t) which is a solution of the time-dependent Schrodinger
equation, which reads

0 —h?
i h— )= —V2(x, 1)+ Vix,t ,1).
[ ati/f(x,) i Yx, )+ Vx,DY(x, 1)
Taking the complex conjugate of the Schrodinger equation gives

. ad * _ _hz 2.1 % *
il 1) = VR 0+ VDY ),
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Recall that |/ (x, ¢)|? can be rewritten as ¥ (x, 1)y *(x, t), and so we have

a 2k ad .,
3 VDI =700 D O, 1) + 9 (6, D27 (x, 1),

Using the Schrédinger equation to replace the time derivatives (now dropping
space and time arguments), this becomes

2y =y (ﬂvzw - ivw) +y (_—mvzw* + 5vw*)
ot 2M h 2M h
= ety g Ly s Ly
2.]7\14 2M h h
l *v72 2 0%
= o (VY — YY)
= ﬂv (VY — YY),
2M

We see that we can identify a three-vector
—ih ,
j=— Vi — ¢y VYT,
j=o VY -y VYY)
such that
3 0
i =_V.-.i.
a7 g J

Notice that this is a continuity equation which implies that probability is con-
served in quantum mechanics. The time rate of change of probability density
|¥|? in some infinitesimal volume is equal to the rate at which the probability
current j flows into the same infinitesimal volume.
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1. Use the method described in Section 2.2 to calculate the spherical harmonics
(aside from constant factors) for £ = 3.
As discussed in Section 2.2, Y," is given by a sum of terms, each of which
contains vy factors of X4 such that m = v, — v_, and the total number of
factors of X, X_, and x3 in each term is £. The unit vectors are defined as in
Eq. (2.2.4)
fi = )21 + lXAQ =rsind eﬂd’,
X3 = rcosf.
Also, the spherical harmonics satisfy
V2 (r'y;") =0,
and the condition
/ d>QYI @)Y (R) = 800 S

We will now fix £ = 3 and compute the spherical harmonics for each value
of m. Beginning with m = 3, we must have v, = 3 and v_ =0, so

Y; o (&) +ids)’ = sin’ 0 79,
For m = 2, we have v, = 2 and v_ = 0, which gives
Y32 x ()21 + i)?z)z)?g = sin® 0 cos O 9.
For m = 1, we must have either v, = 2 and v. = 1, or v, = 1 and
v_ =20, so
Y31 x A ()%1 + l')?z)2 (21 — ifz) + B ()%1 + l')%z) )?32
We can find A and B by requiring that V2 (r*Y}") = 0, which in this case
gives
V2 (r3Y31) o V2 [A (x? +ix{xs + x5 + ix%) +B (xle + ixzxf)]
= A (6x) 4+ 2ixy + 2x1 4+ 6ix3) + B (2x1 + 2ix»)
=8A(x1+ixy) +2B (x1 +ixp)
=0,
and so we find that B = —4 A. Therefore, we can write
Y] o (R1 4 i) (Rr — if) — 4 (R1 +ifs) £2
= (sin3 6 — 4in 6 cos’ 0) e'?
= (1 — 5cos’ 6) sin 6 e'?.
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For m = 0, we must have either v, =l andv_ =1,0orv; =0and v_ =0,
so we find

Yy oc C (R + i%2) (&1 — i%2) &5 + D33,
We can find C and D by the same method as above
V2 (r3Y30) o V? [C (x12 + x22) X3+ Dx33]
=4Cx3 4+ 6Dx;
=0,

and so we find D = —%C . Therefore, we can write

Y30 (o' ()?1 + l)ez) ()21 — l)ez) fg — %)%33

2
= sin’6 cosf — 5 cos’ 6

5
= <1 — 50052 9) cos 6.

For m = —1, we must have either v, = 1 and v_ = 2, or v, = 0 and
v_=1,s0

Y o E (§1 4 i) (81— ifa)’ + F (§1 — %) £2.
We again find the coefficients by imposing the Laplace equation

v? (r3Y371) o V2 [E (xf —ixTxy 4+ x5 — ix22) + F (x1x32 — ix2x32)]
= E (6x1 — 2ix, + 2x1 — 6ix2) + F (2x1 — 2ix»)
= 8E (X1 — iXQ) +2F (X] - i.X2)
=0,

and so we find that F = —4FE. Therefore, we can write
_ N DA\ (A cA N2 o DA\ A
Y; I x (xl + ZJC2) (x1 — lxz) —4 (x1 — lxz) x32

(sin3 0 — 4sin 6 cos’ 9) e 1o
(

1 — 5cos? 9) sinf e~i?.
For m = —2, we have v, = 0 and v_ = 2, which gives

_ " CAN2 A ) Y
Y, 2 x (x1 - zxz) %3 = sin® 6 cos @ e %?.
Finally, for m = —3, we must have vy = 0 and v_ = 3, so

_3 ~ LA \3 .3 —3i
Y; O(()Cl—l)CZ) = sin’ § e,
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Now, we must impose the normalization condition which reads

b4 2
/ |y @) = / sin d@/ dé |y @) =1.
0 0
For ¢ = 3, we will need to make use of the following integrals

32

inf)’ do = —
/0(s1n) 35

,, 16
in0)° (cos0)* df = ——
/o (sin8)” (cos H) 105
4 32
/ (sinf) (1 — 5cos?0)’ do =
0 21

g
8
/ sin6 (cos0)* (3 — 5cos?0)’ do = -
0

Finally, we arrive at the spherical harmonics for £ = 3

35
Y}=— e (%1 + zxz —/ E sin® 6 ¢3¢

105 R 105
e o (X1 + zx2)2x3 =,/ ——sin? 6 cos O €%

[ 21 n o a i n
Y31 = — @ [4 (xl + zxz) ( X1 + zxz) (xl — lxz)]
= —,/ﬂ (500529 — 1) sinf ¢'¢
64m
|7 A AN A
Y30 = T [2)63 -3 (xl + lxz) (xl — l)C2) X3]
= ,/L (500529 —3)c0s9
167

_ 21 AU A iaN(a a2
vyl = e [4 (R — %) &5 — (81 +i%) (£1 — i%) ]

21 ) »
(SCos 6 — 1) sinf e '¢
641
105 .
Y;z \ T ( lx2 x =, / sm2 0 cos O e~
32w 3271
Y7 = 35 —ix sm 0 e 39
3 " Vedn 2) '

We have fixed the arbitrary phases here to match the convention used in
Section 2.2, a convention which will be explained in Chapter 4.

(O8]
[\®]
)
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2. Derive a formula for the rate of single photon emission from the 2p to the 1s
state of hydrogen.
The rate of single photon emission is given in the dipole approximation by
Eq. (1.4.5) as

2.3
e-w
2
A:ll’l 363;;11 |[X]nm| ’

where the matrix element [x],,,, is defined as

(Xl = / P (0K ().

In order to calculate the relevant matrix element for the hydrogen atom, we
need to work out the hydrogen wave functions using the method described in
Sections 2.1-2.3. We begin as in Section 2.3 with the wave function in the
form

¥ (x) o @ng(@, ¢),

where
u=p"e"F(p),
and we have defined
0 =Kr.

According to Eq. (2.3.17) F = 1 for the 2p state, since £ = 1 and n = 2. We
also have F' = 1 for the 1s state, since £ = 0 and n = 1. Using Eqgs. (2.3.18)
and (2.3.19), we have

wZe? 1
TR T na
where the Bohr radius a appearing in the second equality is given by
B2
= m,
and we have included the effect of the finite mass of the nucleus by using the
reduced mass in place of the electron mass as discussed in Section 2.4

a

myme

my + me ’
For the case of hydrogen, we have Z = 1 and mn = m,,. Putting this together,
the wave functions take the form

1 —r/avy0
wmdge Yy (6, 9)

-
Yap X @e_r/ZaYlm(@, ®).
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‘We need to normalize these wave functions so that

fd%cwf(xnz = 1.

For the 1s state this gives

1= / & [P, )
2
— fdrrz fcﬂsz Y20, )|

N 2 )
= M1l f drrle?/a
0

Nl le—r/a
a

a?

NP (@@
- ()
alNi?
==
where in the third line, we used the fact that the spherical harmonics are

normalized. We find that the normalization constant N; is given, up to an
arbitrary phase, by

Recalling from Section 2.2 that

we find for the normalized 1s wave function

11 —r/a
w'ls = ;me .

Following the same procedure for the 2 p state gives

1=/d3x|wzp(x)|
_ 2 .
= /di"}" ‘sze

N 2 00
= | 2|4 / drrie™a
16a 0

NP
~ 16a4

3a|N,|?
==

2
fdzsz Y76, o)’

(24a”)
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which gives up to an arbitrary phase factor
No — [ 2
2 = 3(1 ’

1 r
/24 a5/2

Using the definition of the spherical harmonics from Section 2.2

0 3
Y’ =,/-—cosb
4
+1 3. +ig
Y7 =T,/ c—sinfe™'?,
8

we find for the normalized 2 p wave functions

and so

Yoy = e YO, ¢).

1 r
m=0 __ —r/2a
vy, = —m—ame cos 6
1 r .
1ﬁéﬂp::l:l — :F__e—r/Za sin @ 6il¢.
87 a’?

We are now in a position to calculate the matrix elements appearing in
the transition rate. Let us begin by calculating the matrix element for the
transition beginning in the 2 p state of hydrogen with m = 0

. 11 —r/a
[X](U)(z[,) = /F251H9d9d¢d7" (\/;61376 /)

X (%7 sinf cos ¢ + Xor sin 6 sin ¢ + £3 cos 0)

1 r —r/2a
X mﬁe cos b

_ do d¢ dr r*e=/* sin 6 cos 6
V32mat

X ()?11* sinf cos ¢ + Xor sinf sin ¢ + X3 cosé)

X3 4 —3r/2a - 2
=—— | dOdrr’e sin @ cos“ 6
V8a4 f

= RN /OO dr rte=/2
/18a* Jo
256

= axsy.
24342
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We will now repeat the calculation beginning from the 2 p state of hydrogen
withm = £1

. 1 1 —=rja
Xl 2p = fr251n9d9d¢dr (/;me />

X ()Elr sin@ cos ¢ + Xx,r sin @ sin ¢ + X3 cos 9)

1 r .
—r/2a L: +i¢p
X — € sinf e
(jFSﬁ P )

/ dode drrie/* sin’> 0

=T 8ma*

X (ﬁlr sinf cos ¢ + X,r sin @ sin ¢p + x3 cos 9)

1
= F— [ dodrrie™sin’ 0 (%) i)

8a*
1 oo 4 —3r/2
_ L b d —3r/2a (3 4 ig
:F6a4 A rr-e ()C] l.Xz)
128 (%1 £ i8)
= F—alx ixXs2).
43243 1 2

Squaring these matrix elements, we see that for any m, we have

) 215
IXlagen| = ﬁdz

To calculate the transition rate, we also need the frequency of the emitted
photon, which is given by

E@p) — Eqy)

@s)2p) = A

According to Eq. (2.3.20), the energy levels of the hydrogen atom are
given by

FLZ
En = " 2uan?’
and so we see that
3h
W(1s)2p) = W'

Putting everything together, we arrive at the rate of single photon emission
from the 2p to the 1s state of hydrogen
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Cp) T 30:3p 2914346 310“
28¢2R?
= 3803 3at
2810,
DR
3. Calculate the expectation values of the kinetic and potential energies in the
1s state of hydrogen.

For a given state i, the expectation value of the kinetic energy in that state
is given by

h2
K — d3 * _m VZ ,
(K)y / xy (X)( M )W(X)
and the expectation value of the potential energy in that state is given by

(Vyy = / d’x Y (%) (V (X)) ¥ (x).

In the previous problem, we derived the normalized wave function for the 1s
state of hydrogen

11 —r/a
VYis = ;me .
The expectation value of the kinetic energy in the 1s state of hydrogen is
given by

h2
(K)ay = f dx Y (x) (—ﬂvz) Vi) (X)

n 19,9
= - fd@ dpdrr’sin@e™"/" (—_rz_e—r/a>

2ma’u r2or or

—2R? [ 1 T\ oy
=— dr | —— <2a — —) e
ua® J, a a?

20 (a* a®
~ pat (7 - 7)
h2

- 2ua?

— M€4

=27
In the second line we have used the Laplacian operator in the form of
Eq. (2.1.16), and we used the fact that £ = 0 in the 1s state of hydrogen.

The expectation value of the potential energy in the 1s state of hydrogen is
given by
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2
Vay = / dx Y, (X) (—67) V1) (X)

2

1
— = [ aodgdrrsin6 (-) e=r/a
wa r

2 00
= — —de / drre /e
0

a3

o2
T a
et
w
= —2(K)qs)-
Notice that this is a special case of the virial theorem, which states that for
any potential of the form V (r) = Cr", we have the relation

. Calculate the expectation values of the kinetic and potential energies in the
lowest energy state of the three-dimensional harmonic oscillator, using the
algebraic methods that were used in Section 2.5 to find the energy levels in
this system.

In order to calculate the expectation values of the kinetic and potential energy
for the harmonic oscillator using the algebraic methods of Section 2.5, we
will first need to write the position and momentum operators in terms of the
raising and lowering operators defined in Eq. (2.5.7)

1 0
i = —— | —ith— —iMuwx; |,
“ \/2Mha)< l ax; l wx)
N 1 0 .
al = —— (—lﬁ— +1Ma)xi) .

a ivMo N
2 Mo ).
ax; V2h
Recall the commutation relations for the raising and lowering operators given
in Egs. (2.5.8) and (2.5.9)

[Cli,a;] = 0jj,

lai, a;] = [a;,aj] =0.
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We will work with the normalized wave function for the lowest energy state
Yo, so that

/d3x Vi = 1.

Recall also that the lowest energy state is annihilated by the lowering
operators

Clﬂﬁo =0.

The expectation value of the kinetic energy in the lowest energy state is
given by

h2
(K)o = f Py (—ﬁW) Yo

= /d3x s (%w Z <ai + a,i") (ai + a}')) Yo

1

hw
= Z / d*x U (aizlﬂo + aial Yo + ala; o + aifz%) '

The first and third terms vanish because the lowering operator annihilates the
lowest energy state. The fourth term can be rewritten by using the definition
of the adjoint as

%Z/d3x wga;wao == %Z/d?x (alzllfo)* d/O :O’

which vanishes because the lowering operator annihilates the lowest energy
state. The only remaining term in the expression for the expectation value of
the kinetic energy can be rewritten in terms of a commutator

h
(Kyo= "2 / &x Wiaal Vo

= %Zfd%c /29 ([ai,af] lﬁo-l-ajaﬂlfo)

where the second term in the second line vanishes because the lowering oper-
ator annihilates the lowest energy state, and we have used the commutation
relation of the raising and lowering operators in the first term. Proceding in
the same way for the expectation value of the potential energy gives
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2
=[x (Z 5 ) "
_—%Z/cpxw;{ (di _Cl;r) (ai —aj) Wo
_% Zfd3x Yo (aizllfo — a;a Yo — a a;i o _i_ajzwo)

2:/612 ‘ﬁo az, ‘]lﬂo—ajailﬁo>

Notice that like the previous problem this gives a specific case of the virial
theorem.

. Derive the formula for the energy levels of the three-dimensional harmonic
oscillator by using the power-series method (with suitable modifications) that
was used in Section 2.3 for the hydrogen atom.

For the harmonic oscillator, the potential takes the form

Ma*r?
2

We begin with a wave function of the form given by Egs. (2.1.21) and
(2.1.28),

Vir) =

V(x) = QY’"(G b),

where u(r) is a solution of Eq. (2.1.29)

B d*u(r) Mw?*r? L+ DR?
2M  dr? 2 2Mr?

] u(r) = Eu(r).

Following closely the steps of Section 2.3, this can be rewritten in the form

d*u(r) M*o*r* e + 1)
dr? k2 +

u(r) = —k*u(r),

where « is defined by

h2k?

oM
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After defining
0 =K,
and dividing by «2, the equation for u becomes
d*u , L+ 1)
—W*F[fp + =

where we have also defined

M2w?
R4

In the limit p — 0, the differential equation for u becomes

&=

2

d-u s

which implies that in this limit, we must have u ~ p**!. In the limit p — o0,
the equation for u becomes

d’u ‘f
—_— s u
dp? p

which implies that in this limit, we must have u ~ e*VEP/2 The requirement
that the wave function be normalizable eliminates the exponentially growing
solution, and so we keep only the exponentially decaying solution. We can
then write # in the form

“lexp (—%«/E/ﬂ) F(p).

In order to plug this into the Schrodinger equation, we must find the second
derivative of u. The first derviative is

()5 ) ]
e p £p 5 o o |

and the second derivative is
d*u £+1 1 2
d_,02 =p exp (—5\/5,0 )
L +1) E+1 dF d’F
X (2£+3)+5p>F+2( S,o)——i——.
[( p? f 0 do  dp?

Plugging this into the Schrodinger equation and dividing out common factors
gives a differential equation for F

d’F e+1\ dF
d_p2—2< Ep——— )d——(f<2z+3) ) =0.
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We can simplify this equation further if we make the identification

p =40,
so that we have
d do d d
_=_G__ __zf_
dp dpdo d
d? 4 d +2d
— =40 — .
dp? do? do

The differential equation for F now becomes

40£ 2d—F—4(\/§o—(£+l))j—§—<\/§(2K+3)—1>F:0,

do? do
which can be simplified slightly to read

d(ﬂ (f_“ )d_F_d?(zzH)—lF:Q

o do 4o

We now look for a series solution of the form

o0

S

F = E a,o’,
s=0

where we require that ap #% 0 in order to maintain the behavior of the wave
function in the limit p — 0 that we found above. Using this ansatz in the
equation for F gives

e¢]

Zas |:s(s — Do % - s\/go‘v_l +s (Z + %) o572

s=0
_21; (\/5(% +3)— 1) af—l] —0.

In the first and third terms, we will make the replacement s +— s + 1. This
does not affect the limits of the sum, because initially, the s = 0 contribu-
tion of the first and third term vanishes. After this replacement, the equation
becomes

> |:as+1S(S +1) —awsyE +av(s+1) (e + %)

=

0
—% (\/E(zz +3)— 1)] o1 = 0.
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This expression must vanish for values of o, and therefore the sum must
vanish term by term. This results in a recurrence relation for the coefficients
of the series solution

aats+ 1 (043 45) =a (svE+ IR,

For large values of s, this expression gives a,,|/a; — +/€/s and so

aE
(s +b)!’

as

which gives for F at large s

F — aZ (\/ga)s =a <\/§G>_b Vi = ¢ (\/5102)_}) e\/gpz’

(s + b)!

s

which is the exponentially growing solution we threw out above in order to
require normalizability of the wave function. In order to avoid this exponen-
tially growing solution, we require that the power series must terminate at
some finite s = s,,,,. We therefore require that

Smax\/g‘szo’

which we can rearrange to read

1
— =20+ 3 + 4spax-

VE

Since ¢ and s,,,, are both non-negative integers, we find that 1/.,/&€ must be
an odd integer greater than or equal to 3

1
—=2n+3 for n=0,1,2,....
NG

Returning to the definition of & we find
M*w? . 1
Rt (2n +3)2

S:

and so

M*«*  AM?
=—FE

h? A

Finally, we arrive at the expression for the energy levels

3
E, = <n+§> hw.

Kb = (2n+3)*
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This is exactly what we expect based on the fact that a three-dimensional
harmonic oscillator behaves just like three one-dimensional harmonic oscil-
lators. As a side note, we have also arrived at an expression for the wave
functions of the three-dimensional harmonic oscillator

Mo +3) (Mw
lﬂn X rZ exXp (—EI’J) Lg(n—zl?) <Tr2> YZ"(Q, (b),

where the L,((“)(y) are called generalized Laguerre polynomials, and are
generated by the recurrence relation derived above.

. Find the difference in the energies of the Lyman o transitions in hydrogen
and deuterium.
The Lyman « transition refers to the transition fromn = 2 ton = 1. The only
relevant difference between hydrogen and deuterium for the Lyman « transi-
tion is the reduced mass of the system. For hydrogen, the reduced mass is
g = —pte
my +m,

while for deuterium the reduced mass is slightly higher

According to Eq. (2.3.20), the energy levels of hydrogenic atoms are given by

E — h? . wz’e*
" 2uain® 2Rn?
The energy of a Lyman « photon is given by
3uZet
E,=E,—E| = T

The isotopic shift is given by
AE. — 3Z%* ( ) = 37%e* m,m?
o« T Tgpz WP T )= e (2mp +me) (m, +m,)
~ 2.77644085 x 1073 eV.

This is to be compared with the energy of a Lyman « photon emitted from a
hydrogen atom

(H) _ 3uyZ%et
¢ 8h?
and so the isotopic shift represents about a 0.05% shift in the energy of the
emitted photon. This shift in energy is large enough to be detected with mod-
ern spectroscopic equipment, which allows hydrogen and deuterium to be
distinguished by their emission spectra.

E ~ 5.21153244 eV,
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7. Calculate the wave function (aside from normalization) of the 3s state of the
hydrogen atom.
The 3s state of hydrogen has n = 3, £ = 0, and m = 0. In order to find the
wave function for the 3s state of hydrogen, we begin with the form given by
Eq. (2.1.21)

Y (x) = R(Y;" (0, ¢),
where R(r) can be put in the form of Eq. (2.1.28)

As discussed in Section 2.2, Y(? is just a constant, and since we are not
concerned with the normalization here, we can simply include it in the unde-
termined normalization constant for the purposes of this problem. For the
hydrogen atom, u takes a form given by Eq. (2.3.7)

u=p*lexp(—p)F(p),
where we have introduced the notation
P =Kr,
where « is defined by Eqs. (2.3.3) and (2.3.18) to be
_ VTIEE _

h na’
and a = h?/uZe? is the Bohr radius. According to Eq. (2.3.9), F(p) takes
the form of a power series

o0
F(p) = asp’,

where the coefficients a, satisfy a recurrence relation, which is given by
Eq. (2.1.12)

—2n+2s+2042

dy.
(s+20+2)(s+ 1)
For the 3s state of hydrogen, this gives

as11 =

a, = —2ay
1 2
a) = —5611 = ga()

ar =0 for k>3.
Therefore, F(p) takes the form

22
F =ag 1—2p+§p ,
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and so u takes the form

o (1-2 +2 ) r 2r2 . 2r3 ( r)
u=a exXpl(— —_ — = q, _—— — ] €X - .
00 EXPA=P pT3p 3¢ " 922 " 8127 ) TP\ T3,

Putting this together, we find the wave function for the 3s state of hydrogen

Ux) =N 1 2r n 2r2 ( r)
X) = — — —+ —— | exp(——),
3¢ 942 8143 P 3a

where N is the normalization constant.
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Chapter 3 Problem Set Solutions

. Consider a system with a pair of observable quantities A and B, whose
commutation relations with the Hamiltonian take the form [H, A] = iwB,
[H, B] = —iwA, where w is some real constant. Suppose that the expec-
tation values of A and B are known at time t = 0. Give formulas for the
expectation values of A and B as a function of time.

According to Eq. (3.6.7), for any Heisenberg picture operator Oy (¢), the time
derivative is given by

i

Ou(t) = 7 H, On ()]

In this case, this gives

. i w
Au(t) = 7 [H, Au ()] = _EBH(t)a
Bu(t) = - 1H, By ()] = 2 An()
a(t) =21, bu()] = An(l).
Taking another time derivative, we find
.. w . w?
Ap(t) = ——=By(t) = ——5 An (1),

h h?
2

.. w . w
By (1) = EAH(I) = _ﬁBH(I)-

These differential equations have a well-known solution of the form
Au(®) = Cysin (1) + Coos (1)
u(t) = Cysin - 1 COS 1)
By (t) = C5sin <Et> + C4cos (Et)
H 3 3 4 wl):

Now we must impose the condition that A m(t) = —% By (t), which for this
solution takes the form

%Cl CcoS (%t) — %Cz sin <%t> = —%C3 sin (%t) — %C;; cos (%t) .

In order for this to be satisfied for all times, we require
Cy=—Cy, C3 = Cs.
Evaluating these solutions at t = 0, we find

C, = A (0), Ci = —-Bx(0),
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and so we can write the operators as
aY) w
Ap(t) = —By (0) sin (Et) + Au(0) cos <%t) ,
By (1) = Ay (0)sin (Et> + By (0) cos (Ez)
H H 3 H w1
Now if we define
(An(0)) =a, (By(0)) = b,

then we find for the expectaion values
(Ay (D) = —bsi (wr)+ (wr>
= —bsin(— acos(—t),
" h h

(By(t)) = asin (%t) + b cos (%t) .

. Consider a normalized initial state ¥ at t = 0 with a spread AE in energy,

defined by
AE E\/<(H— (H)\p)2> .
v

Calculate the probability |(V (8t), W)|? that after a very short time 8t the
system is still in the state V. Express the result in terms of AE, h and §t, to
second order in 4t.

We can use Eq. (3.6.3) to write

W (St) =exp(—iHét/h) W,

where we have defined ¥ = W (0), and we will assume that W is normalized
so that (&, W) = 1. Now let us expand W (5t) to second order in §¢

i 1
V() =V — —HStW — — H*8t*V + O (817).
(1) - e + O (81°)
We can then calculate the probability that the system remains in the initial
state

i 1
| (W), W) > = | (¥, ¥) + o1 (HY, W) — ﬁsﬁ (H*w, ) |?

= |(¥, W)|* + %51 (HY, V) (¥, V) — %81 (HY, V) (¥, V)

1 1
+ ﬁsﬂ (HY, W) |* — ﬁaﬂ (H>W, W) (L, ¥) + O (81°)

s>, 8t
=14+ —=(H)y — T

: (H*)y + O (81%).
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Now we note that

AyE = \/< (H = (H))?)

v

= \/ (H2)y = 2(H (H)s)
=/(H?)y — (H)y,
and so we can rewrite the inner product above as

(AyE)? 812
h2

3. Suppose that the Hamiltonian is a linear operator with

| (W@, W PP=1~ +0O (8.

HY =gb, HO®=g"V, HY, =0,

where g is an arbitrary constant, ¥ and ® are a pair of normalized indepen-
dent (but not necessarily orthogonal) state vectors, and Y, runs over all state
vectors orthogonal to both V and ®. What are the conditions that ® and W
must satisfy in order for this Hamiltonian to be Hermitian? With these con-
ditions satisfied, find the states with definite energy, and the corresponding
energy values.

In order for H to be Hermitian, we must have

(W, HV) = (HY, V).
Using the relation HWV = g®, we can rewrite the left-hand side as
(W, HY) = (W, g®) =g (¥, D),
and the right-hand side as
(HY, W) = (g®, V) = g* (&, ¥) = g" (¥, ®)" = [g (¥, §)]" .

We find that the condition for H to be Hermitian is that the product g (W, )
must be real.

We will now look for states x; = a;V +b;®+ ), ¢;, Y, such that Hy; =
E; x;. Applying the Hamiltonian to such a state y;, we find

n

Hyi=H (“i‘p +bi®+ ZcmT”) =ga;® +g"hV +0

= Ei (a,-lIJ +b,<D + ZC,‘HT"> = E,’X,‘.
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First, we notice that either¢;,, = 0or E; = a; = b; = 0. We will set¢;,, =0
and look for states with non-zero energy. We find that for E; # 0, we must
have

Eia; = g*b;, Eib; = ga;,
which we can combine to find that
E} =g
Let us distinguish two states which we will call x, and x_ such that
Ey =gl E_=—|gl.
We then find that the states are given by

X+ = Ny (‘IfiéCD),
Fq

where N is a normalization constant, which we can determine by the
condition that

1= (xa. xe) = [NsP? [(\v, W) + (0, d) + 2% (v, <1>)} .

So we find, up to an arbitrary overall phase the normalized states of definite
energy are given by

g -1z g
Y = [212— (v, <1>)} (\1&-@),
lgl lgl

and these states satisfy the condition
Hyxy = £[glx+,
and of course there are the states of zero energy
HY, =0.

. Suppose that a linear operator A, though not Hermitian, satisfies the condi-
tion that it commutes with its adjoint. What can be said about the relation
between the eigenvalues of A and of A'? What can be said about the scalar
product of two eigenstates of A with unequal eigenvalues?

We are told that the operator A commutes with its adjoint [A, AT] =0, and
so there exists a state W, which we will take to be normalized (¥, W) = 1,
which is an eigenstate of both A and A"

AV = aV¥, AT = bW,
Now let us calculate the expectation value of the product AAT in the state W
(¥, AATW) = ba = (AW, ATW) = |b]* = (¥, ATAW)
=ab = (AU, AV) = |a|*.
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We can see from this that we must have a = b*.
If we now define a second state W’ such that
AV =adV, ATV =p,
we can use the definition of the adjoint to write
0= (V,AV) — (AT, W) =a (¥, V) —b* (¥, V).

We see that this equation implies that either a = b™ or (\IJ’, \Il) = 0. Since
b™* = a’ because A commutes with its adjoint, we find that for a # a’, we
must have (¥, ¥) = 0.

. Suppose the state vectors W and V' are eigenvectors of a unitary operator

with eigenvalues ) and )/, respectively. What relation must A and \' satisfy if
W is not orthogonal to V'?
We have two states W and W’ such that

UV =AY, Uv' =1V,

with U a unitary operator UTU = 1. Let us first consider the inner product
of W with itself

(¥, 0) = (¥, UTUV) = (U, UV) = O, A0) = 1A (U, 1),

which implies that A*A = 1. The same procdedure applied to W' requires that
A2 = 1. Now let us consider the inner product of ¥ with ¥’

(W, ¥) = (v, U'UV) = (U, U¥V) = (A0, M¥) =10 (W, W),

which implies that A*A’ = 1 or (W, ¥’) = 0. Putting this together we find
that for ¥ and W’ not orthogonal, we must have

)»=)\/* =ei¢

for some real constant ¢.

. Show that the product of the uncertainties in position and momentum takes

its minimum value h/2 for a Gaussian wave packet of free particle wave
functions.
We wish to show that
h
Ay XAy P = 5

for a Gaussian wave packet, where the spread of any observable correspond-
ing to an operator A in a state W is defined as in Eq. (3.3.23)

AyA = \/< (A — <A)\p)2)w.

A Gaussian wave packet can be written in a coordinate representation as
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i) = SR PO/l (_ (x — xO)z) .

(27a?)"" 4a?

Let us begin by calculating (X),, for the Gaussian wave packet

(X)y 2/ Y (o)xy (x) dx

_ 1 o0 (x — x0)? 4

= X0.

We follow a similar procedure to calculate (X2),

(X%), = / P OXY () dx

1 o0 2 ()C—)C())2
:W/;wx exp(—zf‘2 dx

=x§+a2.

This gives for the spread in position

AyX = \/< (x - (X>¢)2>w =/ X2y — (X))

= Ja+ad) - ()2 =a.

Next, we will calculate (P), for the Gaussian wave packet

00 . . d
(P), = /oo ViR () d

_ 1 * X X0 (x — x0)* J
" ra)? LT e )P\ T )

= po.
For (Pz)w we find

00 d2
(P?) = / Y*(x) (—hzﬁ) ¥ (x) dx

31

1 °° Cx—=x\> R (x — x0)?
= —(27[612)1/2 /oo |:(p0 —ih oy ) + ﬁi| exp <_—2a2 dx
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This gives for the spread in momentum

AyP = \/< (P - <P)1,,)2>¢ = [P, — (P2

— 2+ h? —( )2_h
ERACY PO =54

Now, calculating the product of the spread in position and momentum, we
find

h
AyXAyP =,

which saturates the bound from the Heisenberg uncertainty principle.
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1. Suppose that an electron is in a state of orbital angular momentum £ =2.
Show how to construct the state vectors with total angular momentum
Jj = 5/2 and corresponding 3-components m = 5/2 and m = 3/2 as lin-
ear combinations of state vectors with definite values of S; and Ls. Then
find the state vector with j = 3/2 and m = 3/2. (All state vectors here
should be properly normalized.) Summarize your results by giving values
for the Clebsch—Gordan coefficients C%z(jm; msmy) in the cases (j, m) =
(5/2,5/2), (5/2,3/2) and (3/2, 3/2).

We would like to construct eigenstates of the operators J2, J3, L?, and S?
which are linear combinations of eigenstates of the operators L2, L3, S?, and
S3, just as in Eq. (4.3.18)

W= Co(Gmsmem)yye™.
my,mg

The state with the maximum values of j and m is given simply by the state
with the maximum values of m, and m,, as shown in Eq. (4.3.20), and so in
the case £ = 2, s = 1/2, this reads

To find the state with m = 3/2, we can apply the lowering operator with
proper normalization as given in Eq. (4.2.16)

—1/2
v’ L 5+1 > 2+5 /(J i 1)) W %
=—|=1= —| = — —1
233 " nl2\2 2 2 175927 %13

I\J\—

1 : 23
:W(Ll—szJrSl—zSz)wz%2

1 1/2
=—[h2@+1)-2?%+2
nﬁ( 22+ - @7 +2] w%
IS L : 2+1 1/21//2%

22 2) 2| T
4 11 I 21
sVay Ty5Yey

. 21 2_,
The properly normalized state vector constructed from v, > and w
2

which is orthogonal to \IJ2 must be \112

find

as in Eq. (4.3.23), and so we

213>
233

m\
(N9
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3 1 1! 4 ,_1
2 I 2 - 2
Y= Vs5Y +\[5‘/’z; :

up to an arbitrary overall phase factor. We can read off the Clebsch—Gordan
coefficients by comparing with the first equation above, and we find for the
non-vanishing coefficients

55 1

2222 ) =1
C2%<22 2)

53 1 1
C2‘<§§;2‘§>: 5
RN
23\22" 2) " V5

53 1 4
i (22:2-5)=/%
23\22 2 5

55 1 1
Cu(22:15)=—/z
:\227 2 5

2. Suppose that A and B are vector operators, in the sense that
[Ji’Aj]:ihZEijkAk’ [-]i7Bj]:ihZ€ijkBk-
k k

Show that the cross-product A x B is a vector in the same sense.
Given that

[Ji. Aj] ZiHZGijkAk» [Ji. B)] zihzeijkBks
k k
we wish to show that

[Ji. (A xB);] =ih ) eiji (A x B),.
k
First, we note that the cross-product can be written as

(A xB); =) €inArBy,
tm
and so we can write the right-hand side of the desired result as

ihzfijk (A x B), = ZeijkekﬁmAﬁBm
k

klm

=ih Y (8it8jm — Simbje) AvBu
m

=ih(A;B; — A;B;),
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where we have used the well-known relation for the Levi—Civita symbols

E €kij€kem = 6i¢8jm — Oimbje.
k

Now we can calculate the commutator of J; with the cross-product (A x B);

[Ji. (A xB);]1 =" €jem (LJi. A By + A [J;, B))

tm

> €jom (ihZEiZkAkBm + AziﬁZEimk3k>
tm k k

=ih Z (Z Gjﬂmei2k> Ak Bm + Z (Z éjeméimk> Asz}
£ ke m

L km

=ih Z (8mk8ji — Smidjk) AxBm + Z (8;k8ie — 8ij6ke) AeBk]
Lkm ke

=ih (SijZAkBk—AjBi+AiBj_8ij ZAkBki|
L k k
= ih[AiBj — AjB,‘]

=ih) €iji (AxB).
k

We find that if A and B are vector operators, then (A x B) is also a vector
operator.

. What is the minimum value of the total angular momentum J* that a state
must have in order to have a non-zero expectation value for an operator (’);"
of spin j.

Let us define a state

mm' _ p;ym\gm’
Q./' ll'/ —_— Oj lII.I'/ )

which as shown in Eq. (4.4.10) acts as a state vector describing two parti-
cles with spins j and j’ and spin 3-components m and m’. We can express
this state vector as a sum over states with total angular momentum J and
3-component M as in Eq. (4.4.11)
mm' __ (3 N, m"
ij, = Z Cip(j"m ,mm)a)jj,jn.
j//’m//

As discussed in Section 4.3, the range of j” is

/

.]”:|]_],|v|]_],|+1v’]+]
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"

We are interested in the inner product (W;?f/, o'l /.,,>. Note that because J? is

an Hermitian, this inner product vanishes unless j' = j”
(\IJ;’f/, Jza)m’_’, .”) _ hzj//(j//+1) (\IJ;'Z/, w;n/f, w) _ hzj/(]/-f-l) <lIJ;’f,’ wm/-// .,,) '

Ji'i Ji'i Ji

A non-vanishing inner product therefore requires that j’ is in the range
spanned by j”, and so the minimum value that j’ can take is given by

o/ . o/ . ./
Jmin = |-] - Jminl = J = Jmin’

where we have taken j — j; . to be positive because for j < j’ there is always
a smaller value of j’ for which the inner product does not vanish. Solving this
equation for j, . we find
./ 1 .
Jmin = 5] :

We therefore conclude that
/ / . 1 .
(v opwy) #0 for =)

where j is restricted to be an integer. For half-integer j, one of lll;’f, and

or \I’;'/’/ will be bosonic while the other is fermionic, and so will always have
a vanishing inner product.

. The Hamiltonian for a free particle of mass M and spin S placed in a

magnetic field B in the 3-direction is

p?
H = — — g|B|S;,
o8 IB|S3
where g is a constant (proportional to the particle’s magnetic moment). Give
the equations that govern the time dependence of the expectation values of
all three components of S.
We can find the time derivative of S(¢) in the Heisenberg picture by taking
the commutator with the Hamiltonian
. i i
Si :ﬁ[H’Si]:i_i

inB (.
=__h (lh;qiksk)

= uB (§;15 — 8i251) .

2 .

P inB
S| 085
oM ] o 153 Sil

Therefore, the individual components of the spin have time derivatives

Si = uBS,, S, = —uBS;, S3 = 0.
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We can take second time derivatives of Sy and S, to find
Si = uBS, = —u*B*Sy,
S'z = /LBS] = —,uszSz.
These differential equations have well-known solutions of the form

Si1(t) = Ay cos(uBt) + A, sin(uBt),
S>(t) = Ascos(uBt) + Assin(uBt).
Imposing the condition that S’] (t) = wBS,(t), we find that
—A uBsin(uBt)+ AyuB cos(uBt) = AsuB cos(uBt)+ Ay B sin(juBt),
which must be true for all times, and so this requires
—A4=A1, A2=A3.
Evaluating these solutions at t = 0, we find
A = 51(0), Az = $,(0),
and so we find
(S1(2)) = (81(0)) cos(uBr) + (S52(0)) sin(uBr),
(82(2)) = (52(0)) cos(uBr) — (S1(0)) sin(uBr),
(S3()) = (83(0)).

5. A particle of spin 3/2 decays into a nucleon and pion. Show how the ang-

ular distribution in the final state (with spins not measured) can be used to
determine the parity of the decaying particle.
First, we note that nucleons have spin 1/2 and pions have spin 0. In order for
the decay of a spin—3/2 particle (which we will call X) into a nucleon and
pion to conserve angular momentum, the final state must have orbital angular
momentum £ = 1 or £ = 2. Assuming that the decay conserves parity, we
can write

nx = (=) nnn..

According to Section 4.7, nucleons have intrinsic parity ny = 41 while
pions have intrinsic parity n, = —1 and so we find

nx = (=D

Now, if the angular distribution of the final state can be used to determine the
orbital angular momentum ¢, we can use this expression to find the intrinsic
parity of the spin—3/2 particle. To be specific, we find

+1 ife=1

ZN21 ife=2"
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A particle X of isospin 1 and charge zero decays into a K and a K. What is
the ratio of the rates of the processes X* — K+ +K and X° — K° +EO?

First, we note that the isospin of all of the kaons is 7 = 1/2. The T5 quantum
number for each of the kaons is given below

K™ T;=+1/2

K~ T; = —1/2

K T,=-1)2

K° T3, =+41)2.
Because the particle X decays into a K and a K, the conservation of T3 in
strong interactions requires that the particle X has T3 = 0. If we label the T3

quantum numbers of the final state particles as m and m’, the amplitudes of
these decays will be proportional to Clebsch—Gordan coefficients of the form

M0, m, m") = MoCy 1 (10; mm').

In both cases the relevant Clebsch—Gordan coefficient is

c 10: 1 1y /1
1 ) Ty

We therefore find for the ratio of the decay rates

PX = Kt +K) _ [MO+5 =D _ 1Mo (3)
X = KO+KY) | M(0+1 - IMP(3)

. Imagine that the electron has spin 3/2 instead of 1/2, but assume that the

one-particle states with definite values of n and ¢ in atoms are filled, as the
atomic number increases, in the same order as in the real world. What ele-
ments with atomic numbers in the range from 1 to 21 would have chemical
properties similar to those of noble gases, alkali metals, halogens, and alkali
earths in the real world?

The values taken by the 3-component of spin range from —s to s in integer
steps giving 2s + 1 values. There are four values taken by m; for a spin—3/2
particle

3 113
27 27272
As a result, for multi-electron atoms constructed from spin—3/2 electrons
there will be 4(2/ + 1) distinct states for each value of the prinicipal quantum

number # and the orbital angular momentum /. Then if atoms are filled in the
order described by Eq. (4.5.11), we can count states as

my = —
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1s 4 states
2s, 2p 4 + 12 = 16 states
3s, 3p 4 + 12 = 16 states

Noble gases are those which have a full outer shell of electrons, and in this
case are atoms with atomic number Z = 4, 20. Alkali metals are those
which have only one electron in the outermost shell, and here are atoms with
Z = 1,5, 21. Halogens are elements having an outermost shell which is
one electron short of being full, and in this case are atoms with Z = 3, 19.
Finally alkali earths have two electrons in their outer shell, and here are the
atoms with Z = 2, 6.

. What is the commutator of the angular momentum operator J with the
generator K of Galilean transformations?

Since the generator of Galilean transformations K is a vector operator, we
expect that

[Ji. K;] = ihzéiijka
k

according to Eq. (4.1.13). To be more explicit, we may write the generator of
Galilean transformations as

1
K= (Pt — me> :
which satisfies the commutation relations given by Eqgs. (3.6.18) and (3.6.20).
Now, using the commutation relations of the angular momentum operator

with X, and P given in Eq. (4.1.22), we may compute the commutator
directly

[/, K] = |:Ji, % <Pjt -~ Zm,,xnjﬂ =iy e (Pkt - Zmank>
n k n
= ihZEiijk.
k

. Consider an electron in a state of zero orbital angular momentum in an atom
whose nucleus has spin (that is, internal angular momentum) 3/2. Express
the states of the atom with total angular momentum z-component m = 1
(of electron plus nucleus) and each possible definite value of the total angu-
lar momentum as linear combinations of states with definite values of the
z-components of the nuclear and electron spins.

We would like to construct eigenstates of the operators J?, J5, I2, and S?
which are linear combinations of eigenstates of the operators 12, I3, S?, and
S3, just as in Eq. (4.3.18)
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Wi = D CrsGmsmm)ypi™,

mrp,ms

where we are labeling the nuclear spin quantum number as / and its three-
component as m;. The state with j = 2 and m = 1 is given by

e G ) AS TR PG Ty AETS

and the state with j = 1 and m = 1 is given by

wl, =cy (12 D) itrey, (- D)yt
T PG Ty AS T P G ) AT
Now all that remains is to find the relevant Clebsch—Gordan coefficients. The

first two coefficients can be read off from Eqs. (4.3.24) and (4.3.25), and the
others can be obtained by requiring the orthogonality of the two states. We

therefore find

(S
1l —
Il

gl o Lyib, s
=30 TV

3 3.1 1 11
11,1 = 22T 27
TV v
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Chapter 5 Problem Set Solutions
1. Suppose that the interaction of the electron with the proton in the hydrogen
atom produces a change in the potential energy of the electron of the form
AV (r) = Voexp(—=r/R),

where R is much smaller than the Bohr radius a. Calculate the shift in the
energies of the 2s and 2 p states of hydrogen, to first order in V.
The first-order shift in energy due to a perturbation is given by Eq. (5.1.6) as

S1E, = (Y, 0HWY,) .
In this case the perturbation is given by
AV (r) = Voexp(—=r/R),

where R is much smaller than the Bohr radius a. In order to calculate this
energy shift for the 2s and 2p states of hydrogen, we need to work out the
form of the unperturbed wave functions. Recall from Section 2.3 that these
wave functions are given by

Yoy = Rao(r)Yy),
Vop = Ry (n)Yy',

where the radial part of the wave function is
Ryooxrt exp(—r/na)F, ((r/na).

According to Eq. (2.3.17) in this case we have
Fro=1——
20 - 2& ’
=1,
and so the radial parts of the wave functions take the form
Rao = Aexp(—r/2a) (1 - L) ,
2a
Ry = Brexp(—r/2a).

‘We can normalize the wave functions to determine A and B. For A we find
o0
/ dx Y30, = / dr r*(Ry0)* / *QYyy
0

00 PN
= |A|2/ dr r? (1 — Z) exp(—r/a)
0
=2a%|A)?
A= (2",



42 Solutions to Lectures on Quantum Mechanics
and for B we find
[e¢)
/ dx Y}, = / dr r*(Ry1)* / d*Qymyn
0 o
= IBIZ/ dr r*exp(—r/a)
0
= 244°|B|?
B = (24a°) 7.
We find for the 2s and 2 p hydrogen wave functions
r
Yo = 2a) ™ (2= =) exp(=r/20)Y{.
Vap = (2a) P —— exp(—r/2a) Y.
V3a
We can now calculate the first-order shift in energy of the 2s state as

51 Ery = / W Vo exp(—r/R) ¥,

* r\? roor
= VO/ drr*(Q2a)”> (2 - —) exp (—— - —) /d29 vy
0 a a R
R3(a®> — aR + R?)
(a+ R)
and for the 2 p state we find

0

’

S1Eyp = /dxﬁpVoeXP(—r/R)sz

00 2
= VO/ dr r2(2a)_3r— exp (—£ — L) /d2§2 Yymyr
0 3a? a R bt

=W—.
a’

In the limit R « a, we find for the energy shifts
3
S1Ey — Vo—,
a

5
HEr, — Vo—.
152p 0a5

2. It is sometimes assumed that the electrostatic potential felt by an electron in
a multi-electron atom can be approximated by a shielded Coulomb potential,
of the form

Ze?
V(r) = —=—exp(~r/R).
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where R is the estimated radius of the atom. Use the variational method to
give an approximate formula for the energy of an electron in the state of
lowest energy in this potential, taking as the trial wave function

Y (X) o exp ( - r/p>,

with p a free parameter.
Given that the potential takes the form

Ze?
V(r) = ———exp(=r/R),

we will try to minimize the ground state energy by taking an ansatz for the
wave function of the form

¥ (x) ocexp(—r/p)Y" (X),

by varying the parameter p. The Hamiltonian takes the form

p2 7 2
H = m — Texp(—r/R),
which can be written in the form
o9 ,9 1 Ze?

_ 2,29 2_2¢ oi—
2Mr? 8rr 8r+2Mr2L r exp(=r/R).

as was done in Chapter 2. Since we are examining the ground state, we will

take £ = 0, because non-zero values of ¢ will have higher energy. First, we
will normalize our wave function

= / P ()Y (x) = / " dr AR exp(=2r/p) / LYY
0

L
4

2

= 032
‘We find for our normalized trial wave function
2 0 1
Y(x) = mexp(—”/p)Yo = WCXP(—”/P)-

The expectation value of the energy in this state is given by

(H)y = / d’x y*(x) Hfr (x)

/ood 22 exp( /p) W 9,0 _Z¢ (—r/R)
= rr-—exp(—r — —r°— — —exp(—r
0 03 p P 2Mr?or or r P

X exp(—r/p)/d2s2 Yoy
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4 /"Od h? 2r N r? (=2r/p)
= — r|l——\——+ — ) exp(—2r
03 Jo i \"p T p2) P P

—Ze*rex <_2_r — L)]
P
Jo R

4 h? ( ,0+,0) Ze?
P3| o 2M\ 2 4 2, 1)
(3+%)
h? 4Ze*R?

T 2Mp2 QR+ p)Pp
We can find the value of p that will minimize the energy by setting the
derivative with respect to p equal to zero

_ 8<H> o ® N 8Ze’R? N 4Ze*R?
T T T Mpr T QR+ pYp | QR+ )22

We can simplify this expression slightly by multiplying both sides by
—m and using the definition of the Bohr radius a = h?/Meé?

0

ZR? ZR’
0=p>+ <6R - 12—) o* + (121?2 — 8—) o+ 8R%.
a a
Solving this equation for p, we find that the only real root is given by

2R3Z(—5a + 6RZ)

2R
= —""(a—2RZ)+

27 3 -173
x [ZR“Z(a —4RZ)(a — RZ) + Z\/3a2R8Z2(27a2 —20aRZ — 9R222)]

a

2 2 1/3
+ |:2R4Z(a —4RZ)(a — RZ) + 6\/3a2R8Z2(27a2 —20aRZ — 9R222)] )

This gives the energy in the ground state as
G 4ZeR*
2Mp? 2R+ po)?po

. Calculate the shift in energy of the 2p3,, state of hydrogen in a very weak
static electric field E, to second order in E, assuming that E is small enough
so that this shift is much less than the fine-structure splitting between the
2p1/2 and 2p3 ), states. In using second-order perturbation theory here, you
can consider only the intermediate state for which the energy-denominator
is smallest.

The perturbation to the Hamiltonian in this case takes the form

0H = —eE - X,

(H)y
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and for convenience, we will define our coordinate system so that E points in
the 3-direction E = |E|x3, and so the perturbation becomes

SH = —e|E|X;.

Notice first that the first-order perturbation to the energy vanishes forn = 2
and j = 3/2 because

(Wi SHWY ) = —elElum (W) X W2 ).

and due to the fact that X3 changes sign under space inversion this must
vanish unless (—1)¢(—1)¢ = —1. For the n = 2, j = 3/2 state, we must
have £ = 1, and so this inner product vanishes. The second-order shift in the
energy is given by Eq. (5.4.5) as

(W, SHY,)|?
“Ea=) Tp g,
b#a

The largest contribution to this sum comes from states W, for which |E, — Ej |
is the smallest. For the 2p3, state of hydrogen, the states nearest in energy
are the 25/, and 2py ), states which would be degenerate with the 2p;, state
in the absence of fine-structure splitting. The relevant matrix element for the
2py state is given by
—e[E[Sum ( o Xawy, %) —0,

which vanishes due to the behavior of X3 under space inversion because
(—D!'(=1! = 1. This leaves only the 2s;/, intermediate state. The oper-
ator X3 acts on orbital angular momentum, but not on spin, so we need to
express the state vectors in terms of state vectors with definite values for the
my and mg quantum numbers

v = Z Cy1 (jm; memy) Y.
my myg
After making this change of basis, we can write the matrix elements as
(yf,’j’; ms XW;’,’@,’”f) -~ / d*x Rn L)Y (0, ¢)r cos O
mj
X Rn;Z/(r)Y ’ (9’ ¢)’
as in Eq. (5.3.5). The state vector \IJZ‘O , must have my; = 0 so the matrix
elements of X3 between \Il;"o , and lI!;"l , receive contributions only from the
2 2

my = 0 components of both wave functions. The relevant matrix element

then takes the form
3 £5) 1 1. 1 3 1. 1
(\pzoé’X3\p21§)_C0§(§iE’OiE C, EiE’OiE Z,

0=
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where we have defined
T= / d*x 1 cosORy o (N Y0, )Ry 1 (N Y (0, ¢),

as in Eq. (5.3.15). This integral was evaluated in Eq. (5.3.15), which gives
7T = —3a.

The relevant Clebsch—Gordan coefficients are

1 1 1
- +t;0£-)=1
2 2

2
301 1 \/5
T4 0+-)=./2,
(2 2 2) 3

1 1
(\yiz X;w? ) — —/6a.

1 1
204 214

Co

Bl—

o

1
2

and so we find

Putting this together, we find for the second-order shift in the energy of the
232 state of hydrogen

1 1
_¢|E]| (xpi2 X, w2 )

1 1
204 214

2

_ 6e?|E|%>a?
E(2173/2) - E(231/2) E(Zps/z) - E(251/2)

82E2ps0) =

The fine-structure splitting gives an energy difference of

mZ*® (1 mZ4e8_ Z%e
16R4c2 \ 2

Eopyp) — Eap) = T RWE T 32ahieY

and so we find for the second-order energy shift
192h%c*a®|E|?
SZE(2P3/2) = _24—64

. The spin-orbit coupling of the electron in hydrogen produces a term in the
Hamiltonian of the form

AH = &(r)L -8,

where £(r) is some small function of r. Give a formula for the contribution
of AV to the fine-structure splitting between the 2py,, and 2p3,, states in
hydrogen, to first order in & (r).

The first-order shift in energy is given by

S1E = (\I':zne,/» AH‘I’;T&/) ’
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where AH = &(r)L - S. First, we recall that because [L, S] = 0, we may
write

P =L*+8+2L-S,

and so

L-S:%[JQ—LZ—SZ].

We can therefore write the first-order energy shift as

i = (W 5800 (P - 12 - 8w )
2

3
=3 (j(j +1)—€+1)— Z>( 5 EW, )
2

3
== (j(j D) - Z) fdr PE() (Rue(r)’.
For both the 2p;, and 2ps3, states of hydrogen, the radial integral takes the
form

2 2 2 1 L\ /r
[arree @ = [arren (= (50) (5 ewi-riza

4
/dré(r)24 s exp(—r/a).

2

The energy shift for the 2p3, state is given by

h /3 /(3 3 P
S1E@psn) = > (5 (5 + 1) —-10+1 - Z) /drg(r) < exp(—r/a)

h2 ’,,4
= ?fdrf(r) Y exp(—r/a),

and the energy shift for the 2p; , state is given by

B /1 /1 3 r
51E(2p1/2) = 5 <§ (5 + 1) —114+1) - Z) /dré(r) exp( r/a)
4

= —I? / drs(r) — exp(—r/a).

This gives a splitting between the states of

2

S1E@ps) —81E@p ) = Teas

fdrg(r)r exp(—r/a).
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5. Using the WKB approximation, derive a formula for the energies of the bound
s states of a particle of mass m in a potential V (r) = —Vye™"/R, with Vy and
R both positive.
Eq. (5.7.33) gives the condition for a bound state for a central potential with

£ =0as
bg 3
/ k() dr' = (n + —) T,
0 4

where the function k(r) is defined as in Eq. (5.7.2)

2m
k(r) =,/ 7 (E—=U(r)),

where U (r) is given by

2
Uy = v+ - D
2m r

and bg is the turning point, defined by the condition that U (bg) = E. In this
case, we are considering only states with £ = 0 and a potential given by

V(r) = —Vyexp(—r/R).

We find that bg is given by

b R1 E
= — n —_—— s
E Vo

and k(r) is

2m
k(r) = \/ﬁ (E + Vyexp(—r/R)).

The integral appearing in the condition for a bound state becomes

be be 2m
/ k(rydr = / dr \/— (E + Voexp(—r/R))
0 0 h?

— 2R lszO E R E . 1 E R be
= — 7 7() —I—exp(—r/ ) + —70 sin —70 exp(_r/ ) 0
R )

R Vo Vo
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The condition for a bound state is then a transcendental equation for £ which
reads

C[Td (-5) = C)]

whose solutions give the values of the energy levels.
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Chapter 6 Problem Set Solutions

1. Consider a time-dependent Hamiltonian H = Hy + H'(t), with
H'(t) = Uexp(—t/T),

where Hy and U are time-independent operators, and T is a constant. What
is the probability to lowest order in U that the perturbation will produce a
transition from one eigenstate n of Hy to a different eigenstate m of Hy during
a time interval fromt = 0to atimet > T?

If we expand the solution of the full Hamiltonian H in terms of eigenstates
of the unperturbed Hamiltonian Hj as in Eq. (6.1.4)

V() =) cn(t) exp(—i E, (1) /)Wy,

n

then the coefficients in this expansion can be found to first order in the
perturbation H'(r) as in Eq. (6.1.6)

c;(t) ~ c;(0) — %ch(O)/O dr' Hj (1) exp(i (E; — Et'/h),
k

where H ]’ (1) = (lI' i H'(t )\Ifk). To find the probability of a transition from
a state n to a state m, we set ¢,(0) = 1 and ¢ (0) for all k # n, so the state
is described at time t = 0 by W,,. If we take H'(t) = U exp(—t/T), we can
then calculate the coefficient of the the state W,, after a time ¢ as

cn(t) ~ —%f di'H),, (") exp(i(E,, — E,)t'/h)
0

. t
_ _%/ dt' Uy exp(—t'/T) exp(i (Ep — E)t'/H),
0

where we have defined U,,, = (¥,,, UV¥,). In the limit where t > T, this

becomes
(l) lU /*oodt/ .Em_En 1 t/
m = —ZUmn €Xx - L T =
5 nom PIVT T

iU
Ci(En— E)—
The probability of finding the system in the state m is then given in the limit
of large ¢ by

|Umn |2

|(W, W) = len(®)? — R
(Em - En)2 + T2
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2. Calculate the rate of ionization of a hydrogen atom in the 2p state in
a monochromatic external electric field, averaged over the component of
angular momentum in the direction of the field. (Ignore spin.)

Without loss of generality, we can choose our coordinate system such that
the electric field lies along the 3-direction so that the perturbation in the
Hamiltonian takes the form of Eq. (6.3.2)

H'(t) = —eEX5exp(—iwt) — eE* X5 exp(iowt),
where X is the operator for the electron position. This means that the operator
U appearing in Eq. (6.2.1) is
U= —€5X3 .

We need to calculate the matrix element of this perturbation between the
normalized wave function describing the 2p state of hydrogen and the free
electron wave function, given by Eq. (3.5.12)

Y(x) = (27)* exp(ik - x),

where the momentum of the electron is Ak which we take to be much larger
than the hydrogen binding energy such that we may ignore the effect of the
Coulomb field of the proton in the final state. Recall the form of the wave
functions for the 2 p state of hydrogen

1 r
m=0 __ —r/2a
Vo = Frmant
1 r )
wg;:il =F—— ¢ "sing et?
8./ ad/?

which were worked out for the Chapter 2 problem set. The relevant matrix
elements are then

e€ _
Upr om0 = ——m— d3 —ikx —r/2a 0
e (271)3/2x/327ra5./ re e e
e€ , '
Ugppm=t1 = £t——Fr—— d3 —ikx —r/2a sin@ i,¢,'
k2pm==+1 (27[)3/2 —647-[615 xe X3re e
We can rewrite these integrals as
e€ .
m— = —— 43 —ikx_ 2 _—r/2a
Uk2p 0 (27_[)3/2 —327_“15/ xe xje

e
4
(2m)32v 64 a’

and then we can perform the angular integral by recalling that

U pm=+1 = d*x e ® X (x) Lixy)e 7,

de)c e KX f(r) = %/wdr 4zrf(r)sinkr.
0
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Differentiating both sides twice with respect to k3, we find

o0

. 1
— / d’x e X f(r)x; = 5 | drawrfo)
0
. k. k3r 2.2
x | —sinkr + kr coskr + 3@ sinkr — 37 coskr — k3r°sinkr |,

or applying 3373 (a% + l%) to both sides, we find

_ / P e F () (a1 4 i) = % / " drdrf ()
0

ki(k; ik ks(ky ik
x [3% sin kr — 3% coskr — ky(ky & iky)r sinkr:|.
Using these expressions in the matrix elements gives
U dmel Ta —f/Za[ inkr + kr cos k
m=0 =— rre — SINnKr r COSKr
ker 21)32k3/327a5 Jo
K k3r 2.2
+ 3ﬁ sinkr — 37 coskr — kyresinkr |,
drel *© _ ky(ky £iky) .
Uyrpn=t1 = F drre™"* [3— sinkr
k2 Qn)323/64ma’ Jo k2
ki (ky £ ik
- 3% coskr — ks (ky % ik)r? sin kr}.

The radial integrals can be evaluated to give

[e’s) k2
/ dr rer/2”|: — sinkr + kr coskr + 3k—§ sin kr
0

k3 256ak3(1 4 4a2(k? — 6k2
357 coskr — k3r?sinkr | = — a’k"(1 + 4a”( 3))’
k ‘ (1 + 4a2k?)*
* ks(ky £ik kiy(k; £ ik
/ drre™"/* |:3—3( 1k2 iks) sinkr — 3—3( ! k tko)r coskr
0

61444’ ks (k) F ik>)
. > . L 3(K1 2
— ks (kg £iky)r smkr] = =i (1 + 4k

Plugging these into the matrix elements, we find
64a?e£(1 + 4a*(k* — 6k3))
(1 + 4ak>)*

U 768+/2a°2eEks (ki F k»)
m=: = —1
k2pn=! (1 + 4a2k2)

Uk 2Pm=0 -

’
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Using Eq. (6.2.6), the differential ionization rate is
2 ) )
dTl2p — k) = ?lUk2p| 8(=Byp + how — E(K)k“dk d<2,

where B, ~ 3.4 eV is the binding energy of the 2p state of hydrogen,
dS is the differential element of solid angle of the final electron direction,
and E(k) = h’k%/2m,. Now, dk = m.dE /h*k, and the effect of the factor
dE §(—B,, + hw — E(K)) in the integral over k is just to set k equal to the
value fixed by the conservation of energy

k =/2m.(hw — Byp)/h,

and so the differential ionization rate is

dl2p - k) 2mm.k

e
with k given by the expression above. In order to calculate the rate averaged
over the component of angular momentum in the direction of the field, we
need to average the squares of the matrix elements we calculated above. The
norm square matrix elements are given by
212a%*E%(1 + 4a*(k* — 6k* cos? 0))?
72(1 + 4a2k?)8 ’
217320%¢2E%k* cos? 0 sin” 0
72(1 + 4ak?)?

These formulas only apply in the limit of large k, and so we may drop the
terms which are suppressed by & to find

e2E%(1 — 6.¢cos?6)?

2
[Ux2pl”,

2
|l]k2pm:o | =

2
|Uk g pm=21]" =

2 _
[Ukapm=o]”™ = 2a’k12 ’
I ) 18¢2E2 cos? 6 sin’ O
I kZpW':ill - 7'[2617]{12 ’

and so the average for large & is

Uiz, |* = % (1Uk2pn=0 | + [Uiapm=t 2 + [Uga pn=-11%)
. e?E%(1 4 24 cos?6)
- 372a7k12
Finally, we find for the differential ionization rate
dU(2p — k) 2m.e*E*(1 + 24 cos’0)
dQ 3rhPa’k!

. Consider a Hamiltonian H|[s] that depends on a number of slowly varying
parameters collectively called s(t). What is the effect on the Berry phase
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vulC] for a given closed curve C, if H|s] is replaced with f|s]H[s], where
fs]is an arbitrary real numerical function of the s?
We begin with the formula for the Berry phase given in Eq. (6.7.8)

yalC] :i/fA[C]lijdAi,Z

m#n
JdH[s] * dH[s] _
X |\ Puls], a5 Dy ls]) | Paulsl, 35 @y ls]) (Emls] — ExlsD)™".

i J

If we replace H[s] by f[s]H[s], the Schrédinger equation appearing in
Eq. (6.6.1) is modified to

fIs1H[s]®uls] = fIS]En[s]Pp[s],
and the derivatives appearing in the Berry phase become

Of[s1H[s] _ 8f[S]H[S] n dH|s]
8s,- asi aS,'

flsl.

The relevant matrix elements are then

) H dH
(cbn[s], [%} cbm[s]> = (cbn[s], [ as[f]] <I>m[s]> f1s]

J
0
+ (@pls], Hs]Pp[s]) %

-
:(¢n[s], Ls] c1>m[s]> FIs]

af[s]
aSi

[OH[s]]
=(q>n[s], , <I>m[s])f[s]

+ (Puls], PulsD) En

Using this to calculate the Berry phase, we find

W[Cl=1 dA;;
YulCl l///;[a%: j
x 3 (cbn[s], [ai[l_s]] <I>m[s]> (cbn[s], [BH[S]] cbm[s])

m#n 8Sj
X fIsTP(fIS1Enls] — fIS1E,[s]) ™2
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:i//A[C]lXj:dA,-jZ

m#n

dH[s] * 0H([s]
x | @,s], ™ ®,,[s] ®,[s], a5, ®,,[s]
i J

X (Enls] — En[s]) 7%,

where the terms involving df[s]/ds; have gone away because the sum
excludes the term n = m, and the factors of f[s] cancel due to the fact
that both the Hamiltonian and the energy eigenvalues are rescaled. We there-
fore find that the Berry phase is unchanged by the transformation H[s] —
fIs]1H[s] for a real function f[s].
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Solutions to Lectures on Quantum Mechanics
Chapter 7 Problem Set Solutions

Use the Born approximation to give a formula for the s-wave scattering
length ag for scattering of a particle of mass u and wave number k by an
arbitrary central potential V (r) of finite range R, in the limit kR < 1. Use
this result and the optical theorem to calculate the imaginary part of the
forward scattering amplitude to second order in the potential.

In the Born approximation, Eq. (7.4.2) gives the scattering amplitude for a
central potential

21 singr

~ * 2
() =—=3 ; drroV(r) ar

where ¢ is defined as in Eq. (7.4.3)
g = |k — kx| = 2k sin(8/2).

For kR <« 1 where R is the range of the potential, we can expand
singr ~ 2kr sin(6/2) + O ((kr)?),
and in this limit the scattering amplitude becomes

2kr sin(0/2) + O ((kr)?)
2kr sin(6/2)

Fo(®) ~ —2—’; /Ooodr 2V (r)

— 2“’ = d 2 O 2

== ; rrevV(r) + ((kR) )
We can also expand the scattering amplitude in Legendre polynomials as in
Eq. (7.5.10)

o0

1 .
@5 > (@ + 1) Py(cos ) (¥ — 1),

k2€+1

For k — 0, the quantity tan §, vanishes as , SO ¢ dominates, and so in

this limit,
1
kcotdy - —— + OKk>),
ag

tan 8o ~ 8y — —a,k.

We can therefore write the scattering amplitude in terms of the scattering
length ay

1 8
Je®) & 5 (2 x 0+ 1) Pofeos 6)(1 + 2idy — 1) = ;0 ~ —a.
1

Comparing this with the expression above, we find that in the Born approxi-
mation the s-wave scattering length for a central potential is given by
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2 o0
a, ~ h_’; dr r*V(r) + O ((kR)).
0

The cross-section is given by

o= fdmfkoe)ﬁ,

which in this limit goes to

160> [ [ ?

o — 47‘[613 - / drr*V(r)| .
§ h4 0

Then, according to Eq. (7.3.8) the optical theorem gives

2 %) 2
Im £, (0) = %a - 4’;{4‘ [/O dr r2V(r)] .

. Suppose that in the scattering of a spinless non-relativistic particle of mass
w by an unknown potential, a resonance is observed at energy Eg for which
the elastic cross section at the peak of the resonance is omax. Show how to use
this data to give a value for the orbital angular momentum of the resonant
state.

We begin with the Breit—Wigner formula given in Eq. (7.6.12)

720 + 1) r2
k2 (E— Eg)?+12/4°

Oscat =

Setting E = Eg, we find

4w (24 + 1)
Omax = — 5 >
k
where we have defined
2,LL ER
2 __
kp = s

We can rearrange this equation to solve for £(, which gives

1 MERUmax
by==\———75-—-1]).
72 ( 2mh? )

. Give a formula for the tangent of the £ = 0 phase shift for scattering by a
potential

—Vi R
vm:{o bR

forall E > 0, and to all orders in Vy > 0.



Solutions to Lectures on Quantum Mechanics

We are dealing here with a central potential of the form

V(I‘) _ —Vo r <R
0 R >R
We will use Eq. (7.5.17) which reads
kj,(kR) — Ag(k)je(kR)
kn,(kR) — Ac(k)ng(kR)’

where Ay (k) is defined in Eq. (7.5.16)

tan 8y (k) =

Ry(R)

Ri(R)’

and R,(r) is the radial wave function. For u(r) = r R(r), the radial part of
the Schrodinger equation for r < R takes the form

d>u (L +1) 21 5
Setting ¢ = 0 this gives
d*u ) 20 21 ~

We can then solve for u(r) which gives

Ag(k) =

u@r)=A sinkr + B coskr,

and so Ry(r) is
A ~ B -
Ro(r) = — sinkr + — coskr.
r r

The radial wave function must be finite at » = 0, and so we must set B = 0.
We therefore find for the radial wave function for £ = 0 in the range r < R

A -
Ry(r) = — sinkr,
r
and for its derivative we get

, A~ ~ A . -
Ry(r) = 71{ coskr — s sinkr.

We can then calculate Ay (k)
Ry(R)
Ro(R)

The relevent Bessel functions and their derivatives are

~ - 1
Agk) = = kcotkR — z

) sin z
Jo(2) = —
Z
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cosz sing

./

Jo@) = —————
z 72
coSs Z

no(z) = —

, sinz €osz
ny(z) = — -

<
Putting this together, we find for the tangent of the £ = 0 phase shift
(coskR . sinkR) . <]; COth _ %) si;(l[l;R

2
tan (k) = —— *K

(sinIécR T C(]zstzR) + (IE COt];R _ %) COkS)];R

_ k coskR — k cotkR sinkR
B ksinkR + k cotkR coskR’

where k = ‘/w.

. Suppose that the eigenstates of an unperturbed Hamiltonian include not only
continuum states of a free particle with momentum p and unperturbed energy
E = p?/2u, but also a discrete state of angular momentum £ with a negative
unperturbed energy. Suppose that when we turn on the interaction, the con-
tinuum states feel a local potential, but remain in the continuum, while also
the discrete state moves to positive energy, thereby becoming unstable. What
is the change in the phase shift §;(k) as the wave number k increases from
k=0tok =00?

If we place the system in a sphere of radius R, the number of states with
angular momentum ¢ and energies between 0 and E is given by Eq. (7.8.2)

1
Ne(E) = —(kR + 8¢ (E) — 6:(0)).

The change in the number of scattering states with energy between 0 and E
due to the interaction is given by Eq. (7.8.3)

1
AN(E) = —(8¢(E) — 6:(0)).

Because one bound state becomes a positive energy scattering state when the
interaction is turned on, we must have

1
AN (00) = ;(MOO) —680(0)) =1,
and as a result we must have
8¢(00) — 8,(0) = m.

. Find an upper bound on the elastic scattering cross section in the case where
the scattering amplitude f is independent of angles 6 and ¢.
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The scattering cross-section is given by

b4 2w
Oscattering = / sin® do / de | fk(0, ¢)|2s
0 0

which by the optical theorem Eq. (7.3.8) is equal to

4
Ojscattering = TImfk (0)
In the case where the scattering amplitude is independent of angle, we have

Sk(@, 9) = f(0),

and so the scattering cross-section is

T 2
Oscattering = f sin6 d6 / AV OIE
0 0
= 47| fi(0) 2,

and since the absolute value square of any function is always greater than the
absolute value square of its imaginary part, we may write

1672
where we have again used the optical theorem. We therefore find that

k>,

Oscattering = 4ot Ocattering®

k2
47T|fk(o)|2 = 47T|Imfk(0)|2 =4 <_O.szcattering) ’

and so we find an upper bound on the scattering cross-section

4
Oscattering = _k2 .

. Use the eikonal approximation to calculate the phase of the scattering ampli-

tude for the scattering of a non-relativistic charged particle by a Coulomb
potential.

We are interested in calculating the phase of the scattering amplitude for the
scattering of a non-relativistic particle by a Coulomb potential. We begin
with Eq. (7.10.3) which in this case reads

(VS)? N VA

2m r

=FL.

We imagine starting with a particle very far from the scattering center with
energy % moving in the z-direction toward the scattering center with an
impact parameter b. Since the eikonal approximation is only valid where
the wave function ¥ (x) varies much more rapidly with x than the potential,

we require that £ >> V. In this limit, the deflection of the particle will be
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small, and we can approximate the classical trajectory of the particle as a
straight line. We can then solve the above expression for the phase of the
wave function as

S_ [ [e_m 222 1"
) h? /b2 + 772 o

In the case when the particle is uncharged, this expression should give § =
hkz, and so we can choose the constant Sy such that

S [ om Z,Z,e* 1"
—:/ o T 21 | g lar 4 ke
h —00 h? Vb* 477
Since we are working in the regime where h2k*/2m > Z,Z,e*//b? + 72,

we can expand the square root to get
m < Z] dez
— A kZ - - =
h h2k 0o V/b*+ 7
Now, recalling Eq. (7.10.2) we find that the wave function takes the form

: im [ Z1Ze
e*exp | — | 2122¢ 4,
h?k —oo /b + Z/2

V) = 5o

where we have neglected the spatial variation of N (x) at this order of approx-
imation. Now recall that the scattering amplitude is given in Eq. (7.2.6) as

m
2 h?

In this case, the expression for the scattering amplitude takes the form

2
B3y e—ikEX Z1Zye oKX
Vb? 4 72

im (¢ Z,Z*
X exp o —— dz” |.
00 b + Z//

f®) = == @y / &y e VY (1) ().

TSP
fuldy == 2w h?

Now we will use cylindrical coordinates to do the integral over X’ for which
d’x' = bdbdg¢ dz . Let us examine the factor (k — k&%) - X’ appearing in the
exponential, which here becomes

(k—kx)- X =K —kx)-(b+7%) ~ (k—kx) -b,

because (k — kx) - Z is negligible for small deflection angle. We can then
express this in cylindrical coordinates as

0
(k — kx) - X' &~ —2kbsin (§> cos ¢,
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where we have used the fact that k — k£ = q where ¢ = 2kssin (). Our
expression for the scattering amplitude now becomes

m [e'e) 2w )
fiu®) = — / bdb/ e iabeose g
0 0

27 h?
Z12262 ex im ¢ Z122€2 d7"
——————exp| —— — .
b+ 272 Wk J o /b7 + 27

X dz7’

Next, we notice that we can write

© L Dz [ im 7 Z,Ze? d,}

exp | ———
TR T SN/
i1k im (7 zize T
= —exp|——— ——dz )
m hzk % b2 +Z//2 )
7/=—00

and the integral over ¢ can be done to give

2
/ dp e 1P = 271 Jo(gb).
0

The scattering amplitude then takes the form

fu®) = =ik / " dbbagh [P ~ 1],
0

where we have defined the Eikonal phase

m > 212262

W)

/

x(b) =

This integral is logarithmically divergent, but it can be computed by intro-
ducing a screening radius and then taking the limit in which the screening
radius tends to infinity. The result is

2mZ,Z,e*

=y In(kb).

x() =—

The scattering amplitude is then

() = —ik /OO db bJy(gbh) [eix(b) —1]
0

] e 2i&

L e {(’ﬁ) _ 1} rdx
q-Jo q
] 218 poo oo

- _% |:<E> / Jo@)x** dx _/ Jo(x)x dxi|,
q q 0 0
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where we have defined £ as in Eq. (7.9.5)

£ = mZ,Ze*
="y
We can then evaluate these integrals by using the identity

/x]o(x) dx = xJi(x),

and integrating by parts in the first term, and so we find

o K\ 26 oo
+ 2i& (-) / xHE T (x) dx 4+ xJi (%)
q 0

0

= K xJi(x) (eXEmke/a) 1)’<>Q —2if <E)2i‘E 22t L(l+i§)
q? 0 p o

. 2if
Jx(0) = — ;_]; <§) L ()

I —if)
2% (%)2"S (1 +i&)
 ¢* \q) TU-i§

= _2m2122 Fd+ié) ex |:—i§ In (sin2 <€>)i|
T TR Ta—ig) P 2) ]|

Now, comparing with Egs. (7.9.13) and (7.9.14), in the limit of large r
where we can neglect the logarithmic term in the exponential, we find that
the eikonal approximation has reproduced the exact expression for the scat-
tering amplitude valid at all angles. This is a bit surprising considering
that we approximated the classical path as a straight line, but it should be
noted that this feature is specific to the Coulomb potential, and the eikonal
approximation does not give the exact scattering amplitude for general
potentials.
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Chapter 8 Problem Set Solutions

1. Consider a general Hamiltonian Hy+V, where Hy is the free-particle energy.
Define a state W0 by the modified Lippmann—Schwinger equation

(Eoz - HO) 0
(Ea - H0)2 + 62 o
where @, is an eigenstate of Hy with eigenvalue E,, and € is a positive
infinitesimal quantity. Define
Apo = (05, VD).

(a) Show that Agy, = A;ﬂfor Eg = E,.
(b) For the simple case of a non-relativistic particle with energy K*h? /21 in
a local potential V (x), calculate the asymptotic behavior of the coordinate-

w0 =@, +

space wave function (CIDX, \Ill?) of the state \IJl? forx — oo. Express the result

in terms of matrix elements of A.

(a) We begin with the definition
(EOI - HO) 0
(Eq— HoP +¢>
where &, is an eigenstate of the free-particle Hamiltonian Hy with eigen-
value E, and € is a positive infinitesimal quantity. We will find it useful
to rearrange this equation to get an expression for ®,, in terms of W’
(Eoc - HO) 0
(Eq — Ho)? +€2 %

v =@, +

o, = —

The quantity Ag, is defined as
Apa = (Pp, V).
We can then write

is = (Pa, Vq/g)* = (V), @)

E, — H
= (vl |- ( 0 %
(Eot - I_IO)2 + €2
E, — H
9, w0) — (v, Fa = Ho) g0
(E(Jt - HO)2 + €?
E, — H,
= (W, V) — ( 0) vl vl ),
(Ea - H0)2 + 62
where in the last line we have used the fact that V and H, are Hermitian,

and that E, and € are real. We can now combine these inner products and
use the fact that E, = Ejg to find
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E,— H
Aty =(]w)- (Ex — Ho) vl |, vl
(Ea_HO)2+€2

(b) We are interested in calculating the coordinate-space wave function
(@, W) for a non-relativistic particle with energy k*h?/2u in a local
potential V (x). We will use the modified Lippmann—Schwinger equation
to write

thZ
0 (55 -t)
(q)x’ \.Ilk) = ((I)Xv q)k) + | Dy, P V\Ijk

The first inner product is just the free-particle wave function given in
Eq. (3.5.12), and we will insert a complete set of states @, in the second
inner product which gives

. I < H.
elk-X 3 2 0 0
(Px, W) = S + | &p (Px. Pp) | Pp. — vV
(3 - ) e
ik-x (ﬁ — —thz)
et 20 21 0
=———+ [ &p (b, @ o, VW
(2m)3/2 / a ? e _ w2\ 2 (@ )
o 21 te

ikx 2M 3 (kZ . p2) 0
T enn T w / e (®x @) (k2= p?)’ +e? (@ V).

where in the second expression, we have defined ¢’ = %e which is also
a real positive infinitesimal quantity. Now we insert another complete set
of states ®y in the second term, and we find

kx 2 2
0 ¢ 2_ 313 (k - P )
((Dx, \Ijk) (2 )3/2 + d Pd y (Cbxa (Dp) (k2 _ p2)2 + 6/2
X (®p, By) (Py, VW)
oikx + 2/'L dS d3 eip-(x—y) (k2 _ p2)
(271)3/2 Q)3 (k2 _ p2)2 + e

(@y, V).

Now we can perform the integral over p by the same method used in
Eq. (7.4.2), that is
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/ p e"P'<X*Y>M - / 4 p¥dp sin(plx —y))  (K* = p?)
(2m)? (2 —p2)*+e2 Jo @Y px-yl (12— p2)’ 42
(k2 _ p2)

__ / T dpp (et — i)
4r2ix -yl Jo (k2

— —i /OO d iplx—y| (k2 — p2)
) p pe 3 )
4r?x —y| J_oo (k2 _ pz) +e?

— p2)2 T2

where in going to the third line we have taken p — —p in the second
term in parentheses in order to combine the integrals. Now we can write

(k2 _ pZ) _ (k2 _ p2)
(k2 — p2)2 +e2 (K= p2—ie) (k> = p>+ie)

and then we can do the integral by closing the contour in the upper
half complex plane and calculating the contribution of the residues at
p=k+ie and p = —k + i€’. This gives

3 2_ 2 .
L il s W B
(2m)3 (kz_p2)2+6/2 472|x —y|

—1

T dxx—y|

kekIx=yl  po—iklx—yl
2%k —2k }

[eik|xfy| T efik|xfy|]’

which we can plug into the coordinate-space wave function to get

eik-x

21 1
(Px, W) = G /d3y (@y. VUY)

s - T ikix—yl —ik|x—y|
h24n|x—y| [e +e ]

Now we can insert another complete set of states ®q to get

eik~x
(0 9) = gz = [ 4y (8. 9) (0. V)
x [y 4 gmikixyI]
eik-x eiq-y 21“ 1
=——— [ dyd? Agk—
Q)32 / YT Gy N dmx —y]
% [eikIX—YI 4 e—ikIX—YI] .

21 1
h? 4m|x —y|

In the limit of large x, we can expand |x — y| to get

2y - x A
Nr—y-i,

X—yl=rlf = Y] = ryf1 -
r
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where r = |x|. In this limit, the wave function takes the form
ekx ey 21 1
Oy, W Pyd>qg ———— A= ————
(s W) = oy f Y 2y R arx —y
x I:eikrefiki-y + e*ikreikf-y]
lkX \/_/_,L
(zn)yz

x [8%(q — kx)e’k’Aqk + 87 (q+ ke ™ Ag]
eik-x /ZJTM

ikr —ikr
= — e A s e " A ikl
(27T)3/2 R2r [ +kx k + kx k]
2. Consider a separable interaction, whose matrix elements between free-
particle states have the form

(@ VOd) = f@ B,

where f(a) is some general function of the momenta and other quantum
numbers characterizing the free-particle state ®,,.

(a) Find an exact solution of the Lippmann—Schwinger equation for the “in
state in this theory.

(b) Use the result of (a) to calculate the S-matrix.

(c) Verify the unitarity of the S-matrix.

”»

(a) The Lippmann—Schwinger equation is given in Eq. (8.1.6) which reads
W =@, + (Ey — Hy+ie)”' VW

where ®, is an eigenstate of Hy with eigenvalue E,. We can insert a
complete set of states ®,, in the second term and then expand using the
Lippmann—Schwinger equation again to find

U=, + /d(xl Wy, (o, (Eq — Hy+ie) 'V

=, + /doel Dy (Eq — Eqy, +i€)™!
X [(Py, Vo) + (P V(Eq — Hy+i€) ' VW])].

We can then use the fact that (®p, V®,) = f(a) f*(B) in the first term
in brackets, and insert another complete set of states ®,, in the second
term in brackets to get

N CI>a+/da1 f@) f ) By,
(Eq — Eq, +i€)

®, ,V(E, — Hy+ie)'®
+/da1da2( 0 Y 0 - ) az)
E,—E, +ie

(G0 V)
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P / day TS @)
(Ea - Eal +l€)

S aa) f* (o) f o) f*(2)
+ | dojdas ; ; o
(Ey — qu +ie)(E, — Eaz +ie€)
o) () (®y,, V(E, — Hy +i€)" 'V
+/d0[1d0l2f( ) f( 1)( 2 ( 0 ) 01) o
(Eqy — Ey, +ie)(Ey — Ey, +i€)

We can then iterate this process of inserting complete sets of states and
using the Lippmann—Schwinger equation to get

vl =0 +/da _f@ffe)
o I(Ea_Ea1+i€) “
* 2
+/doc1 doy @S @@
(Eq — Eq, +i€)(Eq — Eq, + i€)
* 2 2
+ f dory da das f@f*@lf @)PIf @) |
(Eq — Eq +i€)(Eq — Eq, +i€)(Ey — Eqgy + i€)

— o, +/de%1
(Ey — qu +ie€)

£ (B2 FBr Y
X|:1+/d'B(E — Eg +ie) (/ ﬂ(E —E,3+le)) +i|

The term in square brackets is just an infinite power series which we can
sum to get an explicit expression for W

f@) f* (@)
Jda 1 Bq—Eq —HG)CD

a T

U=, + )
\f(ﬁ)\z
fdﬁ (Eq—Ep+ie)
(b) The S-matrix is given by Eq. (8.1.10) as
Sge =8(B —a) = 2miS(Ey — Ep) Ty,
where Tg, is defined in Eq. (8.1.11) as
Tﬂ(x = (q)ﬂ, V\I/:) .

Using our expression for W} from above, we can calculate T, in this
case to be

f@) f* (@)
fdal (Eq—Eq, +1ie) (CD VCIDQ])
Lf )%
1= [dy 7 —E,+ie)
da; f@) f* (@) flen) f*(B)
(Eq— Eo,1+le)

Lf»I2
L= [dy w5k s

Tho = (5. Vb,) +

= f@) f*(B) +
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do <E“f(§')|2 :
% o—Eq, +ie€
= f)f*B) | 1+ s
L= Jdy & F
L f@fB)
N VA
L= Jdy & ks
We can then plug this into the expression for the S-matrix to find
%
Spo = 8(B — o) — 28 (Ey — Ep)— fﬁinz .
L= [dy & s

(c) In order to verify unitarity of the S-matrix, we must show that

/dy S5 Sya = 8(c — p).

Using our expression for the S-matrix from part (b), we can write this

out as
/d)/ S;ﬂsya
k
_ /dy 8(y —B)S(y —a) +2mis(Ey — Eg)d(y — ) / (ﬂ)f‘;)zo)lmz
1= [dey Ep—Ea,—10)
*
—27i8(Ey — Ea)8(y — B) A &:1)\2
L= Jdey o, 7, ey
F@f*BIf 12

+47%8(Ey — Eq)8(E, — Eg)
If@D? If (@)I?
(1 — [ da (Eﬂonltl fie)) (1 - [ der (Eaijerie))

We can use the §-functions in the first three terms to do the integral over
y, and so this expression becomes

/dy S;;ﬂsy(x
=8B -
+27i8(Eq — Eg) f () f*(B) 1 2 1 2
1= fdey L0l 1 — [ oy L0

8(Ey — Ea)S(Ey — Ep)lf (1)
|f @DI? |f (@) '
1= [ den gy ZE) (1= [ den o L2 )
We can set the energies equal in the terms in square brackets on the sec-

ond line because they are multiplied by 6 (E, — Eg), and then these terms
can be combined to give

+ 47 f(@) f*(B) [ dy (
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1 1

f@l> |f (@D
1— [da (Ea—Eo;—i©) 1— [da (Eq—Eay +i€)

2 —1 1
[y 1F P (g + 5tmre)
|f@Dl? |f(@)?
(1 — [doi iz —E; —le)) <1 - [de (Ea—Ejz+ie))
[dy 1 f))? (Mﬁ)
f ) ? fe?
(1 — [dar = 716)) <1 - [ da (EmeZZJrie))
As discussed in the text above Eq. (8.1.15), for infinitesimal €, the func-
tion €/(x* + €2) is negligible away from x = 0, while its integral over

all x is 7, and so it can be replaced in any integral by 7§ (x). The above
expression then becomes

1 1

Lf () ? Lf (D)
1- fdal (Eq—Eqy—i€) 1 - fdoq (Eq—Eay +i€)

A S(Eq — E)If()I?
=2ni [ dy |f (@D)]? el )
( — [doi iz fE: 7ze)> (1 — [ das (Eaijerie))

We therefore see that

/d)/ S;ﬂSy(x
=46(8 — )
e . S(E, — Eq)S(E, —E,e)lf(y)l2
4n”f () f (ﬂ)/dy yy TE Y If (@)?
O51_ Ep—Eq, —i€) ) (Eq—Eq,tie€)
) . 8(Ey — EQ)8(Ey — Ep)| f (1)
At f (@) f (ﬂ)/dy e ) (1~ fdon T
——Eal Zie) 27 Eqy—Eq,+ie)
=3(f —a),

and so we see that the S-matrix is indeed unitary.

3. The scattering of T on protons at energies less than a few hundred MeV
is purely elastic, and receives appreciable contributions only from orbital
angular momenta £ = 0 and £ = 1.

(a) List all the phase shifts that enter in the amplitude for 7™ -proton scat-
tering at these low energies. (Recall that the spins of the pion and proton are
zero and 1/2, respectively.)

(b) Give a formula for the differential scattering cross-section in terms of
these phase shifts.
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(a) As discussed in Chapter 4, when adding two angular momenta ¢ and s,
the values taken by the resulting angular momentum J ranges from £ —s |
to £ + s in integer steps. For £ = 0 and s = 1/2, the only possibility is
that / = 1/2.For{ = lands = 1/2, wemay have J = 1/2or J = 3/2.
If we adopt the notation 3, ,, for the phase shifts, then the phase shifts
that contribute to the amplitude for low energy 7 *-proton scattering are

51 1 51 1 al’ld53 1.
2052 “5l3e 3l3

(b) Using Eq. (8.2.14), we can write a formula for the differential cross-
section as

do(a — B) = (2rh) (?) Walts| Mpa 2d 2,

o

where u = E | E, /c2(E 1 + E»). If we work in the center of momentum
frame in a coordinate system in which the initial state 7 momentum
is in the three-direction, we have an a matrix element like that given in
Eq. (8.4.12)

1 1
M, /,0,—pL,00:Px,0,—Pr,0, =
R R Y T A BT |
XY D V(B 0 00 Cyr(S M o' m)

JM U'm's'c’

[2¢+1
x 4 Co1(593 00,)Cyu(J M3 50) [STE) = 1], 4,

lso

where
[ST(E)]y . o, = exP2i8; 05 (E))Seredys.
The relevant Clebsch—Gordan coefficients take the form
oI, A
CO%(S 0300, = 8%5,80/0;
CO%(S o;00,) = 5%350%,
and so the matrix element simplifies to
M 1 1
/,0,—p,.0:px,0,—pr.0p — -
NV A BV |
XY D Y (PIC e M; opm)

JM U'm’

20+ 1 .
x ,/TC%Z(J M: o,0) [exp(ZzSM%(E)) - 1] .

When the initial and final proton spin 3-components are both +1/2 this
becomes
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1 1
Tt st = Nz
A 1
x [Y(?(P;)Céo(i + O),/ Cl 0( + 0) [exp(2181 01 (E) — ]

N 1 1 1 3 1 1 1 .
V)G + 5 +3 0y =C1i (5 + 51 +5 0 [exp@isy 4 () — 1]

R 31 1 3 31 1 .
Y (BRCY G + 55 +3 0 =1 G + 55 +5 0 [exp(isy | (E) - IH

Plugging in the relevant Clebsch—Gordan coefficients and spherical
harmonics, this gives

1 1
M,

N AN/
b/g

1 ) 1 , .
x [H [exp(ZuS%O%(E)) - 1] + o cosf [exp(ZzS%I%(E)) _ 1]

| , ,
+ 5 cost [exp(ZzS% L (E)) — 1] ]

which is the same expression for the case when the initial and final proton
spin are both —1/2

M

Py .0, ~py,—3:Px.0,~pr,—5 = M

A A | R
For the case when the initial and final proton spins are —1/2 and +1/2,
respectively, we find

1 1
M

/.0,—p’., l; 0,— ’7l =
Pn | S Pr.—3 /M/|p;-[ //'L|p7'[

1
[ (ﬁ;)cl 1( - - ),/ 50) [exp(ZirS% | %(E)) — 1]
3 /
+ Yl_l(l;;r)c% 1(5 +* 1) 0) I:exp(Zl(Sz 1 L(E)) — ]]

and plugging in the relevant Clebsch—Gordan coefficients and spherical
harmonics gives

1 1 [ ! ¢/
M. - ——sin@'e”?
PO 3iPe 03 TS Jpal L 4

1 »
X [exp(Zié% L1 (E)) — 1} + o singe ™ [exp(2i8% L (E)) — 1] ]

The matrix element is identical up to a minus sign for the case when the
initial and final proton spins are +1/2 and —1/2, respectively
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M

PL.0,—pl,+3:Px,0,—px,—5 —M,

P,.0, Py, —1:pr,0,—px.+1

Finally, we can use these matrix elements to find the differential cross-
sections by using Eq. (8.2.14)

1 , 1 n?
do\op=+5—>0,=+5 )=

1 |
2 2) T ip.l |2 [expisy o (B 1]

2

1
+ 5 cosd’ (exp(2isy 3 (E)) = 1] +cost’ [exp(isy () — 1] | ds

1 , 1
=do ap:—§—>0p:—§ ,

and

J 1 , +1 h?
o\0, = —— —>0, 6 = — =
! 2 P 2 Ipx |

1. .
— 5 sing/ [exp(ZzS% L1 (E)) — 1]

2

1
+ 5 sind’ [exp(2i5% | (E)) — 1} s

1 1
=do(ap=+§—>a;=—§).

4. Let Téi) be the term in Tg, including contributions of all orders in V; but
only of first order in V,,, where the total interaction is Vy + V,, . Show that
the complex conjugate of Tﬂ(;{) satisfies a relation of the form

(Dx* / ’ (1)
Tﬁa = /dﬂ do CBap'a’ Tﬁ’oz"

Give a formula for the coefficients cgupos in terms of S-matrix elements,
including contributions of all orders in V; but zeroth order in V,,.

We begin by writing the Lippmann—Schwinger equation for the in and out
states in the absence of V,, as in Eq. (8.6.16)

UE =@, + (E, — Hy £ie) 'V, W

so?

where @, is an eigenstate of Hy with eigenvalue E,. We can then write the
T-matrix as in Eq. (8.6.17)

Too = (Wop, VW) + (W5, VDo)

and we will assume that the process « — B cannot occur in the absence of
V., so that the second term vanishes. In this case we can write

Tpa = (\p;g, V),
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and to first order in V,,, we can neglect the difference between W™ and W,
and so the T-matrix at first order in V,, is given by

Tﬂ(j} = (U VW) .

We can write the complex conjugate as
(1) — _
Ty = (VuWs Vo) = (W, Vu¥y,)

where we have used the fact that V,, is Hermitian. Now, because W, and W,
each form a complete set of states, we may expand each in terms of the other

/Ty — — — (0

v = /d,B N9 (mpsﬁ/,\p;) = /dﬂ/ VoS
- / - — (0«
5 = / da' Wi, (W}, wsﬁ) = / do' W, Sy,

where S;%) is the S-matrix evaluated to all orders in Vj, but to zeroth order in
V.. Using these expressions in our formula above we find

R A O i
= [ o sgsi (v v
_ 11 (0 g0y ()%
— fdﬂ do Sﬂ,a Sﬁa, Tﬂ,a,

(D

:/dﬁ/da/Cﬁaﬁ’a/Tﬂ/a/,

)
Sgar -
. By direct calculation, show that the terms of first and second order in
the interaction in time-dependent perturbation theory give the same results
for the S-matrix as the first- and second-order terms in old-fashioned
perturbation theory.

In old-fashioned perturbation theory, the S-matrix is given up to second order
in V by plugging Eq. (8.6.1) into Eq. (8.1.10)

where cgopar = S/(S(,)L*

Sge =8(B —a) —2miS(Ey — Ep)Tp,
=8(B —a) —2mis(E, — Ep) (P, V)
=8B —a) —2mid(Ey, — Ep)
x [(®p, VOI) + (Pp, V(Ee — Hy+i€) ' Vdy) + -],
where the dots represent terms of higher order in V. In time-dependent

perturbation theory, the S-matrix is given by Eq. (8.7.4), which we can write
up to second order as
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i [t —i 2 oo
Sﬁo{ = (I)ﬁ, 1-— ﬁ/_oo dt V[(T) + (?) ‘/_oo dTl

y /1dT2V1(T1)V1(T2)+"'i|q>a),

[e.e]

where V;(7) is defined in Eq. (8.7.8)
V](t) = eiHOt/hVe*iHOl/h.
The term of zeroth order in V is simply given by

(P, Do) =38(B — ).

The term of first order in V is

i oo . oo
<<I>,g, _;_i/ dt V,(r)CDQ) = _%/ dt <<I>ﬁ, eiHor/ﬁVefiHot/hqD‘x)

00 00
i +00 ) )
— _ﬁ/ dt elEﬁr/ﬁeflEar/h ((Dﬁv Vq>a)
—00

= —2mi8(Ep — Eq) (®p, Vby),

where in the second line we have used the fact that ®,, is an eigenstate of Hy
with eigenvalue E,. The term which is second order in V' is given by

s 2 +o0 T]
<cbﬁ’ (;’) f dn / dT2VI(T1)V1(T2)‘Da)

1 —+00 T] ) ) . )
— _ﬁ dTl / dfz (chB, elH()‘L'l/hve—lH()Tl/helH()Tz/hVe—lHo‘L’Q/tha>
—o0 —o0
1 +00 u . . . .
— - dflf dfz e’EﬁTl/he_’EaTZ/h <q)ﬂ’ Ve—lH()Tl/helH()Tz/thDa)
h* ) -0
1 [t

. T] .
== dr; e Erm/h (cbﬂ, Ve_’H"T‘/h/ dtze_’(E"_HO)TZ/th)D,).
—00

—00

Now, we can do the integral over 7, by noticing that

dny e = lim dn e

T] 71
—i(Eq—Hp)r2/h —i(Eq—Hy+ie)n/h
—00 e=0" J_o

_ (Eq — Hy +ie)™" e/ Fam /R
—i ’
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where € is taken to be a positive infinitesimal in the second line. Using this
result in the expression above, we find

s 2 +00 T]
(%, (;’) f dn / dr2v1<r1)v,(r2><ba>

1 [t

= d‘L’] e

o iEﬂTl/h
hJ_s

X (ebﬁ, Ve_iHOT‘/hi (Ey — Hy+ie)™! e—“Ea—HO’fl/’iV%)
—1

: +00

= _l_/ df] ei(EﬁfEa)Tl/h (d)ﬂ’ (E(x _ HO + ie)flvq)a)
hJ o

= —27mi8(Ep — Eo) (g, V(Eq — Ho+i€)™'Dq) .

Putting these results together, we find for S-matrix calculated to second order
in V in time-dependent perturbation theory

Spa =8(B — &) — 2mi8(Eg — Ey) (Pp, VD)
—2mi8(Eg — Eo) (®p, V(E, — Hy+i€) ' Vdy) + -+ -,

which matches the result we found for old-fashioned perturbation theory.

. Assume isospin conservation, and suppose that the only appreciable phase

shift in the scattering of pions on nucleons is the one with quantum numbers
J=3/2,0 =1,and T = 3/2. Calculate the differential cross-sections for
the reactionstt +p > nt +pat+n—->nat+nnat+n—- 7+ p,
and t~ +n — w~ + n in terms of this phase shift.

The differential cross-section of each process will be very similar to that
worked out in Problem 3 above, but we will need to work with phase shifts
for states with definite J, £, s, and 7, whcih we will deonte §,,, 7. For
pion—nucleon scattering, assuming the conservation of isospin, Eq. (8.4.12)
is modified to

1 1

Mpgr50?T3/7r57p;1s0],\[7T3/N;p7Z»O»T371a7p7[50‘N7T3N = /./L/lp/ | M|pj-[|
b/
! A
XY 3 Y (BCi(s 0" 00)Coe (I M3 o' m)

JM 'm's'c’

[2¢+1
x ZZ 5 Coy(505 00,)Cr(J M3 5 0)

X Y Co (T Ty T, TI)Cy (T T3 T ) [STT(E) = 1],
T

where

[s” T(E)]z,s,; 05 = €Xp(2id; ¢57(E))Sedys.
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In the case when only § 3113 is appreciable, this becomes

1 1
M/ / 1 / 1 =
0,75 =Py +75.T5 55 P, 0,137, —Pr s+ 75, T3
N AN

1 , . 3 )
x [Ecose [exp(Zz(S%l%%(E)) - 1]]C15 (5 3 TY T3N)

3
xCy1 (5 T3; T3, Tsn
= Mp;rvOsT}/ﬂvfp;rvf%s éN;pnsOsTSvapnvf%sTBN ’
when the initial and final nucleon spin 3-components are equal and

1 1
MP;T’O-,Tg,/,,,_P;-[»+%;HNlPﬂ’O,TSH»_Pﬂ’_%aEN = ///L/|p/ I /M|pﬂ|
b

3 /
13(E)) — 1] }cl; (5 Ty Ty, T3’N>

| TR .
X 4—sm9€ [exp(218 11

3
T 2

3
XCii|=Ts; T3, T
]7 (2 3, 3x L3N
= Mp;,,O,Té,,,—pé,,—%y I niPr.0. T3, —Pr 4 Tan 0

when the initial and final nucleon spin 3-components are opposite. We can
then write the differential cross-sections in this case by using Eq. (8.2.14)
which gives

2 2
do (nN — 7'N';oy = a{v) = D cos @’ [exp(2i3%1%%(E)) — 1]
3 / / 3 ? /
X Cl% E 3, T3nT3N Cl% §T3; T37TT3N dQ,
when the initial and final nucleon spins are equal, and
G 2
/ /. — !/ _ . / .
do (TN — 7' N's o = —o}) = 1 sin [exp(isy 1 3 () — 1]

3 ) 3 2
X |:C15 (5 3 Ty, T3N) Ci1 (E T35 Tsx TSN)] d<?,

when the initial and final nucleon spins are opposite. The isospin quantum
numbers for each of the relevant particles are given by the following table.
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T T3
Tt 1 1
0 1 0
T 1 —1
p 12 12
n 172 =172

The differential cross-section for the process 7™ + p — 7™ + p is then
given by
+ + / R cos’ 0’ /
do (7" +p—>nat+po,=0,)= 7sm 8311 3(E)dQ
P~
=do (O‘N = ‘71/\/) ,

rIw

when the initial and final proton spins are equal, and

N . ‘ , 12 sin” 6’ . 5 ,
do(nt+p—>m +p,op:—ap):msm 83113(E)dSQ
=do (O’N——(TN),

when the initial and final proton spins are opposite. The differential cross-
sections for each of the pion—nucleon processes are then just multiples of
these expressions, given by the appropriate Clebsch—Gordan coefficients
associated with isospin

1
do (7" +n—nt+n0,=0,) = §da (on =0}) .
2
do (7[+—|—n — 7%+ p; o, :‘71/7) = §da (oN = cr,/\,),
do(n”~+n—>n" +njo,=0,) =do (oy =0y),
and similarly for the processes where the initial and final nucleon spin are
opposite

do(n++n—>n+—|—n;a,,:—cr):—do(aN=—oN),

do (n+ +n— 7+ p;o, = —GI;) = §do* (oN = —O'N),

do(m~+n—>n" +n;0,=—o0,) =do (oy = —oy) .
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1. Consider the theory of a single particle with Lagrangian

L= %xz Fx-fx) - V(X),

where £(x) and V (X) are arbitrary vector and scalar functions of position.

o Find the equation of motion satisfied by X.

o Find the Hamiltonian, as a function of X and its canonical conjugate p.

o What is the Schrodinger equation satisfied by the coordinate-space wave
SJunction (X, t)?

The equations of motion may be derived from Eq. (9.1.3), which in this case
reads

IL (x(1),x(1)) _ d AL (x(1),X(1))
axi - dt ax, '

Taking the appropriate derivatives of L, the equations of motion are
XX (Vxfx)+ & - VX)) — VV(X) =mx+ (x- V)(x),
which can be simplified to read
x x (V x f(x)) — VV(x) = mX.

Notice that this is very similar to the equation of motion of a charged particle
in an external magnetic field, given by Eq. (10.1.1) with vanishing electric
field.

The canonical conjugate of x is defined in Eq. (9.3.3) as

L
pi = — =mx; + fi(x),
8xi
and the Hamiltonian is given in Eq. (9.3.4) as
H =x(x,p)-p—L(XX(xp),

which in this case gives
1 1 1
H=—@p—fx) p—— p—fx) ——@p-fx) fx) + VX
m 2m m

1
== £(x))> + V(x).
m

Notice that this is very similar to the Hamiltonian for a charged particle in an
external magnetic field, given by Eq. (10.1.9) with vanishing scalar potential.
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The Schrodinger equation satisfied by the coordinate-space wave function
Y (x,t) is given by

Hy(x,t) = ih%l/x(x, 1),

where the operator p acts on the coordinate-space wave function as —iAV.
The Schrodinger equation therefore takes the form

0 o, ih
ih—y X, 1) == —VY& 1)+ —fx) VY, 1)

ot 2m m

2(x)

> Vv 1)+ VUEI1).
m
. Show that Poisson brackets and Dirac brackets both satisfy the Jacobi
identity.

The Poisson bracket is defined in Eq. (9.4.19)

_ af(p.q) 9g(p.q)  9g(p.q) 3f (p. q)
[f(q,p),g(q,p)]P—XN:[ P~ P~ }

+ ﬂ(v (X)) Y (x, 1) +
2m

which we will write in a slightly more compact notation as

[f’ g]P = Z [aﬂmfapzvg - 861Ngap1vf]-

N

We wish to show by direct calculation that the Poisson bracket satisfies the
Jacobi identity, which is given in Eq. (9.4.22)

[f. [g’h]P]P +s. [h’f]P]P +[h [ £, 8]P]P =0.

Let us first work out just one of the terms appearing in the Jacobi identity

[f’ [8’ h]P]P = |:f, Z (angapNh - anhapNg):|

N

= E : <3qu8PM (aﬂﬂvgapl\lh - 8611\1hal7Ng)
MN
— gy (angapNh - aqwhapwg) apr)

= Z (a‘]M S 010y 80py Tt + B4y, gy 88py Opy 1
MN

- aqM faPM alIN haPN 8§~ alIM faQN hapM 8171\/ 8
- 8QM aQNgapNhapM f - 3qNg3qM 8PNh8PM f

— gy Ogn 110y 80py | — 8thaqM8pNg8pr) .
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Now, putting this together to calculate the combination appearing in the
Jacobi identity, we find

[£. s h]P]P +[s. [7, f]P]P +[h [ f. g]P]P
= Z |:(811M S 3pu By 8py Pt + 3gyy S 0qy 89 pyy Dpy
MN

— 0y S 0py Ogy 110y & — 34y gy 1)) 0py &
— 044 Og 80py10py, | — 0y 804y, 0py hOpy, f

- BQM 8thapNgapr - anhaqMapNgapM f)

+ <aqual7M BQN haPN f + a‘IM gatm hal’M 8171\/ f

— 041 80y Ogy f Opy Tt — 394,80y [ Opy Dpyh
— 04y Ogn MOpy [0py & — g 10y 0py [0py, 8

- a‘]M an faPNhang - an faQMaPNhang>

+ <8thapM gy fOpn8 + 0g),10gy fOpy0py 8

— 0y 10py 09y 80py f — 09y, 11045 80y, py f
— gy gy S 0pr8pyht — gy f 0 0y 8Opy P

— gy g 80py S Oppt — gy 80y, Opy fath>]-

Now, due to the fact that partial derivatives commute and also that we can
relabel the summation variables, we can begin canceling terms. The pairs of
terms which cancel are the 1st and 22nd, 2nd and 12th, 3rd and 16th, 4th and
18th, 5th and 23rd, 6th and 9th, 7th and 13th, 8th and 19th, 10th and 20th,
11th and 24th, 14th and 17th, and finally the 15th and 21st. We see that all
terms in the sum cancel, and we have

[£. [g’h]P]P +[s. [7, f]P]P +[n [ f. g]P]P =0,

and so the Poisson bracket satisfies the Jacobi identity.
The Dirac bracket is defined in Eq. (9.5.16) as

[f.8lp=1f.81p = D_Lf x:1pCril [xs: 81

rs

where the matrix C,, is defined in Eq. (9.5.12)
Crs = [Xra XS]P‘

We will now work out [ f, [g, 2]p]p in terms of Poisson brackets
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[f. g, hlplp = [f. g, hlpP]lD — |:ﬂ Z[g, X1 Crg [ s h]Pi|
D

rs

= [£.1g, Mplp = ) _1f: %1 Cr s, g, hlplp — [f, > g xr1pCr s h]p}
P

rs rs

+ ) I x1pCy [xu, D le, xr]pc;.l[xs,h]p}
P

tu rs

=[f.1g. hlplp = Y _Lf xr1pCri'Ixsr (8. hlplp = Y Lf. 18, X 1P1p C Ixs, hlp

rs rs

=Y le xde [£.CRM] Dt ke = Yol x1p G [ Lts. e ],

+ Y D 1 1P Cr Tt 18 xr1p1P Cr Lxss h1p

tu rs

+ 20 YU e € g el [ G Dt e

tu rs

+ Y D 1 x:dpCR 18 X 1P Cry! s Lxss 1p1p -

tu rs

Using the Jacobi identity for Poisson brackets, which we proved above, we
can rewrite the 6th term in this last expression as

3D U x1pCl s 18- x1P1pCry s B1p

tu rs
==Y [ x1pCrlIg, It xu1p1pCry Txss h1p
tu rs
=Y D 1 x:1pCo e Dtus €101Cr s, .
tu rs
Now we can use the definition of C,, and the fact that C,, = —C,, to

simplify the 1st term

_ th_ul [8, Cru]P = Z [g, Cz_ulcru]P + Z [g, C’T‘I]P Cru

u

== [g, (_8”)][’ + Z [g, Ct_ul]P Cru

=2_[2. €', G
u
Using this in the expression above gives

> YU e Crl Dt [, x AP 1P € s Ml = = Y Uf xode [0 '] Lo e

tu rs

=Y D LF x:dpCl s Dt 81P1PCr s

tu rs
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= [h x1p [g, Cr_sl:IP [xs. f1p

=Y D U xpCll e Tt 81p1PCr s Rl

tu rs

where in the last equality, we have used the antisymmetry of C;;! and also
the antisymmetry of the Poisson bracket to rearrange the first term on the
right-hand side. Returning now to [ f, [g, h]p]p, we have

[f.[8. hlplp = [f.[8. hlplp — Y _Lf. x:1pCri [xs- [g. h1p1p

rs

=Y 118 xe1p1pCrl Lxss Bl

=Y L8 xedp [ CR o e 1 = Y L0 1P Crt [ [t hlp ]

rs

+ Y 1h x (8. CRp s £l

=Y D L xe1pCo e s 8101 C [t

tu rs

+ Y D 1 x1pCL g xedp [ €] [xss P1p

tu rs

+ D 1 xdpCLM e x1pCr Dt s P1plp -

tu rs

Now, the combination appearing in the Jacobi identity reads

[f. (&, kplp + [g, [h, fplp +[h, [f, g1plp (1)
=[f.1g. hlplp = Y _Lfs x:1pCr Lxs- [g0 h1p1p

rs

— Y £ 18 % 1p1pCr [xs, B

rs

=Y g xedp [£: € o s hlp = D 182 xe1pCry [ f: [xer 1]

rs

+ Y h xele [8, CH' ] s f1p

=Y D L xi1pCo e s 8101 Cr [t e

tu rs

+ D0 1 xieCM g xele [ €t Tt 11

tu rs

+ D L xpCLM g X 1pC Tt s 11

tu rs
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+1g. [h, f1elp = Y[, x1pC s, B, f1p1p
=Y L [h % 1p1pCrl s £1p

=Y thoxelr (8. CRllp s flp = Y _1he % 1pCrt 80 [t £1p],

rs

+ Y 1f 2 dp [h R s gl

=Y ) 8 xdpCry Dt Dtus P1p1p Cr M s f1p

tu rs

+ 33 18 xpCo T e [xu €' Ut £1p

tu rs

+ )Y 18 x:dpCo T Pt s s f1p],

tu rs

+ [0, [f g1l — ) IR, x1pC s, L glple

= Y I Lf % 1p1pC s gl

rs

=Y U xedp [ C o s 81 = YL 1P Gt [ 6. 810 ]

rs

+ Y 18 xep [ €' s Rl

=Y > T xi1pCo e s F1p1pC [xss 81

tu rs

+ Y Y T xdpCo L xAAp [ €1 Lt 816

tu rs

+ Y0 Th xdpCL L %1 pCr [t (s 81p] -

tu rs

We can see immediately that the 1st, 10th, and 19th terms sum to zero
because the Poisson brackets obey the Jacobi identity. The 12th term in
Eq. (1) can be rewritten as

= 18 1h x1P1PCR s flp = =Y [ F1pC5 [ R Xs1plp

rs

=+ _[f %1pC, (8. [h. x:1p1p

rs

= — Z[f, Xr]PCr_Sl[gy [h7 XS]P]Pa

rs
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and after this rearrangement, we can see that the 2nd, 12th, and 23rd terms
of Eq. (1) sum to zero because the Poisson brackets obey the Jacobi identity.
Likewise, we can do a similar rearrangement of the 3rd and 21st terms in Eq.
(1), and then we see that the 3rd, 13th, and 20th terms of Eq. (1) sum to zero,
and also the 5th, 11th, and 21st terms of Eq. (1) sum to zero. We can also see
that the 4th and 24th terms of Eq. (1) cancel, as well as the 6th and 13th, and
the 15th and 22nd. At this point, we are left with

[f. [g, hlplp + (g, [k, flplp + [k, [f. glplp 2

== "> 1 x1pCo Dt xu- 8112 C [xen R p
+ Z[f’ x1PCR (8. X 1p [Xus €3] [xss hp
+ DU X1 Cal I8 1 1pCr s Lt Bl
- Z > L& 21 Ut Ut 11 G s, 1
* Zz[g X pClTh, X, 1p [ €M s, £
20 D xdr ol %, C [ e £1],
— 3 S 16 € ot Dt £1915C s 81
+2 Z[h’ x1pCo'Lfs e 1p [Xus '] L5 81
+2. Z[h’ XpCo L X 1p Gt [t ks 81 ]

We can rewrite the 1st term of Eq. (2) as

= LA xpC e Dt 81p1pC X R1p

tu rs

_ZZ f Xr rs Xu’ XS’ g]P]PCu, [Xt,h]P

u rs

==Y 1 x1pCo L xApCr s s 81p 1,

tu rs

and so we can see that the 1st and 9th terms of Eq. (2) cancel. After a sim-
ilar rewriting of the 4th and 7th terms, we find that the 3rd and 4th terms
of Eq. (2) cancel, as well as the 6th and 7th. This leaves only three terms
remaining
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Lf.[8. h1plp + [g. [k, f1plp + [h. [f. g1plp 3)
=Y 3 1f xdpCoE X e [t R [t
+ 3> 18 xpCo T X 1p [xu €' Ut £1p

+ 0 ThxdpCL L X le [xus €' s 81p-

tu rs

Next, notice that

1 -1 -1 -1
[Xu Crs ]P = Z I:Xuv (SrUCUS ]P = Z I:Xuv Crw vacvs ]P
v vw
—1 —1 -1
= Z[Xu»crw]PCwVCvs +Zcrw [Xu, Cunlp €

vw vw

+ZC lev I:Xu, l]P

= Z I:Xu» Cr_wl] Sws +ZC [xu va]P Cvg +Z(Sru I:Xua Cvgl]P
w
2|:Xu9 71:|P+Zc;w [xu> Cuwvlp C;

[xu, rs] ZC s Cunlp Cogt = =D Cray [xus s x01p] p Co'-

rw

Using this identity in each of the terms appearing in Eq. (3), we can rewrite
this expression as

[f. (g, hlplp + (g, [h, flplp + (A, [f, glplD

==Y > 1f xdplg xelplxss h1pCrt Crt ot [ Dtws x0lp ],

tu rs vw

=2 3 ) 1g xidelh xdplxe F1pCL Crt Col [us s x01p] 5

tu rs vw

=Y D0 T xideLfs xdplxs: 81pCL Crl Cot Dt s xulp]

tu rs vw

using the antisymmetry of the Poisson bracket this becomes
Lf, g, hlplp + (g, [h, flplp + [h, [f, glplp

= 3 U xdplg xelplh xdpCr Cray €t [t Dt 301 ] 5

tu rs vw

+ )Y Y Mg xelplh, X 1p LSy 1P Cr Crt Cod [ Dt Xulp]

tu rs vw

+ZZZ[h XdpLfs P18, x:1pCry Croy Cott s Ut x01p ] »
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after relabeling summation indices this becomes

[f.[g, hlplp + [g, [h, f1plp + [, [f, glplD
= 3 N U xdplg xelplh, xdpCr Cry ot [t Dt X0l ] 5

tu rs rw

+ Y > g xelplh, xslpLfs xedpCry ol €t [ Dtws x01p ]

tu rs vw

+ Y Y T xdpLf xdples 1P Crl CLl ot [ Dt Xolp ]

tu rs vw

and after some more relabeling this gives

[f.[g, hlplp + g, [, flplp + [, [f, glplD
= 3 N U xdplg xelplh xdpCr Cry ot [ Dt X0l ]

tu rs rw

+ )Y Y g xdplh, xs1eLf x1pCry € Cott [t Dtws Xulp]

tu rs vw

+ YD T xdelf xdelg, x1pCL €L Cul Dt s xwlp]

tu rs vw

and we can use the antisymmetry of C;;! to express this as

[f, (g, hlplp + (8, [, flplp + [A, [, glDlD
=2 D If xdele xdelh, x:1pCL Gy

X ([xus Dtws x0lp] p 4 [Xws Dtvs xalp ] p + [xos Dtas xwle] )
—0,

which vanishes because the Poisson brackets obey the Jacobi identity. We
have thus shown that the Dirac brackets obey the Jacobi identity.

. Consider a one-dimensional harmonic oscillator, with Hamiltonian

P matx?

H=—+
2m 2
Use the path-integral formalism to calculate the probability amplitude for a
transition from a position x at time t to a position x’ at time t' > t.

The Hamiltonian of the harmonic oscillator is

H— p2 +mw2x2
 2m 2

and since this Hamiltonian is quadratic in the momentum, we can write the
path integral in the form given in Eq. (9.6.20)
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(\Ijx’,t’: \Ijx,t)

- ot ) 2.2
=cf [Tdx@ exp i/ dz (mx (r) maox (T)) ,
x(t)=x; x(t")=x’ h t 2 2

T

where we have used the fact that the Lagrangian of the harmonic oscillator is

. mx*(t)  mw*x*(7)
L(x(z), x()) = - '
2 2

The Lagrangian is quadratic in x(7) and x(7), and so we can do the integral
by setting x(t) equal to the classical solution, which is given by

d dL(r) 9L(7)

dt 3x(t)  ax(1)’
with the constraint that x(¢) = x and x(z’) = x’. The equation of motion
takes the form

mi(r) = —mw’x(1),
which has a well-known solution of the form
x(1) = Ae'“T + Be 7,
Imposing the conditions x(¢) = x and x(¢') = x’ we find
x =x(t) = Ae'” + Be '
X =x(t) = Ae'" + Be "
and so A and B are given by

iwt iot'

A rer - x'e
- eliot _ eZiwt/
. .
xe*lwt _ x/efzu)t
B =

e~ 2ot _ p=2iot’ :
We can then calculate x(7) to be
ot Tt

(1) = iwAe'®" —iwBe™

Plugging in the classical solution, we can evaluate the integral appearing in
the exponential of the path integral

/’/ dv () = /t/ It (m)'c2(r) 3 mw2x2(1)>
: A 2 2

t/
= / dt [% (—a)zAzeZi“’r +2w’AB — szze_i‘“’)
t

ma)2

_ 5 (AZeZiwr +2AB + BZeZia)t)]
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/

t
— f dt (_ma)ZAZeZzwt _ meBZe—Zza)t)
t

; 2 . 5
= imwA (eZiwt’ _ eZiwt) _ imoB (e—2iwt/ _ e—2iwt)‘
2 2
Plugging in the expressions for A and B, this becomes
2 imo [ x2e%@ _ Qxx/ i@+t 4 12 2ior
/ drt L(T) = > |:
t

. . I . ’
x2672zwt _ 2xx/efzw(t+t) + x/28721wt :|

eZiwt’ _ eZiwt

e—Ziwt’ _ e—2iwt

_ imow 1 2( iw(t—t)) 72iw(tft/)>
= - - - - X" \e —e
2 (e2la)t’ _ e2zwt) (e—tht’ _ e—21a)t)

) (ezm(z—z/) _ e—Ziw(t—t/)) Dy (2eiw(t—t’) _ ze—iw(t—t’)) ]

imo [2i(x% 4+ x"?) sinQRw(t —t')) — 8ixx'sin(w(t —t'))
T2 [ 2 —2cosQa(t —1')) ]

mo [2(x? + x?) sin(w(t — ")) cos(w(t —t')) — 4xx’ sin(w(t —t'))
2 [ 2sint(@(t — 1)) }

2
_ mo |:(x2 + x'2) cos(w(t — 1)) — 2xx/]

2 sin(w(t — t'))

The expression for the path integral then becomes

imow [ (x2 + x"?) cos(w(t’ —t)) — 2xx’
2h sin(o(t' — 1)) ’

(qjx/,tH \IJXJ) = CCXP |:

where C is a proportionality constant which depends on " — ¢. We can find
C by requiring that

lim (W, 0, Wy ,) = 8(x" —x),
t'—t
or in other words that
, oo imow [ (x> + x?) cos(w(t’ — 1)) — 2xx’
lim dx Cexp -
2h sin(w (' — t))

t'—>t J_

H f) = f&x).

]

In the limit # — ¢, the exponential function oscillates very rapidly, and so
the only appreciable contribution to the integral come from the value x = x'.
It only remains to show that

imw |:(x2 + x?) cos(w(t' — 1)) — 2xx’]] o
2h sin(w(t’ — 1)) '

+00

lim dx Cexp |:

U=t ) oo
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We can do this integral by using Eqgs. (9.6.17) and (9.6.18) which give
+00

_ imo [ (x> 4+ x?) cos(w(t’ — 1)) — 2xx’
lim dx Cexp -
-t J_o 2h sin(w(t’ —t))

. 2imh sin(w (@ —t)) imw sinfw(' — 1)\ ,
=limC exp - x|,
't mw cos(w(t’ —t)) 2h cos(w(t' —t))
In order for this expression to approach 1 in the limit #' — ¢, its absolute

value square must also approach 1 in this limit, and so we see that up to an
arbitrary overall phase

C— mw cos(w(t' —t))
~\ 2izhsin(w( — 1))

We therefore find the probability amplitude for the transition from a position
X at ¢ to a position x’ at ¢’ to be

(\I’x’,t’s lIj)c,t)

| mow cos(w(t’ — 1)) [ima) |:(x2 + x?)cos(w(t' —1)) — 2xx/]]
N\ 2izh sin@ — 1) P | n sin(o (' — 1)) '
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1. Consider a system in an external electromagnetic field. Suppose that the part
of the Lagrangian that depends on the scalar potential ¢ and vector potential
A takes the form

Lin(0) = / &Px [—p(x D 1)+ Ix. 1) - Alx, )],

where p and J depend on the matter variables but not on ¢ or A. What
condition must be satisfied by p and J for the action to be gauge-invariant?
We will work with an interaction Lagrangian density of the form

Lin = / &x [—p(x, NP, 1) + I(x, 1) - A, D],

and we wish to find the the conditions such that the action is invariant under
a gauge transformation, defined in Egs. (10.2.1) and (10.2.2) as

AKX, 1) — A'(x, 1) = AKX, t) + Va(x, t)
10

dX, 1) > ¢'(X, 1) = (X, 1) — ——a(x,1).
c dat

Under this transformation, the interaction part of the action becomes

00
Sint = / dt Lint

—00

= /OO dt /d3x —pX, 1) <¢>(x, t) — lia(x, t)) +JX, 1) - (A, 1) + Va(x, 1))

_Smt+/c>o dt — oy [/d3x —p(x, Da(x, t)] / dt /d3 “MX ) a(x, 1)
/ dt /d3xv J(x, Hoa(x, t)]—/ dt /d3xV Ja(x, 1).

The second and fourth terms are both total derivatives which integrate to zero
aslongasa(x,t) - Oast — *ooand J(x, 1) — 0asx — oo, respectively.
The transformation then takes the form

o0 10p(x, 1
Sint > Sim_/ dt /d3x [—%)-i-V-J(X, t)}ot(x, 1),
oo c

and so in order for the action to be invariant for arbitrary «(x, ¢), we require
10p(x, 1)
c ot

which is the continuity equation for electric charge.

2. Consider a homogeneous rectangular slab of metal, with edges L., L, and
L .. Assume that the electric potential ¢ vanishes within the slab, and that the
wave functions of conduction electrons in the slab satisfy periodic boundary

+ V. Jx 1) =0,
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conditions at the slab faces. Suppose that the slab is in a constant magnetic
field in the z-direction that is strong enough so that the cyclotron frequency w
is very much larger than h/ meLg. Suppose that there are n, conduction elec-
trons per unit volume in the slab. Calculate the maximum energy of individual
conduction electrons, in the limit a)meLg /h — o0.

The Hamiltonian for an electron in a general electromagnetic field is given in
Eq. (10.3.1)

2,

H= s Hx D).

e (p + EA(X, t))z _

For a constant magnetic field in the z-direction, the vector potential can be
taken to have the form

Ay =xH, A, =A =0,

and so the Hamiltonian becomes

1 2 eXHZ 2 2 2/1’6
H = zme (px + (py + - ) + pZ — TSZHZ'

This Hamiltonian commutes with p,, p., and s, so there exist states ¥ such
that

h
py¥ =hkU, p U=k, s W =20, HY=EV

The Schrodinger equation can then be written as

1 eH.x\’ h2k?
5 <p§ + (hky +— ) ) U= (E S ,ueHz> v,

which we can rewrite as

I, m,w* ) hzkz2
p; + x—x0)°|V={E— + u.H, |V,
2m, 2 2m,

where we have defined w = eH,/m.c and xo = —hk,c/eH.. In this form, it
is clear that this is just the Schrodinger equation for the harmonic oscillator
which was discussed in Section 2.5, and so the energy levels are given by

272
z

E_

1
= :FMEHZ—i—hw(n—i——) forn =0,1,2,....
2m,

2
For electrons in a metal slab with dimensions Ly, Ly, and L, we must have

L, L, L, L, L, L,
5 Sx S A 5 y S A ~ SZ S P
2 2 2 2 2 2

IA
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and as a result we must have

Due to the periodic boundary conditions at the slab faces, we have

2mn,

2
k = _ 27n,
Ly

’ k_
< LZ

’

where n, and n, are integers. The number of states with a given n, hzkf /2m,,
and s, having |k, | less than e H. L, /2hc is the number of positive and negative
integers with magnitude less than (e H,L, /2hc) (L v/ 271) which is

_eHA
"~ 27hc’

where A = L,L, is the area of the slab face perpendicular to the mag-
netic field. In the limit wmeLf /h — oo all of the conduction electrons
will be in the state n = 0, and with spin-z component along the direction
of the magnetic field, so the energy of individual conduction electrons is
E= hzkg /2m,, where we are neglecting corrections which come from quan-
tum electrodynamics. The Pauli exclusion principle allows one electron in
each state, which will be filled in order of increasing energy until A’/ V times
the number of filled energy states equals the number of conduction electrons

per unit volume n,. The integer n, will take values 0, £1, £2, ..., 1, max
with one electron for each n_, or two electrons for each value of |n,|, so that
2|nz,max |N
e = ———.
L.L,L,

Solving this expression for |, m.x| we find

| | neLyL,L, 27 he n.L.mhc
Nz max| = == .
&ma 2 eH,L.L, eH,

Therefore the maximum energy of individual conduction electrons is

h? 27T max 2 27r4h4czng
Emax= =

2m, L, mee? H? '

. Consider an non-relativistic electron in an external electromagnetic field.
Calculate the commutators of different components of its velocity.
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Recall that for a non-relativistic electron in an external electromagnetic field,
the velocity is given in terms of the canonical momentum as in Eq. (10.1.8)

X = % [p+ SA(X, nl.

where we have inserted the charge of the electron e, = —e. The posi-
tion and its canonical conjugate obey the commutation relations given in
Eqgs. (10.1.10) and (10.1.11)

[—xi’ P,] :lh8,]
[xi’x./] = [pi’ p/] == 0

The commutation relations of two components of the velocity are then
given by

.o 1 e 1 e
[xl"xj]: _(pi"’__Ai(th))a_(pj+_Aj(Xa t))
m c m c
1 e e
= 2 [[Pi, pj] + [pi, EAj(Xv f)] + [EAi(Xv 1), pj]
e e
+2aix 0. a0 0] ]
C C
The first and last terms vanish, and we can calculate the remaining commu-
tators by using the canonical commutation relations
0A;(x,t
I:EA,-(X, 1), pj] = ihfL,
c c 0x;

and so we find

[4,%,] = —ih

e [0A;(x, 1) 0A;(x,1)
m2c 0x; dx;

e
= _lhm_zc Xk:eijk (V x A(X, 1)) -
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1. Calculate the rates for emission of photons in the transitions 3d — 2p and
2p — ls in hydrogen. Give formulas and numerical values. You can use the
facts that the proton is much heavier than the electron, and the wavelength
of the photon emitted in these processes is much larger than the atomic size,
and neglect electron spin.

For the transitions 3d — 2p and 2p — ls, assuming that kr < 1, and
ignoring electron spin, we can use the dipole approximation and calculate
the rate by using Eq. (11.7.28)

4o’ ?

T 3¢3h

’

> e (bIRal @)

n

where the matrix element is given by Eq. (11.7.27)

(b |%,| @) = / (Hd%m) 5’ (Z m;;‘) Y ()X, Yra ().

m

For hydrogen, the delta function becomes

m,, X m,X, + m.X _
83 mam :83 pAp ele %83X ,
(1) = (M) <,

m

since the mass of the proton is much larger than the mass of the electron
m, > m,. Therefore, the integral over X, just sets X, = 0. Now, we need to
calculate the matrix elements

b %l @) = / PE YRRV ®),

where X is the position of the electron relative to the proton. Clearly, the tran-
sition rates will be independent of the m quantum number of the initial state,
because the rate cannot depend upon how we choose to orient our coordinate
system, but we will show this explicitly below. The relevant wave functions
for hydrogen are given by

1 1\*? /ry\2 ;
_ _ - —r/3a ;.2 g ,X2ip
Y2 = N <a> <a> e sin“ e~

v (1 3/2(r)2 ~/3 §in @ cos Het'?
= - —) e Sino cosve ,
34 81/ \a a

| N2, o2 B ( ) )
Y30 = (—) <—) e "7 (3cos7 0 —1),
816 \a a

" 1 1 3/2(r>2 —r/2a gip goti®
=——1(- —) e sinfe™'?,
2r*! 8/ \a a
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L2
Yopo = ——= (—) (—) e "% cos b,
4/2mr \a a

1 1 3/2 )
o=z a) e

The only non-vanishing matrix elements for the transition 3d — 2p are
given by

2013452 1 Ood 3(7\° —5r/6a
@rEIRBET) = S , )

b4 2 )
x/ do sin59/ d¢ e*? cos ¢
0 0
21134
T s

1 > 3 (" _sr/6a
24347m3/ drr (;) ¢
T 2 )
x/ do sinSO/ d¢ e*'? sin¢
0 0

21134
57

2 +1 3di] 1 Ood r\? —5r/6a
(P |Z] ) s ; rr ( )

2
x/ dé sin® 6 cos? 9/ do
0 0

a

(2p:|:1 |y|3d:|:2)

=i

a

21134
(2p |x|3di1 * —5r/6a
25/2347m3 0
2
x/ dé sin® 0 cos? 9/ d¢ e*'? cos ¢
0 0
1 21134
= — a
ﬁ
(zp |y|3d:|:l /Ood —5r/6a
25/2347m3 0
2 )
x/ do sin® 6 cos? 9/ d¢ e sin ¢
0 0
21]34

NG
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(2 0|_|3d0) - oodrr3 r Se_sr/ﬁ‘l
priz - 23392743 a

T 2
xf do sin900s29(300529—1)/ do
0 0
2 21134
:% 57 a

@p13d") = s [ are (D) e
px = 27232743 |, Ay ¢

T 2
xfa’@ sin® (3 cos? 6 — 1)/ de eT'? cos ¢
0 0
1 2]134

NI

5107 = b [T ar (1) e
Py T 2112392543 ), nr a ¢

k4 2w
X / do sin® (3 cos> O — 1)/ d¢ e™? sin¢
0 0
i 2!13%
=+—
V6 5

and the only non-vanishing matrix elements for the transition 2p — 1s are

a,

1 00 T 2 )
(1s°%[2p*") = —/ drr? (f) e—3f/2“/ do sin39/ dé e*i* cos ¢
0 0

2ma’

a 0
27
= a
01517 £l 1 (T —3r/2a i -3 o +igp
(1s°1y12p™) = 33 drr (;)e do sin’0 | d¢ e ?sing
0 0 0
27
012190 1 > 3(T\ —3r/2a i . 2 o
(15°1%12p") = 55— | drr (Z)e d6 sinfcos?0 | dg
0 0 0
27
= 23—561

Squaring these matrix elements, we find for the 3d — 2p transition

|@pIxi3a®)|* = [(2p*1213¢*)|" + | (2p*[713d*%)
22338 5
~ s a
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|@p1x3a=)[* = |(2p* 3 [ + | @p°113d=) [ + | (2915130
22338
= a2
514
|2pIx13d°)[* = |(20°12134°)|” + 2| (2p*"1%134°)|” + 2| (2p*"15134°) |
22338
= a2
514 ’

and for the 2p — 1s transition

_ 2 - 2 - 2
|(ts1x12p™) " = [(1s°1712p™) "+ [ (1s°1512p7) |
213
= —a2
310
- 0\ |2 0= 0\ 2
(151%2p) [ = | (1:°1212p")|
2,
- 31061
As stated above, we see that the transition rate does not depend upon the
initial value of the m quantum number. Next, we need the frequencies for

the emitted photons in the 3d — 2p and 2p — 1s transitions of hydrogen.
The energy of the nth level is

mee*

En= =g

and so the frequency is given by

_E,I—E;,_mee4 1 1
T T \w n2)

a

For the 3d — 2p transition, this gives
W3d—2p = fracSmee462h2,

and for the 2p — 1s transition, this gives

3m,e*

.
Putting this together and using the definition of the Bohr radius a = h?/m.e?,
we find for the rate of the 3d — 2p transition

4 (Smee*\’ & 2833° )
r —_ il a
=2 = 3\ a2 ) 3K 514

163 .2 14
_273mge 2

Wrp—1s =

T 511 3p10

2163mee]0
= 511 36
=6.4677 x 107 s7!,
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and for the rate of the 2p — 1s transition

4 (3m,e* 32 215 )
Pt =3 5w ) anzn®

B 2_8 mgel‘*a2
T 38 (3R10
28 milo
- 38 376
=6.2674 x 108 7.

2. What power of the photon wave number appears in the rate for single photon
emission in the decay of the 4f state of hydrogen into the 3s, 3p, and 3d
states?

We will begin by examining Eq. (11.7.18) which gives the differential rate
for single photon emission

2
dsz,

drk, o) = . D, bq (k)

k
wh

~ e,
* k, .
e (k,o) ; e
where D, ;, is defined in Eq. (11.7.13)
D, (k) = f [T ) 6 (3022 ) e % (=inv,) yo
nba . m - M b n a .

In the case when the wavelength of the emitted photon is much larger than
the atomic size kr > 1, we can expand the exponential appearing in D,, 5,
and keep only the leading non-vanishing term

. 1
e KX zl—ik.in—i(k.i,,)%r---.

The operators P, and X,, are spatial vectors, and so they behave as operators
with j = 1 under rotations. The matrix elements of such operators between
states ¥, and v, vanish unless the angular momentum quantum numbers j,
and jj satisfy | j, — j»| < 1 with j, and jj, not both zero. Furthermore, these
operators change sign under a spatial reflection, so these matrix elements
vanish unless the states 1, and i, have opposite parity.

The states 4 f and 3d have opposite parity, and |3 —2| = 1 < 1, so for the
transition 4 f — 3d, we can use the leading term in the expansion of e~*k*:

In this case, the transition rate is given by Eq. (11.7.28)
2 2
40’

Uafsza = 307

3
Y en B3dIX, |4 1)

> en BdIX, |4 1)

n

’

n
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and so we find
Tapoza k.

The states 4 f and 3 p have the same parity, and [3—1| = 2 % 1, so we need
to use the second term in the expansion of e~"**_In this case, the transition
rate is given by Eq. (11.7.34)
2k3 [ 3

5
Laposp = 15 0| 3 1GPIQu 4]+ !(3p|M,,-|4f)\2] :

4
The second term, which represents the magnetic dipole contribution vanishes
because the operator M;; acts under rotation as an operator with j = 1 and
therefore vanishes between states ¥, and ¥, unless |j, — jo| <1 < j, + Jjp.
The first term, whcih represents the electric quadrupole moment, does not
vanish for this transition because the operator Q;; acts as an operator with
j = 2 under rotation, and therefore the matrix elements (b|Q,- j|a) vanish
unless |j, — jo| <2 < j, + jb. The electric quadrupole matrix element can
be written as in Eq. (10.7.38)

(b1Qijla) = ick ) e, [(bm,-x,,j la) — % (b|i3|a)] .

n

This means that the rate I'4 s, 3, will have an additional factor k? relative to
the rate ['4 5,34

2

2k 3
Larmsp = 157 > Zczkz

’

n

ij
and so we find
1—‘4f—>3p 08 ks-

The states 4 f and 3s have opposite parity and |3 — 0] = 3, so we must
use the third term in the expansion of the exponential. The matrix element
appearing in the rate for the transition 4 f — 3s is then

3 S kiky (sltupa ).
)
The product of three spatial vectors contains a term which behaves as an
operator with j = 3 (and also terms with lower values of j), and so this
matrix element will be non-vanishing if |j, — j,| < 3. Following the same
logic as above, the rate for the transition 4 f — 3s then has an additional
factor k* as compared to the rate T'y;_,34, and so we find

Taposss ok’
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3. Consider the theory of a real scalar field ¢ (X, t), interacting with a set of
particles with coordinates X,,(t). Take the Lagrangian as

2
L) = %/d%c |:(8(p§;, t)) _ cz(w(x, z))2 — W2k(x, z)}
IS 3E (%:0) = v (x0).

where 1, m, and g, are real parameters, and V is a real local function of the
differences of the particle coordinates.

a.
b.
c.

Find the field equations and commutation rules for ¢.

Find the Hamiltonian for the whole system.

Express @ in the interaction picture in terms of operators that create and
destroy the quanta of the scalar field.

d. Calculate the energy and momentum of these quanta.

Give a general formula for the rate of emission per solid angle of a sin-
gle ¢ quantum in a transition between eigenstates of the matter part of
the Hamiltonian (that is, the part of the Hamiltonian involving only the
coordinates x,, and their canonical conjugates).

Integrate this formula over solid angles in the case where the wave-
length of the emitted quanta is much larger than the size of the ini-
tial and final particle system. What are the selection rules for these
transitions?

We begin with a Lagrangian of the form

2
Lo =3 / & [(@) & (Vo ) — 1263, r)}

= Y s (). 1)+ Y S ) = VX)),

We can rewrite this Lagrangian as

L(t) = /d3x L)+ m? x(1))* — V(x(1)),

where we have defined the Lagrangian density for the field ¢

2

1 [0p(x,1)\> 2
L(x, r)=5( “’;’j ”) —%(W(x, r))z—%wz(x, 1)

=) 2 (x, (X — %, (1))
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(a) The Euler—Lagrange field equations are given by Eq. (11.1.9)
oL d 9L  9IL

dp  Ox; 0(0ip) 01 09

which in this case read

—Pp(%, 1) = Y a8’ (X — X, (1)) + V20 (%, 1) = §(x, 1)

n

We can also find the field equation for x,,(#) which is given by
d (SLY 4L
3t \8xni ) Sxwi’

WV (1)  dp(u(1), 1)
0Xpi " 0xy .

which gives in this case

jC.m'(l‘) = -

The canonical conjugate to ¢ is
oL
(X, 1) = — = ¢(x, 1).
I

Since there are no constraints, the field ¢ and its conjugate m obey
canonical commutation relations

[ox, 1), w(y. 1)] = ihd>(x —y)
[, 1), 9@y, )] = [n(x, 1), 7(y,1)] = 0.

(b) The Hamiltonian for the system is

szﬁ%mxmwxn+may&m—Lm,

where we have defined the canonical conjugate of x,

SL .
Pni (t) = = mnxni(t)-

8Xpi

The Hamiltonian is then given by

H :% / d3x [JTZ(X, 1)+ c? (Vo(x, t))2 + szpz(xa t)]

2
+ (). )+ Y (p;’if)) +V (x(1)).

We can rewrite this in terms of a free Hamiltonian and an interaction

H = HO(p + Homat + Hing,



(c)
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where we have defined

Ho, = % / &x [12(x, 0+ (Vox, 1)’ + 129’ (x, 1)]

2
Homa = Y (p;Z)) +V (x(0)

n
Hyy = Zgn(p(xn(t)v 1).

Now we will introduce the interaction picture field ¢; whose time-
dependence is governed by Hy,,

@1 = % [Hoy. ¢1] =7

. l .
= [Hop. 1] = Vi, — s = §1.

The interaction picture field and its canonical conjugate obey the same
commutation relations as the Heisenberg picture fields

[pr(x. 1), 71(y, )] = ih8*(x —y)

[erx. 1), 01(y. )] = [11(x, 1), 71 (y, )] = 0.
The wave equation for ¢; reads

$r = C2V2(Pl - M2§01-
This can be solved by writing ¢, as a Fourier integral
Qr(x, 1) = / d’k [ e a(k) + e F ¥ al (k)]
Plugging this expression into the wave equation gives
—602901 = —02k2§01 - szﬁl,
and so we can solve for w
® =V 2k2 + 2.

The canonical conjugate for ¢ can then be expressed as
(X, 1) = ¢ = —i f ke e alk) — e el (K)].

We can work out the commutators of o (k) and o (k) by requiring that
we recover the correct commutation relations for ¢; and 7,

[(p,(x, 1), T (y, t)] = —i/d3k/d3k’a)/[ei(k'XJrk/'Y)e_i(“”Jr“’/’) [a(k),a(k/)]

+ ei(—k-x—i—k’-y)ei(wt—w’t) [OlT(k), a(k/)]
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— i kXKW i (Cortald T (k) o (k)]
— o (CRxTK ) pilerteD [0 (k) o (K)] ]
= ihs8>(x —y).

This expression is time-independent, so the first and the fourth terms
must vanish, which requires

[a(k), a(k)] = [«' (), a'(K)] =0,
and this condition immediately guarantees that
[¢I(X, t)’ (pI(Y7 t)] = [T[I(X7 t)7 n[(ys t)] =0.

For the remaining terms, we can express 8°(x — y) as a Fourier integral

T

We can now read off the remaining commutator

Px—y) =

h
T,/ 3 ’
[a(k),a (k)] = —(2 52 8°(k — k).

Now, we can rewrite « (k) in terms of a (k) which has simple communta-

tion relations
h
k) = | ——a(k).
a(k) ,/(Zn)32wa( )

The commutation relations for a (k) and a (k) are then
[ak),a"(K)] =8’k —K)
[a®), a(k)] = [a' &), a"(K)] =0,
which we recognize as the commutation relations of creation and annihi-

lation operators. We can then express the interaction picture field and its
conjugate in terms of these creation and annihilation operators

/ h ) ) Lo
<P1(X, 1) = /d3k m [ezkxefza)ta(k) + efzk-xezwta’r(k)]
h . . . S
(X, t) = —i / Pk w /m [elk'xef’“”a(k) - ef’k'xe“‘”a'(k)].

Let us first write out the free part of the Hamiltonian in terms of cre-
ation and annihilation operators. The terms appearing in Hy, are, after
performing the integrals over x and kK’
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f Sxmix, 1) = — / &’k o* (%) [e‘Zi‘”’a(k)a(—k)—i—ez‘w’ "(k)a' (—k)

—a®a k) —a' (k)a(k)]

f dx? (Vo (x, 1)) =2 / &’k (i> kz[e_Zi‘”’a(k)a(—k)
2w

+ gt (K)at (—K) + ak)at (k) + a*(k)a(k)]
f xplpi(x, 1) = / &’k (23) [e—z"w’a(k)a(—k) + % q"(K)a' (—k)
w

+a®a’ () +a' ®a®)|.

Using the dispersion relation w? = ¢*k? + u?, we can see that all of the

time-dependent terms in Hy, cancel, and we have

Ho, = % f &’k ho [a(K)a" (k) + a’ (K)ak)] .

Now, we can calculate the commutators of the Hamiltonian Hy, with the
operators a' (k) and a (k)

[Hoy,a' ()] = hwa' (k) = hy/c2k* + p2a’ (k)
[Hog, a(K)] = —hwa(k) = —hy/c*k> + pa(k).
This confirms that a’(k) and a(k) are raising and lowering operators

for the energy, so if a state W is an eigenstate of Hy, with eigen-
value E, then the state a' (k)W is an eigenstate of Hy, with eigenvalue

E + hy/c?k* + 2 and the state a(K)W is an eigenstate with eigenvalue
E — hy/c2k? + p?. If we define a state W, such that a(k)¥, = 0, then
we can construct states of the form

Wit &, <@ (kDa' (ko) -+ - a” (k,) W,

which have energy (ignoring the infinite constant E, like the one
appearing in Eq. (11.6.5))

N TR v KT

We interpret this as a state with n scalar field quanta, with energies

h\/czkf + w2, hy/c2k3 + u?, ..., By k2 + ul.

By using the general formula given in Eq. (9.4.4) we can construct a
momentum operator P, which is given by

P, = / dPx (X, )V (x,1).
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The commutators of this operator with the scalar field and its conju-
gate are

[Pga’ ¢I(X’ t)] = l.FLV(p[(X, t)
[Py, m/(x,1)] = ik (x, 1).

From these relations, we can calculate the commutators with the creation
and annihilation operators

[P,.a' (k)] = ika' (k)
[P, a(k)] = —hka(k).

So we can see that the state W, ,.... k, has momentum
ik + hk; + - - - + Tk,

and thus the quanta of the scalar field have momenta £k, fk;, ..., fk,.
To summarize the quantum of scalar field created by a' (k) has energy

hy/c%k? + 12 and momentum K.

Let us define states W, and W, which are eigenstates of the matter
Hamiltonian Ho pat

HOmat\Ija = Ea\pav HOmatlIJh = Eh\ljb’
and are annihilated by a (k)
akV¥, =ak)¥, =0,

for all k. If we wish to calculate the rate of single ¢ quantum emission
from b — a, then we need a state Wy, = h=32a" (k) W, which contains
a single ¢ quantum. To first order in the interaction, the S-matrix takes
the form

Shoa = =218 (Ea = Ep = IR+ 122) (W, V(O)W,)
= —2mih~Y% <E _E, — /K + /ﬂ) (W, a(K)V(O)W,) ,

where the potential is given by

V(O0) =) g (%)

Plugging this in and using the commutation relation of a(k) with ¢, we
find

Sppa = —27ili 8 (E —E,— hyJ/k2 MZ) (\I/b, a® Y gupr (x,,)\lla)

= _ mivh 8(Eq — Ep— hew) Y gu (Wp. e 0,) .

v (2n532a)
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If we shift to center-of-mass coordinates

X:Zml’:;”, M=Y"m. Fi=x-X

we can rewrite the matrix element

(‘-I-‘b, oKX \'I”a) _ (\IJ,;, oKX ‘I’a),
where we have defined
U; = "Xy,
which has momentum
PY; = (py + k) Wy
We can then write
(W5, e % w,) = 8 (py + ik — Pu) Dy (k).
and so the S-matrix element becomes
Sby.a = 8(Ea — Ep — h)5® (P + TK — Po) Mpga;

where we have defined

_2nivh
M, a — nt’nba k
e ey 2e & Tontyiag 2 b Dua®

The differential rate of single ¢ emission is then given by
dr = My wohk d2
= o [Mbeal Ho '

where the quantity u, is defined as

Eyhw hw

= 2E, +he) &

and the approximate equality holds when Ej, ~ uc? > hw. Putting this
all together we arrive at an expression for the emission rate per solid
angle

drdy 1 4n’h ho
dQ  2nh Quh)R2w ¢

2
Z gnDn ba (]2)

Dnba (12)

= 872h>
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(f) Assuming that wavelength of the emitted quantum is much larger than

the size of the initial and final system, we can expand the exponential
that appears in D, ,, (k) to get

Dupa(k) = (ble™™*"|a) = (b (1 — ik - %y +---) |a).
where for any operator O we can write the matrix element of O as
(V5. O%a) = 8% (py — Pa — 1K) (b|Ola) .

The states W, and ¥ are orthogonal, so the first term in this expansion
vanishes, and the leading term is given by

Dypa(k) = (b] — ik - Xyla) = —ik Y ki (bl%yila) .
The matrix element (b|X,;|a) is independent of the direction k, so we can
integrate the differential rate to find the total decay rate

ardy K
dQ  8m2he?

Y gngmkik; (b|%ila) (blnsla)”.

nmij
Using the formula f dQ2 12,12 ;= 47”& ;> we find for the total decay rate

2

k3
b|x,la
— ;gn (bI%y|a)
The operator Xx,, is a spatial vector and so acts as an operator with j = 1
under rotations. As a result, matrix elements (b|X,|a) will vanish unless
ljo — Jjol <1 < j, + jb. Also, X, changes sign under spatial reflection,
so (b|x,|a) will vanish unless the states ¥, and ¥, have opposite parity.

. Express the coherent state ® 4 as a superposition of states (11.6.7) with

definite numbers of photons.

The coherent state is defined in Eq. (11.6.17) as

alk,o)®y4 = Ak, 0)D 4.

As discussed at the end of Section 11.6, the state & 4 must contain an infinite
number of photons, and so we expect the coherent state to take the form

Pu=) Cy(a'(k o))" Wy,
n=0
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where the C,, are normalization constants which we will determine below
and Y is the state defined in Eq. (11.6.3) as the state which obeys

ak,o)¥y =0.

Recall the commutation relations for a(k, o) given in Egs. (11.5.24) and
(11.5.25)

[ak,0),a"(K,0")] = 8,58 (k — k)
[ak,0),a(k,0")] = [a'(k,0),a’ (K, o] =0.

We will make the assumption that we can put the system in a large but finite
box so that k takes discrete values and the commutator contains a Kronecker
delta function for momenta rather than a Dirac delta function. This means
that the commutator for equal momenta is 1 rather than being infinite. The
continuum limit can be recovered by taking the volume of the box to infin-
ity. With this subtlety aside, and temporarily dropping the momentum and
helicity arguments, the defining equation for the coherent state reads

o (0.¢]
ay Cpla)y"Wg =AY Cy(a")"¥,
n=0 n=0

and using the commutation relations of a and a’ we find a recursion relation
for the C,

I’lCn == AC,,_l.
We can then write all of the C,, in terms of Cy as
An
C,=—0~C.
n!

To find Cy, we require that the coherent state is normalized

0 Arm o An
1= (D4, Do) =|Cof (%, Yo"y F(“T)"%) :

m=0 ’ n=0

Each term for which m # n vanishes in this double sum because a\W¥y = 0,
and so the expression becomes a single sum

1 =G [ W i'Alzna"(aT)"\po .
T (n!)?

n=0

Now we can move each of the factors of a past all of the factors of a” picking
up commutators and use the fact that a annihilates the state W, to replace all
of the factors of a and @' in this expression with 7!

S |A|2n 0 |A|2n
P=1Co (W0, 3, = =W | = 1CoP 3 == = ICol* exp(IAP).
! £l

n=0
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Up to an arbitrary phase, we can then write C¢ as
Co = exp(~|A[*/2).

Now we can express the coherent state (restoring momentum and helicity
arguments) as

°° t n
D4 = exp(—lAK )Py LR DLy,

n!
n=0
= exp(—| Ak, 0)|*/2) exp(A(k, 0)a’ (k, o)) W.
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